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SPHERICAL ASTRONOMY. 


CHAPTER I. 


THE CELESTIAL SPHERE-——SPHERICAL AND RECTANGULAR 
CO-ORDIN ATES. 


1. From whatever point of space an observer be supposed tc 
view the heavenly bodies, they will appear to him as if situated 
upon the surface of a sphere ot which his eye is the centre. If, 
without changing his position, he directs his eye successively to 
the several bodies, he may learn their relative directions, but 
cannot determine either their distances from himself or trom 
each other. 

The position of an observer on the surface of the earth is. 
however, constantly changing, in consequence, Ist, of the diur- 
nal motion, or the rotation of the earth on its axis; 2d, of the 
annual motion, or the motion of the earth in its orbit around 
the sun. 

The changes produced by the diurnal motion, in the appa- 
rent relative positions or directions of the heavenly bodies, are 
different for observers on different parts of the earth's surface, 
and can be subjected to computation only by introducing the 
elements of the observer’s position, such as his latitude and 
longitude. 

But the changes resulting from the annual motion of the 
earth, as well as from‘the proper motions of the celestial bodies 
themselves, may be separately considered, and the directions 
of all the known celestial bodies, as they would be seen from 


the centre of the earth at any given time, may be computed 
Vou. L—2 17 
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uccording to the laws which have been found to govern the 
motions of these bodies, from data furnished by long series of 
observations. The complete investigation of these changes and 
their laws belongs to Physical Astronomy, and requires the consi- 
deration of the distances and magnitudes as well as of the direc- 
tions of the bodies composing the system. 

Spherical Astronomy treats specially of the directions of the 
heavenly bodies; and in this branch, therefore, these bodies are 
at any given instant regarded as situated upon the surface of a 
sphere of an indefinite radius described about an assumed 
centre. It embraces, therefore, not: only the problems which arise 
from the diurnal motion, but also such as arise from the annual 
motion so far as this affects the apparent positions of the hea- 
venly bodies upon the celestial sphere, or their directions from 
the assumed centre, 
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2, The direction of a point may be expressed by the angles 
which a line drawn to it from the centre of the sphere, or point 
of observation, makes with certain fixed lines of reference. But, 
since such angles are directly measured by arcs on the surface 
of the sphere, the simplest method is to assign the position in 
which the point appears when projected upon the surface of the 
sphere. For this purpose, a great circle of the sphere, supposed 
to be given in position, is assumed as a pranitive circle of reter- 
ence, and all points of the surface are referred to this cirele by a 
system of secondaries or great circles perpendicular to the primi- 
tive and, consequently, passing through its poles. The position 
of a point on the surface will then be expressed by two spherical 
co-ordinates: namely, Ist, the distance of the point from the pri- 
mitive circle, measured on w secondary; 2d, the distance inter 
cepted on the primitive between this secondary and some given 
point of the primitive assumed as the origin of co-ordinates. 

We shall have different systems of co-ordinates, according to 
the circle adopted as a primitive circle and the point assumed as 
the origin. 


3. First system of co-ordinates.—Altitude and azimuth.—In_ this 
system, the primitive circle is the horizon, which is that great 
circle of the sphere whose plane touches the surface of the 
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-earth at the observer.* The plane of the horizon may be con- 
ceived as that which sensibly coincides with the surface of a 
fluid at rest. 

The vertical line is a straight line perpendicular to the plane 
of the horizon at the observer. It coincides with the direction 
of the plumb line, or the simple pendulum at rest. The two 
points in which this line, infinitely produced, meets the sphere, 
are the zenith and nadir, the first above, the second below the 
horizon. 

The zenith and nadir are the poles of the horizon. 

Secondaries to the horizon are rertical circles, They all pass 
through the zenith and nadir, and their planes, which are called 
vertical planes, intersect in the vertical line. 

Small cireles parallel to the horizon are called a/mucanturs, or 
parallels of altitude. 

The celestial meridian is that vertical circle whose plane passes 
throtigh the axis of the earth and, consequently, coincides with 
the plane of the terrestrial meridian. The intersection of this 
plane with the plane of the horizon is the meridian line, and the 
points in which this line meets the sphere are the north and south 
points of the horizon, being respectively north and south of the 
plane of the equator. 

The prime rertical is the vertical circle which is perpendicular 
to the meridian. The line in which its plane intersects the 
plane of the horizon is the east and west line, and the points in 
which this line meets the sphere are the east and west points of 
the horizon. 

The north and south points of the horizon are the poles of the 
prime vertical, and the east and west pomts are the poles of the 
meridian. 


ee ee - - cree re ne Bee eee ee 
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* In this definition of the horizon we consider the plane tangent to the earth’s 
surface as sensibly coinciding with a parallel plane passed through the centre; that 
is, we consider the radius of the celestial sphere to be infinite, and the radius of the 
earth to be relatively zero. In general, any number of parallel planes at finite dis- 
tances must be regarded as marking out upon the m/finife sphere the same great circle. 
Indeed, since in the celestial sphere we consider only direction, abstracted from dis- 
tance, all lines or planes having the same direction—that is, all parallel lines or 
planes—must be regarded as intersecting the surface of the sphere in the same 
point or the same great circle. The point of the surface of the sphere in which a 
number of parallel lines are conceived to meet is called the vanishing point of those 
lines; and, in like manner, the great circle in which a number of parallel planes are 
conceived to meet may be called the vanishing circle of those planes. 
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The altitude of a point of the celestial sphere is its distance 
from the horizon measured on a vertical cirele, and its azimuth is 
the are of the horizon intercepted between this vertical circle 
and any point of the horizon assumed as an origin. The origin 
from which azimuths are reckoned is arbitrary; so also is the 
direction in which they are reckoned; but astronomers usually 
take the south point of the horizon as the origin, and reckon 
towards the right hand, from 0° to 360°; that is, completely 
around the horizon in the direction expressed by writing the 
cardinal points of the horizon in the order 8.W.N.E. We 
may, therefore, also define azimuth as the angle which the 
vertical plane makes with the plane of the meridian. 

Navigators, however, usually reckon the azimuth from the 
north or south points, according as they are in north or south 
latitude, and towards the east or west, according as the point 
of the sphere considered is east or west of the meridian: so that 
the azimuth never exceeds 180°. Thus, an azimuth which is 
expressed according to the first method simply by 200° would 
be expressed by a navigator in north latitude by N. 20° E., and 
by a navigator in south latitude by 8. 160° E., the letter prefixed 
denoting the origin, and the letter affixed denoting the direction 
in which the azimuth is reckoned, or whether the point consi- 
dered is east or west of the meridian. 

When the point considered is in the horizon, it is often 
referred to the east or west points, and its distance from the 
nearest of these points is called its amplitude. Thus, a point in 
the horizon whose azimuth is 110° is said to have an amplitude 
of W. 20° N. 

Since by the diurnal motion the observer’s horizon is made 
to change its position in the heavens, the co-ordinates, altitude 
and azimuth, are continually changing. Their values, therefore, 
will depend not only upon the observer’s position on the earth, 
but upon the time reckoned at his meridian. 

Instead of the altitude of a point, we frequently employ its 
zenith distance, which is the arc of the vertical circle between the 
point and the zenith. The altitude and zenith distance are. 
therefore, complements of each other. 

We shall hereafter denote altitude by A, zenith distance by &. 
azimuth by A. We shall have then 


ee h = 90° —& 
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The value of & for a point below the horizon will be greater 
than 90°, and the corresponding value of A, found by the for 
mula h = 90° — Z, will be negative: so that a negative altitude 
will express the depression of a point below the horizon. Thus, 
a depression of 10° will be expressed by 4 = —10°, or ¢ == 100°. 


4, Second system of co-ordinates.—Declination and hour angle—In 
this system, the primitive circle is the celestial equator, or that 
great circle of the sphere whose plane is perpendicular to the 
axis of the earth and, consequently, coincides with the plane of 
the terrestrial equator. This circle is also sometimes called the 
equinoctial. 

The diurnal motion of the earth does not change the position 
of the plane of the equator. The axis of the earth produced to 
the celestial sphere is called the axis of the heavens: the points 
in which it meets the sphere are the north and south poles of 
the equator, or the poles of the heavens. 

Secondaries to the equator are called circles of declination, and 
ilso hour circles. Since the plane of the celestial meridian 
passes through the axis of the equator, it is also a secondary to 
the equator, and therefore also a circle of declination. 

Parallels of declination are small circles parallel to the equator. 

The declination of wu point of the sphere is its distance from the 
equator measured on a circle of declination, and its hour angle is 
the angle at cither pole between this circle of declination and the 
ineridian. The hour angle is measured by the are of the equator 
intercepted between the circle of declination and the meridian. 
As the meridian and equator intersect in two points, it 1s neces- 
sary to distinguish which of these points 1s taken as the origin 
of hour angles, and also to know in what direction the are which 
measures the hour angle is reckoned. Astronomers reckon 
from that point of the equator which is on the meridian above 
the horizon, towards the west,—that is, in the direction cf the 
apparent diurnal motion of the celestial sphere,—and from 0° to 
360°, or from 0* to 24", allowing 15° to each hour. 

Of these co-ordinates, the declination is not changed by the 
diurnal motion, while the hour angle depends only on the time 
at the meridian of the observer, or (which is the same thing) on 
the position of his meridian in the celestial sphere. All the 
observers on the same meridian at the same instant will, for the 
sume star, reckon the same declination and hourangle. We have 
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thus introduced co-ordinates of which one is wholly independent 
of the observer’s position and the other is independent of his 
latitude. 

We shall denote declination by 6, and north declination will 
be distinguished by pretixing to its numerical value the sign +, 
und south declination by the sign --. 

We shall sometimes make use of the polar distance of a point, 
or its distance from one of the poles of the equator. If we denote 
it by P, the north polar distance will be found by the formula 


P= 90° ~96 
and the south polar distance by the formula 
P =: 90° 4-3 


The hour angle will generally be denoted by #7. It is to be 
observed that as the hour angle of a celestial body is continually 
increasing 1n consequence of the diurnal motion, it may be con- 
ceived as having values greater than 360°, or 24", or greater than 
any given multiple of 360°. Such an hour angle may be re- 
garded as expressing the time elapsed since some given passage 
of the body over the meridian. But it is usual, when values 
greater than 860° result from any caleulation, to deduct 360°, 
Again, since hour angles reckoned towards the west are always 
positive, hour-angles reckoned towards the east must have the 
negative sign: so that an hour angle of 800°, or 20*, may alse be 
expressed by —60°, or —4". 


5. Third system of co-ordinates.— Declination and right ascension. 
In this system, the primitive plane is still the equator, and the 
first co-ordinate is the same as in the second system, namely, the 
declination. The second co-ordinate is also measured on the 
equator, but from an origin which is not affected by the diurnal 
motion. Any point of the celestial equator might be assumed 
as the origin; but that which is most naturally indicated 1s 
the vernal equinox, to define which some preliminaries are 
necessary. 

The ecliptic is the great circle of the celestial sphere in which 
the sun appears to move in consequence of the earth's motion in 
its orbit. The position of the ecliptic is not absolutely fixed in 
space; but,-according to the definition just given, its position at 
any instant coincides with that of the great circle in which the 
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aun appears to be moving at that instant. Its annual change is, 
however, very small, and its daily change altogether insensible. 

The obliquity of the ecliptic is the angle which it makes with 
the equator. 

The points where the ecliptic and equator intersect are called 
the equinoctial points, or the equinoxes ; and that diameter of the 
sphere in which their planes intersect is the line of equinozes. 

The vernal equingx 1s the point through which the sun ascends 
from the southern to the northern side of the equator; and the 
autumnal equinox is that through which the sun descends trom the 
northern to the southern side of the equator. 

The solstitial points, or solsticcs, are the points of the ecliptic 
90° from the equinoxes. They are distinguished as the north- 
ern and southern, or the summer and winter solstices. 

The equinoctial colure is the circle of declination which passes 
through the equinoxes. The solstitial colure is the circle of decli- 
nation which passes through the solstices. The equinoxes are 
the poles of the solstitial colure. 

By the annual motion of the earth, its axis 1s carried very 
nearly parallel to itself, so that the plane of the equator, which 
is always at right angles to the axis, is very nearly a fixed plane 
of the celestial sphere. The axis 1s, however, subject to small 
changes of direction, the effect of which is to change the 
position of the intersection of the equator and the ecliptic, and 
hence, also, the position of the equinoxes. In expressing the 
positions of stars, referred to the vernal equinox, at any given 
instant, the actual position of the equinox at the instant is 
understood, unless otherwise stated. 

The right ascension of a point of the sphere is the arc of the 
equator intercepted between its circle of declination and the 
vernal equinox, and is reckoned from the vernal equinox east- 
ward froin 0° to 360°, or, In time, from 0" to 24". 

The point of observation being supposed at the centre »f the 
earth, neither the declination nor the right ascension will be 
affected by the diurnal motion: so that these co-ordinates are 
wholly independent. of the observer’s position on the surface of 
the earth. Their values, therefore, vary only with the time, 
and are given in the ephemerides as functions of the time 
reckoned at some assumed meridian. 

‘We shall generally denote right ascension by a. As its value 
reekoned towards the east is positive, » negative value resulting 
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from any calculation would be interpreted as signifying an are 
of the equator reckoned from the vernal equinox towards the 
west. Thus, a point whose right ascension is 300°, or 20*, may 
also be regarded as in right ascension —60°, or —4*; but such 
negative values are generally avoided by adding 360°, or 24’. 
Again, in continuing to reckon eastward we may arrive at 
values of the right ascension greater than 24", or greater than 
48*, etc.; but in such cases we have only to reject 24", 48, ete. 
to obtain values which express the same thing. 


6. Fourth system of co-ordinates.—Celestial latitude and longi- 
tude.—In this system the ecliptic is taken as the primitive circle, 
and the secondaries by which points of the sphere are referred 
to it are called circles of latitude. Parallels of latitude ure small 
circles parallel to the ecliptic. 

The latitude of a point of the sphere is its distance from the 
ecliptic measured on a circle of latitude, and its longitude is the 
arc of the ecliptic intercepted between this circle of latitude and 
the vernal equinox. The longitude is reckoned castward from 
0° to 360°. The longitude is sometimes expressed in signs, 
degrees, &c., a sign being equal to 30°, or one-twelfth of the 
ecliptic. 

These co-ordinates are also independent of the diurnal motion. 
It is evident, however, that the system of declination and right 
ascension will be generally more convenient, since it is more 
directly related to our first and second systems, which involve 
the observer’s position. 

We shall denote celestial latitude by 8; longitude by 4. Posi- 
tive values of § belong to points on the same side of the ecliptic 
as the north pole; negative values, to those on the opposite side. 

In connection with this system we may here define the nona- 
gesimal, which is that point of the ecliptic which is at the greatest 
altitude above the horizon at any given time. That vertical 
circle of the observer which is perpendicular to the ecliptic meets 
it in the nonagesimal; and, being a secondary to the ecliptic, it 
is also a circle of latitude: it is the great circle which passes 
through the observer’s zenith and the pole ot’ the ecliptic. 


7. Co-ordinates of the observer's position.—We have next to ex- 
press the position of the observer on the surface of the earth. 
according to the different systems of co-ordinates. This will be 
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done by referring his zenith to the primitive circle in the same 
manner as 1n the case of any other point. 

In the first system, the primitive circle being the horizon, of 
which the zenith is the pole, the altitude of the zenith is always 
90°, and its azimuth is indeterminate. 

In the second system, the declination of the zenith is the same 
as the terrestrial latitude of the observer, and its hour angle is 
zero. The declination of the zenith of a place is called the 
geographical latitude, or simply the latitude, and will be hereatter 
denoted by g. North latitudes will have the sign +; south 
latitudes, the sign —. 

In the third system, the declination of the zenith is, as before, 
the latitude of the observer, and its mght ascension is the same 
as the hour angle of the vernal equinox. 

In the fourth system, the celestial latitude of the zenith is the 
same as the zenith distance of the nonagesimal, and its celestial 
longitude 1s the longitude of the nonagesimal. 

It is evident, from the definitions which have been given, that 
the problem of determining the latitude of a place by astro- 
nomical observation is the same as that of determining the 
declination of the zenith; and the problem of finding the lon- 
gitude may be resolved into that of determining the right 
ascension of the meridian at a time when that of the prime 
meridian is also given, since the longitnde is the are of the 
equator intercepted between the two meridians, and 1s, conse- 
quently, the difference of their right ascensions. 


8. The preceding definitions are exemplified in the following 
figures. 

Fig. 1 is a stereographic projection of 
the sphere upon the plane of the horizon, 
che projecting point being the nadir. Since 
the planes of the equator and horizon are 
hoth perpendicular to that of the meridian, 
their intersection is also perpendicular to 
it; and hence the equator WQE passes 
through the east and west pomts of the 
horizon. All vertical cireles passing 
through the projecting point will be projected into straight 
lines, as the meridian NZS, the prime vertical WZE, and the 
vertical circle ZOM drawn through any point O of the surface 


Fig. 1. 
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of the sphere. We have then, according to the notation adopted 
in the first system of co-ordinates, 


h = the altitude of the point O = OA, 


* = the zenith distance “ =x OZ, 
A == the azimuth ef =: SH, or 


= the angle SZH. 


If the declination circle POD be drawn, we have, in the second 
system of co-ordinates, 
é = the declination of O = OD, 
P __ the polar distance “ —- PO, 
t =: the hourangle “« =: ZPD, or = QD. 


If Vis the vernal equinox, we have, in the third system of 
co-ordinates, 
é-.. the declination of O = OD, 
a = the right ascension - VD, or 
-. the angle VPD. 

In this figure is also drawn the sir hour circle EPW, or the 
declination circle passing through the cast and west points of the 
horizon. The angle ZPW, or the are QW, being 90°, the hour 
angle of a point on this circle is either + 6" or —6", that is, either 
6" or 18%, 

Fig. 2 1s a repetition of the preceding figure, with the addi. 

Fig. 2. tion of the ecliptic and the circles related 
toit. CVT represents the ecliptic, P’ its 
pole, P’OL a circle of latitude. Tence we 

7 have, in our third system of co-ordinates, 


i — the celestial latitude of O —- OL, 
= longitude “ = VO, 
== the angle VP'L. 


. Ss 

We have also VP the equinoctial colure, P’ PAB the solstitial 
colure, P/ZGF the vertical circle passing through 2’, which is 
therefore perpendicular to the ecliptic at G. The point G is the 
nonagesimal; ZG is its zenith distance, VG its longitude; or 
LG is the celestial latitude and VG the celestial longitude of the 
zenith. 

Finally, we have, in both Fig. 1 and Fig. 2, 


y == the geographical latitude of the observer 
= ZQ = 90° — PZ= PN 
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Ifence the latitude of the observer is always equal to the alti- 
tude of the north pole. For an observer in south latitude, the 
north pole is below the horizon, and its altitude is a negative 
quantity: so that the definition of latitude as the altitude of the 
north pole is perfectly general if we give south latitudes the 
negative sign. The south latitude of an observer considered 
independently of its sign is equal to the altitude of the south 
pole above his horizon, the elevation of one pole being always 
equal to the depression of the other. 


Y. Numerical expression of hour angles.—The equator, upon 
which hour angles are measured, may be conceived to be divided 
into 24 equal parts, each of which is the measure of one hour, 
and is equivalent to 4 of 360°, or to 15°. The hour is divided 
sexagesimally into minutes and seconds of time, distinguished 
from minutes and seconds of arc by the letters” and‘ instead 
of the accents’ and”. We shall have, then, 


14 — 15° 1™ -— 15/ Lt == 15” 


To convert an angle expressed in time into its equivalent in 
are, multiply by 15 and change the denominations ’ ” * into 
° 7’; and to convert arc into time, divide by 15 and change ° / ”” 
into * “ * The expert computer will readily find ways to 
abridge these operations in practice. It is well to observe, for 
this purpose, that from the above equalities we also have, 


1° — 4" Vv — + 


and that we may thercfore convert degrees and minutes of are 
into time by multiplying by +4 and changing °’ into “ *; and 
reciprocally. 


TRANSFORMATION OF SPHERICAL CO-ORDINATES. 


10. Given the altitude (h) and azimuth (A) of a star, or of any point 
of the sphere, and the lutitude (g) of the observer, to find the declina- 
tion (0) and hour angle (t) of the star or the pomt. In other words, 
to transform the co-ordinates of the first system into those of the 
second. 

This problem is solved by a direct application of the formule 
of Spherical Trigonometry to the triangle POZ, Fig. 1, in which, 
V0 being the given star or point, we have three parts given, 
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namely, ZO the zenith distance or complement of the given 
ultitude, PZO the supplement of the given azimuth, and PZ the 
complement of the given latitude; from which we can find PO 
the polar distanee or complement of the required declination, 
und ZPO the required hour angle. But, to avoid the trouble of 
taking complements and supplements, the formule are adapted 
so as to express the declination and hour angle directly in terms 
ft the altitude, azimuth, and latitude. 
To show as clearly as possible how the formule 
sp of Spherical Trigonometry are thus converted into 
formule of Spherical Astronomy, let us first con- 
a sider a spherical triangle ABC, Fig. 8, in which 
there are given the angle A, and the sides b and c¢, to 


Fig. 3. 


i "find the angle B and the side a. The general rela- 
p tions between these five quantities are [Sph. Trig. 
\ Art. 114)* 
cos a= cos ¢ cos 6 4- sin ¢ sin & eos A \ 
sin a cos B= sin ¢ cos + — cos e sin & vos A (A, 
sin a sin B= sin b pin A f 


Now, comparing the triangle ABC with the triangle PZO of 
Fig. 1, we have 


A = PZO = 180° —A a= PO — 9° —sd 
b.. ZO 90°—h B= ZPO—t 


CoS £7 SS 90° — ¢ 


Substituting these values in the above equations, we obtain 


sin 6 -.:sin y sin 4--—cos¢g cos h cos A (1) 
cos 6 cos t==¢os ¢ sin A -+ sin g cos A cos A (2) 
cos 6 sin t == cos A sin A (3) 


which are the required expressions of d ‘and ¢ in terms of hand A. 
If the zenith distance (2) of the star is given, the equations 


will be 


sin d==sin g cos § — cos ¢ sin = cos A (+4) 
cos 6 cos t == Gos g cos £ + sin ¢@ sin ¥ cos A (9) 
cos 6 sin t-= sin € sin 4 (6) 


Since, in Spherical Astronomy, we consider arcs and angles 
whose values may exceed 180°, it becomes necessary, In general, 


or 


—o oe 


* The references to Trigonometry are to the Sth edition of the author’s * Treatise 
vu Plane and Spherical Trigonometry.”’ 
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to determine such ares and angles by both the sine and the 
cosine, in order to fix the quadrant in which their values are to 
be taken. It has been shown in Spherical Trigonometry that 
when we consider the yeneral triangle, or that in which values 
are admitted greater than 180°, there are two solutions of the 
triangle in every case, but that the ambiguity is removed and 
one of these solutions excluded *‘ when, in addition to the other 
data, the sign of the sine or cosine of one of the required parts is 
given.” [Sph. Trig. Art. 113.] In our present problem the sign 
of cos dis given, since it 1s necessarily positive; for d is always 
numerically less than 90°, that is, between the limits +90° and 
-90°. Hence cos é has the sign of the second member of (2) o1 
(5), and sin ¢ the sign of the second member of (3) or (6), and : 
1s to be taken in the quadrant required by these two signs. Since 
h also falls between the limits +90° and — 90°, or ¢ between 0° 
and 180°, cos A, or sin £, is positive, and therefore by (8) or (6) 
sin (has the sign of sin uf; that is, when A < 180° we have ¢t < 
180°, and when A > 180° we have ¢> 180°,—conditions which 
also follow directly from the nature of our problem, since the 
star is west or east of the meridian according as A < 180° or A 
> 180°. The formula (1) or (4) fully determines 6, which wil! 
always be taken less than 90°, positive or negative according to 
the sign of its sine.* 

To adapt the equations (4), (5), and (6) for logarithmic compu- 
tation, let m and AL be assumed to satisfy the conditions [PI. 
Trig. Art. 174], 


m sin Wf -- sin £ cos A (7 
7 
m cos M -. cos *% 


the three equations may then be written as follows: 


sin d==m sin (¢ — AL) 
cos 0 cos t= m cos (¢ — M) (8) 
cos 6 sin ¢=sin £ sin A 


If we eliminate m from these equations, the solution takes the 
following convenient form : 


a allncnsiraenementaenbntatnarenecemeamemmnemeemememeeenecmemm ecmmaere tense enentebeaetnenmnememicthnadiaeinearieriteeenneeathrcatmie tome opr ante Tita tia ren ee eens emp ag eens 
- - "a, 


* There are, however, special problems in which it is convenient to depart from 
this general method, and to admit declinations greater than 90°, as will be seen 
hereafter 
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tan M—=tan £ cos A 
tan A sin A/ 
tant ee DE 
COS (¢ — MW) 
tan 0 = tan (¢ — ™) cost 


(9) 


in the use of which, we must observe to take ¢ greater or less 
than 180° according as A is greater or Jess than 180°, since the 
your angle and the azimuth must fall on the same side of the 
meridian. , 

Exampie.—In the latitude g — 38° 58’ 53”, there are given for 
a certain star € = 60° 42’ 307, A= 300° 10’ 30’; required 6 and ¢. 
The computation by (9) may be arranged as follows :* 


fog tan ¢ 0,4820966 
¢— 88° 587 53/"— log eos «A 9.7012595 log tan 4 n0.2855026 
M=: 58 39 41.98 log tan (0.1883561 log sin M 9.9060828 
p—M=- —14 40 48.98 log tan (9-—M) n9.4182633 log sec (¢—df) 0.014414] 
t= 804 55 26.49 log cos / 7577677 log tan ¢ “n0.1559995 
‘= ~—8 31 46.56 log tan d 191760510 


Converting the hour angle into time, we have ¢== 20° 19” 41°.766. 


11. The angle POZ, Fig. 1, between the vertical circle and 
the declination circle of a star, is frequently called the parallactic 
angle, and will here be denoted by g. To find its value from the 
data %, A, and yg, we have the equations 


cos 0 cos gq - sin £ sin ¢ -+ cos & cos ¢ cos A rm 
° * \ 
cos Oo sin ¢ -— cos g sin A 


which may be solved in the following form : 


o 


fsin #=-sin ¢ 
f cos F' - cos ¢ cos A 


cos 6 cos ¢ = -.f cos (g— F) (11) 
cos 6 sin g —=cos g sin A 
or in the following : 
g sin G = sin ¢ 
q cos G = cos ¢ cos A (12) 


cos 0 Gos g = gq Cos (F-—~ G) 
cos 6 sin g = cox ¢ sin A 


or again in the following: 


e 
eee wr ee ee aa ee Sah ee —— 


* In this work the letter # prefixed to a logarithm indicates that the number tu 
which it corresponds is to have the negative sign. 
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tan G = tan ¢g sec A 
ee (18) 

cos ( — G) 

and, In the use of the last form, it is to be observed that q is to 

be taken greater or less than 180° according as A is greater or 


less than 180°, as is evident from the preceding forms. 


tan ¢q 


12. If, in a given latitude, the azimuth of a star of known 
declination is given, its hour angle and zenith distance may be 
found as follows. We have 

cos ¢ sin g —sin ¢ cot A — Cos ¢g tan O 
COS 5 sin gy — Sin % cos g cos A = sin 6 
The solution of the first of these is effected by the equations 


bsin B==sin ¢g 

6 cos B= cot A 

: : é 
sin (B —t) = oe 


and that of the second by 
esin C=sin g 
ec cos C= cos ¢ cos A 
: in 6 
gin (C —£) =: 
c 
13. Iinally, if from the given altitude and azimuth we wish to 
find the declination, hour angle, and parallactic angle at the 
same time, it will be convenient to use Gauss’s Equations, which 
for the triangle ABC, Fig. 3, are 
cos 3 asin 3(B |-C)-- cos 1 (6—c) cos} A 
cos 4a cos $(B+ C)==cos 3 (6+ ¢) sinj A (B) 
sin ¢ asin }(B—C) —sin $ (b—c) cos} A 
sin 4a cos 4 (B- ©)=sin } (b-- ce) sin JA 
which are to be solved in the usual manner [Sph. Trig. Art. 
116] after substituting the values A =~ 180° — A, b=2%, «= 
90° — go, a =- 90° —d, B= 1, C~=¢. 


14. Given the declination (d) and hour angle (t) of a star, and the 
latitude (y), to find the zenith distance (£) and azimuth (A) of the star. 
That is, to transform the co-ordinates of the second system into 
those of the first. 

We take the same general equations (@) of Spherical Trigo- 
nometry which have been employed in the solution of the pre- 
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ceding problem, Art. 10; but we now suppose the letters A, B. 


(, in Fig. 3, to represent respectively the pole, the zenith, and 
the star, so that we substitute 


A =. (C25 
b= 90° — 3 B=180°-—A 
¢ == 90° — ¢ 


ind the equations become 


cos £ == sin g sin d+ cos y cos é cost 
sin 5 cos d = — cos ¢g sin d+ sin ¢ cos 6 cost (14) 
sin 2 sin A -- ‘cos 6 sin t 


which express £ and 1 directly in terms of the data. 
Adapting these for logarithmic computation, we have 


mosin J/--:sin 6 
mn COs J == cos 6 cos t 
cos J =: m Cos (gy — MM) 
sin £ con d — m sin (g —- UY) 
sin f sin .f = cosd sin ft 


(léy 


ee 


in which m 18 a positive number. 


Eliminating m, we deduce the following simple and accurate 
formule : 


tan 6d 
tan MYM -- host 
cos ¢ 
tan ¢ cos M 
tun A ae (16) 
sin (¢ — MM) 
tan c os lL (oe M) 
cos A 


where A is to be taken greater or less than 180° according as ¢ 
is greater or less than 180°. 


Example 1.—In latitude g = 388° 58’ 53”, there are given for 
a certain star, O=- - 8° 31/7 467.56, ¢ - 20" 19" 41.766; required 
Aand 2. By (16) we have: 


log tan d nQ. 1760310 
@=:  88°58/ 53/7 log cos Y.7577677 log tan f n0.1559995 
M=— 14 40 48.98 log tan n0.4182633 log cos M 9.9855859 
o—M= 58 39 41.98 log tan(g—.) 0.183356] log cosec (¢— A) 0,0989172 
4= 800 10 30 log cos A 9.7012595 log tan A n0. 2355026 


eee 


c= 69 42 vu log tan < 0. 4320966 
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For verification we can use the equation 


sin % sin A == cor dé sin t 


log sin 5) Y.9721748 log cos 6 9.9951697 
log sin 1 9.9367621 log sin t 9.9187672 
9.9089369 9.9089369 

KxAMPLE 2.—In latitude g¢ — 48° 32’, there are given for a 


star, d = 44° 6/ 0”, ¢ = 17'-25" 4°; required A and ¢. 

We find A = 241° 53’ 33/.2, 7 -= 126° 25’ 6/.6; the star is 
below the horizon, and its negative altitude, or depression, is 
h.- —86° 25’ 6/6. 

If the zenith distance of the same star is to be frequently com. 
puted on the same night at a given place, it will be most readily 
done by the following method. In the first equation of (14) 


substitute 
cos t= 1 -- 2 sin? 3 ft 
then we have 
cos 5 -- cos (gd) —2 cos ¢g cos 6 sin? 3 ft 


where g~ od signifies cither ¢ -— ¢ or d— g, and if d> ¢ the later 
form is to be used. Subtracting both members from unity. we 
obtain 
sin? $ % == sin? 4 (¢ +6) + cos ¢ cos 6 sin? 3 ft 
Now let 
m—V COB ¢ cos 6 


1 


n-.sin d (gv) 


Sin } > i | | ee ee 


and hence, by taking an auxiliary NV such that 


m 
tan N= —- sin jf 
i 
we have (17) 


n m . 
- sin dt 


sin 4 ore eae 
cos N sin V 


The second form for sin $¢ will be more precise than the first 
when sin 4 is greater than cos N. 

The quantities m and 7 will be constant so long as the decli- 
uation does not vary. 


15. If the parallactic angle g (Art. 11) and the zenith distance 
Vou. 1.—3 
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. ure required from the data y, 6, and t, they may be found 
from the equations 


cos = sin ¢g sin 0 -++ cos g cos 6 cost 


sin 5 CO8 ¢ = sin ¢ cos 6 — cos ¢ sin 6 cost (18) 
sin = sin g == cos ¢ sin t if 
which are adapted for logarithms as follows: : 
n sin NV = vos g cost 
ncos VN = sin ¢ : 
cos § —=nsin(é+ NV) (19) 
sin € cos g==n cos (6+ IV) 
sin € sin g = cos ¢ sint 
or, eliminating n, thus: 
tan V = cot ¢ cost 
tan £ sin g = an ar (20) 


sin (6 +1) 
tan €cosg = cot (6+ NV) 

When this last form is employed in the case of a star which 
has been observed above the horizon, tan £ is known to be posi- 
tive, and there is no ambiguity in the determination of g. This 
form is, therefore, the most convenient in practice. 

It ¢, A, and gare all required from the data 0, ¢, and gy, we 
have, by Gauss’s equations, 

sin $ & sin 4 (A + ¢) =sin $ t cos 3 (y+ 0) 
sin 4 7 cos 4 (A -+ q) = cos } ¢ sin 4 (g — 8) 
cos $ sin 3} (A —q) =sin 3 ¢ sin $ (g + 8) 
cos 4 € cos 4 (A—g) = cos 3 t cos $ (g — 0) 


(21) 


16. When the altitude, azimuth, and parallactic angle of known 
stars are to be frequently computed at the 
Fig. 4. same place, the labor of computation is 
much diminished by an auxiliary table pre- 
pared for the latitude of the place accord- 
ing to formule proposed by Gauss. A 
specimen of such a table computed for the 
latitude of the Altona Observatory will be 
found in “Schumacher’s Hiilfstafeln, neu 
herausg. v. Warnstorff.”” The requisite 
formule are readily deduced as follows: 
Let the declination circle through the object O, Fig. 4, be 
produced to intersect the horizou in #. By the diurnal motion 
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the point # changes its position on the horizon with the time; 
but its position depends only on the time or the hour angle 
ZPO, and not upon the declination of O. The elements of the 
position of #’ may therefore be previously computed for succes- 
sive values of 7. 
We have in the triangle PFS, right-angled at S, FPS=t, 
PS = 180° — ¢; and if we put 
a: FS, B= PF-—90°, 7-= 180° — PFS. 
we find 
tan @ =—singtan?t. tan B= cot g cost, coty = sin B tant 
We have now in the triangle HOF, right-angled at H, 
B+é= OF y= HFO, h = O#, 
and if we put 
us HF = HS— FS=A—A, 
we find 
tan u==cosy tan (B+ 3) A=A+u 
sin h=ainy sin (B+ 6) or, tan A = tan;sin u. 
To find the parallactic angle g= POZ, we have in the triangle 


HOF 
tan qg == coty see (B + 3) 


In the Gaussian table for Altona as given in the * Hiilfstafeln” 
we find five columns, which give for the argument ¢, the quan- 
tities A, B, log cos y, log sin x, log cot 7, the last three under 
the names log C, log D, and log E, respectively. With the aid 
of this table, then, the labor of finding any one of the quan- 
tities A, A, g is reduced to the addition of two logarithms, 
namely: 

tan u = C tan (B-+- 3) sin A = D sin (B+ 6) 
A=@Q+u tang = £ sec (B+ 38) 


The formule for the inverse problem (of Art. 10) may also be 
found thus. Let G be the intersection of the equator and the 
vertical circle through O, and put B= AG, u ~ DG, a = OG, 
y=: ZGQ; then we readily find 


tan@ =sing tan A, tan B=cot¢g cos A, cot y=—sin Btan A 


which are of the same form as those given above, with the ex- 
change of A for ¢. fence the same table gives also the pa 
of the point G, by entering with the argument “azimuth,” ex- 
pressed in time, instead of the hour angle. We then have = 
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DQ, and if we here put u= DG =@—1t, we have from the 
triangle GDO 

sin d=: siny sin (A— B) tan u= cosy tan (hk —B) 
or, employing the notation of the table, 


tan u== C tan (h — B) sin 6 = D sin (h— B) 
t= A— u tan g = E sec (h — B) 


17. To find the zenith distance and azimuth of' a star, when on the 
siz hour circle.—Since in this case ¢ = 6" == 90°, the triangle PZO. 
Fig. 4, is right-angled at P, and gives immediately 


cos ZO =. cos PZ cos PO cot PZO = sin PZ cot PO 
or, since PZO - 180° — A, and cot PZO= ~- eot A, 
COs 5 = sin ¢ sin 3d cot A = — cos¢ tané 


But if the star is on the six hour circle east of the meridiaa 
we must put ¢= 18*= 270° and PZ O= A — 180°; hence for the: 


case 
cot A = -+ cos ¢ tan 3 
‘ 


A more general solution, however, is obtained from the equa 
tions (14), by putting cos ¢ = 0, sin ¢= + 1, whence 


cos 5 = ~=sin g sin dé 
sin 2 cos A = — cosg ain 3 (22) 
sin . sin A — + cos 6 


the lower sign in the last equation being used when the star is 
east of the meridian. 


ExamMpLe.—Required the zenith distance and azimuth of Sirius, 
6 = — 16° 31’ 20”, when on the six hour circle east of the meri- 
dian at the Cape of Good Hope, g ~ -- 33° 56’ 3’... We find 


log (— cos 3) .= log sin £ sin A ==-29.9816870 
log (— cos ¢ sin 6) = log sin ¥ cos A = 9.8728204 


= 288° 49’ 34".9 
log sin A = 9.9872802 
log sin 5 = 9.9944568 
log sin ¢ sin é = log cos = = 9.2007809 
c=: 80°51’ 55” 
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To find the hour angle, azimuth, and zenith distance of a given 
star ut its greatest elongation.—In this case the vertical circle 
AS, Fig. 5, is tangent to the diurnal circle, 


Fig. 5. 
NA, of the star, and is, therefore, perpendicular : 
to the declination circle PS. The right trianele 
PZS gives, therefore, - : 
tun ¢g 
cos ¢ ee 
tana 
od cos 3 
) “ os 
ae COB Y (23) 
sil 
COs F == — if 
sin 0d 
Z 


If d and g are nearly equal, each of the quantities cos ¢, sin A, 
and cos € will be nearly equal to unity, and a more accurate 
solution for that case will then be as follows: 

Subtract the square of each from unity; then we have 


ee Oe ee a 


tan?d 7 cos*g sin?d 
atl. = cos? g — cos’ d 7 sin (+: ¢) sin (4. — ¢) 
Cos? ¢ COs? ¢ 
fe ee ene 
sin? 3 sin? d 


Hence if we put 
k = 1/[sin (4 + ¢) sin (6 — ¢)] 


w» shall have ‘ 
k k k 
sin f 2. =+-+—-- cos A = sing = —-—— (24 | 
cos ¢g sind COs ¢ sin é : 


19. To find the hour angle, zenith distance, and parallactic angle of 
a given star on the prime vertical of a given place. 

In this case, the point O in Fig. 1 being in the circle WZE, 
the angle PZO is 90°, and the right triangle PZO gives 


tan d 
cos f 
tan¢ 
sin é ‘ 
cose s- (23) 
sin ¢ 
F COS 
sng = eae 
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lf dis but little less than g, the star will be near the zenith, 
and, as in the preceding article, we shall obtain a more accurate 
solution as follows: 


Put 
k == y/[sin (¢ + 8) sin (g — 98)] 
then 
aia — ht sin % == k - cosg = ——— 26 
~~” gin g cos d * sing 1 = Coad (26) 


We may also deduce the following convenient and accurate 
formule for the case where the star’s declination is nearly equal 
to the latitude [see Sph. Trig. Arts. 60, 61, 62]: 


sin (g — 6) 
tan 4¢t =: Vie) 
a tan § (g — 9) (27) 
tan} 2 = face Re 
os Nitereweaaet 
tan (45° — 3 q) = 1,/[tan 3 (¢ + 8) tan § (¢ — 4)] 


If d > g, these values become imaginary; that is, the star can- 
not cross the prime vertical. . 


ExamPLe.—Required the hour angle and zenith distance of the 
star 12 Canum Venaticorum (¢d = + 39° 5’ 20’) when on the prime 
vertical of Cincinnati (gy = + 39° 5! 54/’). 


y--d== 0° 0' 34” (go —68)== 0°0/17" 
g+oéd= 78 1114 $(g—39)== 39 5 37 
log sin (g — 8) 6.21705 log tan 4 (g — 6) 5.91602 
log sin (¢ + 98) 9.99070 log tan 4 (g + 6) 9.90982 
2)6.22685 2)6.00620 
logtan}t 8.11318 log tan 3 £ 8.00810 
4¢ = 0° 44’ 36.6 4 & = 0° 84’ 37".3 
t == 1° 29’ 138”.2 Caz 1° 9 14" 6 


== 0* 5" 56.88 


20. To find the amplitude and hour angle of a given star when in 
the horizon.—If the star is at H, Fig. 1, we have in the triangle 
PHN, right-angled at N, PN =: ¢, HPN = 180° —1t, PH = 
90° — 0; and if the amplitude WH is denoted by a, we have 
HN = 90° —a. This triangle gives, .therefure, 


sin a == sec g sin é i (28) 
cos t = — tan ¢ tan é 
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21. Given the hour angle (t) of a star, to find its right ascension (a). 
—Transformation from our second system of co-ordinates to the 
third. 

There must evidently be given also the position of the meridian 
with reference to the origin of right ascensions. Suppose then 
in Fig. 1 we know the right ascension of the meridian, or VQ 
= @, then we have VD = VQ — DQ, that is, 


a= 0 —t 
Conversely, if a and © are known, we have 
t= O0~—a 


The methods of finding © at a given time will be considered 
hereafter. : 


22. Given the zenith distance of a known star at a given place, t 
Jind the star’s hour angle, azimuth, and parallactie angle. 

In this case there are given in the triangle POZ, Fig. 1, the 
three sides ZO = ¢, PO = 90° — 6, PZ = 90° — g, to find. 
the angles ZPO = t, PZO = 180° ~ A, and POZ=q. The 
formula for computing an angle B of a spherical triangle ABC, 
whose sides are a, 6, ¢, is either 


sn} B= .| = (s — a) sin (= 4) 


~ ON sin a sinc 
eos } B = (oo 
Vv sin a sine 


or tan } B — 


| (Sa a 6 | 


sin s sin (Ss -— 6) 


in which s = § (2 + b+ cc). We have then only to suppose B 
to represent one of the angles of our astronomical triangle, and 
to substitute the above correspunding values of the sides, to ob- 
tain the required solution. 

This substitution will be carried out hereafter in those cases 
where the problem is practically applied. 


23. Given the declination (0) and the right ascension (a) of a star, 
and the obliquity of the ecliptic (e), to find the latitude (8) and the longi- 
tude (A) of the star.—Transformation from the third system of co- 
ordinates to the fourth. 

The solution of this problem is similar to that of Art. 10. 
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The analogy of the two will be more apparent if we here repre- 
sent the sphere projected on the plane of 
the equator as in Fig. 6, where VBUC is 
the equator, Pits pole; VAU the ecliptic, 
P’ its pole, and consequently CP’ PB the 
solstitial colure; POD, P’OL, circles of 
\ 7 declination and latitude drawn through the 


Fig. 6. 


4 star O. Since the angle which two great 

XT circles make with each other is equal to 

7— the angular distance of their poles, we have 

PP'=e; and since the angle P’PO is 

measured by CD and PP’O by AL, we have in the triangle 
PP'O. 

P'PO. PP’O, P'O, PO, PP’ 
00° +a, 90°—2, 90°—f, 90°—4, e 


which, substituted respectively for 
A, B a, b, é, 


in the general equations (@), Art. 10, give 


sin J == cus e sin d — sin ¢ cos 4 sin « 
cos # sin 4 = sin e sin 3d + Cos ¢ cos é sin a (29) 
COS § COS A = cos 6 COS 4 


which are the required formule of transformation. Adapting 
for logarithmic computation, we have 


m sin WW =: sind 
m cos WM = cos 6 sin a 
sin 8 = msin (M —e) (30) 
cos # sind = mcos(M — e) 
cos § cos A = COS 6 COSa 


in which m is a positive number. 
A still more convenient form is obtained by substituting 


m hk! — cos ;3 


hk... —-< 
cos 3 m 


by which we find 
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k sin WW =- tan 3 

k cos M = sin a 

Ksin A = cos (M — e) 

k'cos 4 -= cos Af cota ‘ (33) 

tan # -~ sin A tan (M — e) 

Piette a cosfsinA cos (M — e) 
Hor ve ification : cos ésina cos 

ExauPLE.—Given 6, a, and ¢ as below, to find 8 and 4. , Com- 
putation by (81). 


é == -— 16° 22! 35.45 log sin 2 n8.0897 286 
a= 6 33 29 30 = log tan (M—.e) 1.4114658 
e== 23 27 31.72 log tan 3 n9.5011944 
log tan 6 = log ksin M n9.4681562 B= — 17° 35! 87".51 
log sin @ == Lge k cos M 9.0577093 
M ... — 68° 45! 41.87 Verification. 
Wo-- ¢ == — 92 13 13 .59 ~=— log cos f sin A n8.0689234 
7 cos é sina 9.0397224 
log cos Mi 9.5590070 cos (M—e 
log cota 0.9894896 |S “ Ta ) n9.0292010 


log fk’ cos 2 0.4984466 
fogeos (.M ~- 2) == log A sin A n8.5882080 
4 == 309° 17’ 43”".91 


Tables for facilitating the above transformation, based upon 
the same method as that employed in Art. 16, are given in the 
Amcrican Ephemeris* and Berlin Jahrbuch. The formule there 
wsed may be obtained from Fig. 6, in which the points Fand ( 
are used precisely as in Fig. 4 of Art. 16. 


24. If we denote the angle at the star, or P’OP, by 90° — £. 
the solution of the preceding problem by Gauss’s Equations 1s 


cos (45° — 48)sin 4 (H-- A) =sin [45° — 3 (c¢ — 6)] sin (45° + $a) 
cos (45° — $2) cos 4 (4+ A) = cos [45° — 4 (e+ 3)] cos (45° + $a) (32) 
sin (45° — 38)sin $(#—A) =sin [45° — } (e+ 8)] cos (45° + 32) 
sin (45° — 3 #) cos 4 (#— A) = cos [45° — } (e — ¢)] sin (45° + $2) 


25. If the angle at the star is required when the Gaussian 
Equations have not been employed, we have from the triangle 
POP’, Mig. 6, putting P!OP = x = ‘ae — E, 


Pr er emeeenenys wee ee emma me Sa Qm meq etceneg eereinmmmne ~O 
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cos § Cos y = COS « COs Oo +- sin ¢ sin 6 sin a 
cos § sin 7 = sin e cos a 


or, adapted for logarithms, 


nsin V = sin e sina 

' cos V = cos ¢ 
cos § cos 7 = n cos (N — 8) 
cos # sin 7 = sin ¢ cosa 


(83) 


e 


26. Given the latitude (8) and longitude (A) of a star, and the 
obliquity of the ecliptic (e), to find the declination and right ascension 
of the star. 

By the process already employed, we derive from the triangle 
PP’O, Fig. 6, for this case, 


sind == cose sin 3 + sin ¢ cos # sin 4 ) 
cos 6 sin a == — sine sin # + cos « cos 7 sin 4 (34) 
cos 6 COS @ = cos 2 COS A j 


which, it will be observed, may be obtained from (29) by inter- 
changing a with 4, and é with #, and at the same time changing 
the sign of ¢, that is, putting —« for ¢, and, consequently, — sin ¢ 
for sin ¢. 

For logarithmic computation, we have 


m sin M = sin f 
m cos M = cos ? sin A 
sin 6 = m sin (M + e) (35) 
cos 8 sin a == m cos (M + e) 
cos é COS a4 = cos f cos A 


or the following, analogous to (31): 


k sin M = tan 8 

k cos M = sin A 

k’ sin a = cos (M + e) 

Kk’ cos a = cos M cot A (36) 
tan d = sina tan (M+ e) 


cosésin a cos (M+ e) 


ee tee re eme ene te _—w oy ow 


Fi or veryication : cos A sin A = cos Ww 


27. The angle at the star, POP’, being denoted, as in Art. 24, 
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by 90° — #, the solution of this problem by the Gaussian 
Equations is 


nin (45°— $8) sin 3 (# + a) = sin [45°— 4 (e + f)] sin (45°-+- 3) 
sin (45°— 4 6) cos $ (# + a) = cos[45° * 4 (e — £)] cos (40°+- $2) 
cos (45° — $8) sin 4 (4 — a) = sin [45°— 3} (¢ — 8)] cos (45°+ 42) 
cos (45°— 4 8) cos} (# — a) = cus [45°— } (e + 7)] sin (45°-+- 32) 


(37) 


28. But if the angle 7 = 90° — # is required when the 
Gaussian Equations have not been employed, we have directly 


cos é COS 7 = COS e cos # — sin e sin # sin 2 
cos 6 sin 7 = sin ¢ cos 4 


or, adapted for logarithms, 


n sin V= sin e sin A 

n cos V = cos ¢ 
cos 6 cos 7 = n cos (N + 8) 
cos 6 sin 7 = sin « cos A 


(38) 


29. For the sun, we may, except when extreme precision is 
desired, put # = 0, and the preceding formule then assume very 
simple forms. Thus, if in (84) we put sin 8 = 0, cos 8 = 1, we 
tind 

gin 6 == sin e sin 4 
cos é sin a = cose sin A 
cos ¢ C08 a = Cos A 


whence if any two of the four quantities 0, a, A, e are given, we 
can deduce the other two. 


: RECTANGULAR CO-ORDINATES. 


80. By means of spherical co-ordinates we have expressed 
only a star’s direction. To define its position in space com- 
pletely, another element is necessary, namely, its distance. In 
Spherical Astronomy we consider this element of distance only 
so far as may be necessary in determining the changes of 
upparent direction of a star resulting from a change in the point 
trom which it is viewed. For this purpose the rectangular co- 
ordinates of analytical geometry may be employed. 

‘Three planes of reference are taken at right angles to each 
other, their common intersection, or origin, being the point of 
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observation: and the star's distances from these planes are 
denoted by x, y, and z respectively. These co-ordinates are 
respectively parallel to the three axes (or mutual intersections 
of the planes, taken two and two), and hence these axes are 
called, respectively, the axis of x, the axis of y, and the axis of 2. 
The planes are distinguished by the axes they contain, as “the 
plane of zy,” the “plane of xz,"" the “plane of yz." The co- 
ordinates may be conceived to be measured on the axes to 
which they belong, from the origin, in two opposite directions, 
distinguished by the algebraic signs of plus and minus, so that 
the numerical values of the co-ordinates of a star, together with 
their algebraic signs, fully determine the position of the star in 
space without ambiguity. 

Of the eight solid angles formed by the planes of reference, 
that in which a star is placed will always be known by the signs 
of the three co-ordinates, and in one only of these angles will 
the three signs all be plus. This angle is usually called the first 
angle. To simplify the investigations of a problem, we may, if 
we choose, assume all the points considered to lie in the first 
ungle, and then treat the equations obtained for this simplest 
vase as entirely general; for, by the principles of analytical 
geometry, negative values of the co-ordinates which satisfy such 
equations also satisfy a geometrical construction in which these 
co-ordinates are drawn in the negative direction. 

The polar co-ordinates of analytical geometry (of three dimen- 
sions) when applied to astronomy are nothing more than the 
spherical co-ordinates we have already treated of, combined 
with the element distance; and the formule of transformation 
fiom rectangular to polar co-ordinates are nothing more than 
the values of the rectangular co-ordinates in terms of the dis- 
tance and the spherical co-ordinates. For the convenience of 
reference, we shall here recapitulate these formule, with special 
reference to our several systems of spherical co-ordinates. 


31. We shall find it useful to premise the following 

Lemma.— The distance of a point in space from the plane of any 
great circle of the celestial sphere is equal to its distance from the centre 
of the sphere multiplied by the cosine of its angular distance from the 
pole of that circle; and its distance frum the axis of the eirele is equal to 
its distance from the centre of the sphere multiplied by the sine of its 
angular distance from the pole. 
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For, let AB, Fig. 7, be the given great circle orthographi- 
cally projected upon a plane passing through its axis OP and 
the given point C; P its pole. The dis- 
tance of tle point C from the plane of the 


great circle is the perpendicular CD; CE 

is its distance from the axis; CO its dis- Wi 

tance from the centre of the sphere; and A ; 
the angle COP the angular distance from 


the pole. The truth of the Lemma. is, 
therefore, obvious trom the figure. 


Fig. 7. 
A 


B 


32. The values of the rectangular co-ordinates in our several 
systems may be found as follows: 

First system.—Altitude and azimuth.—Let the primitive plane. 
or that of the horizon, be the plane of xy; that of the meridian, 
the plane of xz; that of the prime vertical, the plane of y:. 
The meridian line is then the axis of ; the east and west line, 
the axis of y; and the vertical line, the axis of z. Positive 2 
will be reckoned from the origin towards the south, positive y 
towards the west, and positive z towards the zenith. The fi. x/ 
angle, or angle of positive values, is therefore the southwest 
quarter of the hemisphere above the plane of the horizon. Let 
Z, Fig. 8, be the zenith, S the south point, W the Fig. 8. 
west point of the horizon. These points are 
respectively the poles of the three great circles 
of reference; if, then, A is the position of a 
star on the surface of the sphere as seen from 
the centre of the earth, and if we put 


h —.. altitude of the star -- 4A, 
A = azimuth a = SH, 
4 == its distance from the centre of the sphere 


we have immediately, by the preceding Lemma, 


rv: d cos AS, y= J cos AW, 2== J cos AZ, 


which, by considering the right triangles A/S, 4. W, become 


r= d cosh cos A 
y = 4 cosh sin A (39) 
z= Ssinh 


These equations determine the rectangular co-ordinates z, y, 2. 
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when the polar co-ordinates 4, h, A are given. Conversely, if 
x, y, and z are given, we may find 4, h, and A; for the first two 
equations give 


tan A = Ll 
x 
and then we have 
Asinh=z 
Acosh== = 4 
cos A sin A 


whence 4 and fh. Or, by adding the squares of the first two 
equations, we have 

A cosh =: Ya? + y 
whence 


tan h = oe 
V (2? + ¥’) 


and the sum of the squares of the three equations gives 


d-=- Y(t y+) 


Second system.—Declination und hour angle.—Let the plane of 
the equator be the plane of xy; that of the meridian, the plane 
of xz; that of the six hour circle, the plane of yz. In the pre- 
ceding figure, let Z now denote the north pole, S that point of 
the equator which is on the meridian above the horizon and 
from which hour angles are reckoned, W the west point. Posi- 
tive x will be reckoned towards S, positive y towards the west, 
positive z towards the north. If then A is the place of a star on 
the sphere as seen from the centre, and we put 


é = the star’s declination — AFA, 
t= «“ hour angle = SH, 
4=- v6 distance from the centre, 


and denote the rectangular co-ordinates in this case by 2’, y’, 2’, 
we have 
x’ == 4 cos é cost 
y = Jcosdsint \ (40) 
=: J sin dé 
Third system.—Declination and right ascension —Let the plane 


of the equator be the plane of zy; that of the cquinoctial colure, 
the plane of zz; that of the solstitial colure, the plane of yz. 
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The axis of x is the intersection of the planes of the equator 
and equinoctial colure, positive towards the vernal equinox; the 
axis of y is the intersection of the planes of the equator and sol- 
stitial colure, positive towards that point whose right ascension 
is +90°; and the axis of z is the axis of the equator, positive 
towards the north. If then,in Fig. 8, Z is the north pole, W 
the vernal equinox, A a star in the first angle, projected upon 
the celestial sphere, and we put 


6 = declination of the stu = AH, 
az==right ascension “ = WH, 
4 = distance from the centre, 


while 2’’, y’’, 2’’ denote the rectangular co-ordinates, we have 


' gt 4 cos AW. y" = 4 cos AS, 2” = J cos AZ, 


zr" = dcosdédcosa 
y’ = 4Acosésin a (41) 


2’? — dsinod 


which become 


Fourth system.—Celestial latitude and longitude.—Let the plane 
of the ecliptic be the plane of zy; the plane of the circle of 
latitude passing through the equinoctial points, the plane of zz ; 
the plane of the circle of latitude passing through the solstitial 
points, the plane of yz. The positive axis of x is here also the 
straight line from the centre towards the vernal equinox; the 
positive axis of y is the straight line from the centre towards the 
north solstitial point, or that whose longitude is +90°; and the 
positive axis of z is the straight line from the centre towards 
the north pole of the ecliptic. 

If then, in Fig. 8, Z now denotes the north pole of the ecliptic, 
W the vernal equinox, A the star’s place on the sphere, and 
we put 

= latitude of the star =: AH, 
4 == longitude of the star = 1,71, 
A == distance of the star from the centre, 


and x!/!, y’’’, z'"’, denote the rectangular co-ordinates for this 
system, we have 

a!" = A cos B cosa 

y’’ = d cos # sin A (42) 


2!" = J sin B 
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TRANSFORMATION OF RECTANGULAR CO-ORDINATES. 


88. For the purposes of Spherical Astronomy, only the most 
simple cases of the general transformations treated of in analy- 
tical geometry are necessary, We mostly consider but two cases: 

First. Transformation of rectangular co-ordinates to a new ‘origin, 
without changing the system of spherical co-ordinates. 

The general planes of reference which have been used in this 
chapter may be supposed to be drawn through any point in space 
without changing their directions, and therefore without changing 
the great circles of the infinite celestial sphere which repre- 
sent them. We thus repeat the same system of spherical co-ordi-. 
nates with various origins and different systems of rectangular 
co-ordinates, the planes of reference, however, remaining always 
parallel to the planes of the primitive system. 

The transformation from one system of rectangular co-orni. 
nates to a parallel system is evidently effected hy the formule 


Vy==Leta 
Yy Ug +h (+43) 
Re ae eh 


in which 7,, y,. 2, ate the co-ordinates of a point in the primitive 
system ; 7, ¥,, 2, the co-ordinates of the same point in the new 
system; and a, 6, ¢ are the co-ordinates of the new origin taken 
in the first system. 

As we have shown how to express the values of z,, y,, 2, and 
of x,, y,, 2, 1n terms of the spherical co-ordinates, we have only 
to substitute these values in the preceding formule to obtain the 
general relations between the spherical co-ordinates correspond- 
ing to the two origins. This is, indeed, the most general method 
of determining the effect of parallax, as will appear hereafter. 

Fig. 9. Second. Transformation of rectangular co- 
ordinates when the system of spherical co-ordi- 
nates is changed but the origin is unchanged. 

This amounts to changing the directions of 

the axes. The cases which occur in practice 
* are chiefly those in which the two systems 
* have one plane in common. Suppose this 

plane is that of xz, aud let OY, OZ, Fig. 9, be 
the axes of and z in the first system; OY, 
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OZ,, the axes of z, and z, in the new system. Let A be the 
projection of a point in space upon the common plane; and 
letz = AB, z=OB, x1,= AB, z,--OB,. The distance of the 
point from the common plane being unchanged, we have 


Y= Ye 
The axis of y may be regarded as an axis of revolution about 
which the planes of yz and yz revolve in passing from the first to 
the second system; and if u denotes the angular measure of this 
revolution, or u= YOYXY,= ZOZ,= BAB, we readily derive 
from the figure the equation 


x sec u=-7,—2Z, tan u 
vr, niultiplying by cos «, 
L=2X, COB U— 2, Sin u 
and 
z—=2 tan u-- 2, sec u 
or, substituting in this the preceding value of z, 
z=, sin u+ 2, cos u 
Thus, to pass from the first to the second system, we have the 
formule 
X= 2X, cosu—zZ, sin u 
¥=Y": (44) 
z2= 2, sinu-+ 2, cos u 


And to pass from the second to the first, we obtain with the same 


ease, 
Z,== x cosu+zsinu 
¥= Y (45) 
Z,== — 2 sin u-+ 2cos u 


As an example, let us apply these to transforming from our 
second system of spherical co-ordinates to the first; that is, from 
declination and hour angle to altitude and azimuth. The meri- 
dian is the common plane; the axis of z in the system of declina- 
tion and hour angle is the axis of the equator, and the axis of 2, 
in the system of altitude and azimuth is the vertical line; the 
angle between these axes is the complement of the latitude, or 
u=90°—g. Substituting this value of u in (44), and also the 
values of 2, , 2, 2) Yr» 2 given by (39) and (40), we have, after 


omitting the common factor J, 
Vou. I.—4 
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cos A cos A = sin ¢ cos 6 cos t — cos ¢ sin é 
cos h sin A=cos é sin t 
sin h = cos ¢ cos é cos t-+- sin g sin 8 


which agree with (14). We see that when the element of dis- 
tance is left out of view (as it must necessarily be when the 
origin is not changed), the transformation by means of rectangu- 
lar co-ordinates leads to the same forms as the direct application 
of Spherical Trigonometry. With regard to the entire generality 
of these formulse in their application to angles of all possible 
magnitudes, see Sph. Trig. Chap. IV. 
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84. It is often necessary in practical astronomy to determine 
what effect given variations of the data will produce in the quan- 
tities computed from them. Where the formule of computa- 
tion are derived directly from a spherical triangle, we can employ 
for this purpose the equations of finite differénces [Sph. Trig. 
Chap. VI.] if we wish to obtain rigorously exact relations, or 
the simpler differential equations if the variations considered 
are extremely small. As the latter case is very frequent, I shall 
deduce here the most useful differential formule, assuming as. 
well known the fundamental ones [Sph. Trig. Art. 153], 


da — cos C db — cos Bde == sin b sin C dA 
—cosC da + db — cos A dc = sinc sin A dB (46) 
— cos Bda — cos Adb + de = sin asin B dC 


From these we obtain the following by eliminating da: 


sin C db — cosa sin B de = sin bcosC dA + sina dB } (47) 
— cos asin Cdb + sin B dec = sinc cos B dA + sina dC 


and by eliminating db from these: 
sin a sin B dec = cos bdA + cosa dB + dC (48) 
If we eliminate dA from (47), we find 
cos b sin C db — cos c sin B dc = sin c cos B dB — sin b cos CdC 


the terms of which being divided either by sin 6 sin OC, or by its 
equivalent sin ¢ sin B, we obtain 


cot 6 db — cot cde = cot BdB — cot C d€ (49) 
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85. As an example, take the spherical triangle formed by the 
zenith, the pole, and a star, Art. 10, and put 


A == 180° — A a = 90° — 2 
B=t b=€ 
C=4q c = 90° —¢ 
then the first equations of (46) and (47) give 
dé = — cos q dz + sing sing dA + cost dg i (50) 
cosédt = singd?-+ cosgq sin? dA + sin dé sint dy 


which determine the errors dé and dt in the values of 6 and ¢ 
computed according to the formule (4), (5), and (6), when ¢, A, 
and g are affected by the small errors dz, dA, and dy respectively. 
In a similar manner we obtain 
d= = — cos gq dé + sing cos dé dt + cos A dg ; (51) 
sintdA= sing dé + cos gq cos 6 dt — cos% sin Adg 
which determine the errors df and dA in the values of & and A 
computed by (14), when 0, ¢, and ¢ are affected by the small 
errors dd, dt, and dy respectively. 


36. As a second example, take the triangle formed by the pole 
of the equator, the pole of the ecliptic, and a star, Art. 23. De- 
noting the angle at the star by 7, we find 


d3 = cos 7 dé — sin 7 cos 6 da — sin 2 de } (52) 
_cos 8 da = sin y dé + cos 7 cos 6 da + sin 3 cos 2d de 
and reciprocally, 
dé = cos7yd3 + sing eos sda + sin a de 
. . (58) 
cos é da = — sin 7 d’ + cos 7 cos § dd — sin 6 cos ade 
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CHAPTER IL. 


TIME——USE OF THE EPHEMERIS—INTERPOLATION——8TAR 
CATALOGUES. 


37. Transit.—The instant when any point of the celestia: 
sphere is on the meridian of an observer is designated as the 
fransit of that point over the meridian; also the meridian passage, 
and culmination. In one complete revolution of the sphere 
about its axis, every point of it 1s twice on the meridian, at 
points which are 180° distant in right ascension. It is therefore 
necessary to distinguish between the two transits. The meri- 
dian is bisected at the poles of the equator: the transit over that 
half of the meridian which contains the observer's zenith is the 
upper transit, or culmination; that over the half of the meri- 
dian which contains the nadir is the lower transit, or culmina- 
tion. At the upper transit of a point its hour angle is zero, or 
0*; at the lower transit, its hour angle is 12°. 


38. The motion of the earth about its axis is perfectly um- 
form. If, then, the axis of the earth preserved precisely the 
saine direction in space, the apparent diurnal] motion of the 
ceiestial sphere would also be perfectly uniform, and the inter- 
vals between the successive transits of any assumed point of the 
sphere would be perfectly equal. The effect of changes in the 
position of the earth’s axis upon the transit of stars is most per- 
ceptible in the case of stars near the vanishing points of the 
axis, that is, near the poles of the heavens. We obtain a measure 
of time sensibly uniform by employing the successive transits of 
a point of the equator. The point most naturally indicated is 
the vernal equinox (also called the First point of Aries, and de- 
noted by the symbol for Aries, 7). 


39. A sidereal day is the interval of time between two succes. 
sive (upper) transits of the true vernal equinox over the same 
meridian. 

The effect of precession and nutation upon the time of transit 
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of the vernal equinox is so nearly the same at two successive 
transits, that sidereal days thus defined are sensibly equal. (See 
Chapter XI. Art, 411.) 

The sidereal time at any instant is the hour angle of the verna: 
equinox at that instant, reckoned from the meridian westward 
trom 0* to 24". 

When ¢f is on the meridian, the sidereal time is 0° 0" 0’; and 
this instant is sometimes called sidereal noon. ——— 


40. A solar day is the interval of time between two successive 
upper transits of the sun over the same meridian. 

The solar time at any instant is the hour angle of the sun at 
that instant. 

In consequence of the earth’s motion about the sun from west 
to east, the sun appears to have a like motion among the stars, 
or to be constantly increasing its right ascension; and hence a 
solar day is longer than a sidereal day. 


41. Apparent and mean solar time.—If the sun changed its right 
ascension uniformly, solar days, though not equal to sidereal days, 
would still be equal to each other. But the sun’s motion in right 
ascension is not uniform, and this for two reasons: 

lst. The sun does not move in the equator, but in the ecliptic, 
so that, even were the sun’s motion in the ecliptic uniform, its 
equal changes of longitude would not produce equal changes of 
right ascension; 2d. The sun’s motion in the ecliptic is not uni- 
form. 

To obtain a uniform measure of time depending on the sun's 
motion, the following method is adopted. A fictitious sun, which 
we shall call the first mean sun, is supposed to move uniformly at 
such a rate as to return to the perigee at the same time with the 
trne sun. Another fictitious sun, which we shall call the second 
mean sun (and which is often called simply the mean sun), is sup- 
posed to move uniformly in the equator at the same rate as the 
first mean sun in the ecliptic, and to return to the vernal equinox 
at the same time with it. Then the time denoted by this second 
iean sun is perfectly uniform in its increase, and is called mean time. 

The time which is denoted by the true sun is called the true 
or, More commonly, the apparent time. 

The instant of transit of the true sun is called apparent noon, and 
the instant of transit of the second mean sun is called mean noon. 
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The equation of time is the difference between apparent and 
mean time; or, in other words, it is the difference between the 
hour angles of the true sun and the second mean sun. The 
greatest difference is about 16” 

The equation of time is also the difference between the right 
ascensions of the true sun and the second mean sun. The right 
ascension of the second mean sun is, according to the preceding 
definitions, equal to the longitude of the first mean sun, or, as it 
is commonly called, the sun’s mean longitude. To compute the 
equation of time, therefore, we must know how to find the longi- 
tude of the first mean sun; and this is deduced from a knowledge 
of the true sun’s apparent motion in the ecliptic, which belongs 
to Physical Astronomy. Here it suffices us that its value is 
given for each day of the year in the Ephemeris, or Nautical 
Almanac. 


42. Astronomical time-—The solar day (apparent or mean) is 
conceived by astronomers to commence at noon (apparent or 
mean), and is divided into twenty-four hours, numbered succes- 
sively from 0 to 24. 

Astronomical time (apparent or mean) is, then, the hour angle 
of the sun (apparent or mean), reckoned on the equator west- 
ward throughout its entire circumference from 0" to 24". 


43. Civil time.-—For the common purposes of life, it is more 
convenient to begin the day at midnight, that is, when the sun 
is on the meridian at its lower transit 

The civil day is divided into two periods of twelve hours each, 
namely, from midnight to noon, marked A.M. (Ante Meridiem), 
and from noon to midnight, marked P.M. (Post Meridiem) 


44. To convert civil into astronomical time.—The civil day begins 
12° before the astronomical day of the same date. This remark 
is the only precept that need be given for the conversion of one 
of these kinds of time into the other. 


EXAMPLES. 


Ast. T. May 10, 15*= Civ. T. May 11, 3" A.M. 
Ast. T. Jan. 3, 7*=Civ. T. Jan. 3, 7" P.M. 
Ast. T. Aug. 31, 20'=Civ T. Sept. 1, 8* A.M. 
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45. Time at different meridians.—The hour angle of the sun at 
any meridian is called the local (solar) time at that meridian. 

The hour angle of the sun at the Greenwich meridian at the 
same instant is ‘the corresponding Greenwich time. This time we 
shall have constant occasion to use, both because longitudes 
in this country and England are reckoned from the Greenwich 
meridian, and because the American and British Nautical 
Almanacs are computed for Greenwich time.* 

The difference between the local time at any meridian and the 
Greenwich time is equal to the longitude of that meridian from 
Greenwich, expressed in time, observing that 1* = 15°. 

The difference between the local times of any two Fig. 10. 
meridians. is equal to the difference of longitude of 
those meridians. 

In comparing the corresponding times at two dif: 
ferent meridians, the most easterly meridian may be 
distinguished as that at which the time is greatest ; 
that 1s, latest. 

If then PM, Fig. 10, is any meridian (referred to the celestial 
sphere), PG the Greenwich meridian, PS the declination circle 
through the sun, and if we put 
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T,, = the Greenwich time = GPS, 
T = the local time = MPS, 
I, = the west longitude of the meridian PM = GPM, 
we have 
L=T,—T 
T,=T+L \ (4) 


If the given meridian were east of Greenwich, as PM’, we 
should have its east longitude = 7'— 7; but we prefer to use 
the general formula = 7, — T in all cases, observing that east 
longitudes are to be regurded as negative. 

In the formula (54), 7, and 7’ are supposed to be reckoned 
always westward from their respective meridians, and from 0* to 
24"; that is, 7, and 7 are the astronomical times, which should, of 
course, be used in all astronomical computations. 

As in almost every computation of practical astronomy we are 
dependent for some of the data upon the ¢phemeris,—and these 
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* What we have to say respecting the Greenwich time is, however, equally appli- 
enable to the time at any other meridian for which the ephemeris may be computed. 
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are commonly given for Greenwich,—it is generally the first step 
in such a computation to deduce an exact or, at least, an ap- 
proximate value of the Greenwich astronomical time. It need 
hardly be added that the Greenwich time should never be other- 
wise expressed than astronomically.* 


EXAMPLES. 


1. In Longitude 76° 32’ W. the local time is 1856 April 1, 
% 3" 10° A.M.: what is the Greenwich time? 


Local Ast. T. March 31, 21* 8" 10° 
_ Longitude +. 5 6 8 
_ Greenwich T. April1, 2¢ 9 18 
2. In Long. 105° 15’ E. the local time is August 21, 4* 3" P.M; 
what is the Greenwich time ? 


Local Ast. T. Aug. 21, 4° 3” 
Longitude a 


1 
Greenwich T. Aug. 20, 21 2 


3. Long. 175° 30’ W. Loc. T. Sept. 30, 8* 10" A.M. =G. T. 
Sept. 30, 7" 52”. 

4, Long. 165° 0’ E. Loc. T. Feb. 1, 7 11" P.M. =G. T. Jan. 
31, 20" 11”. . 

5. Long. 64° 30’ E. Loc. T. June 1, 04 M. (Noon) = G. M. T. 
May 81, 194 42m, 


46. In nautical practice the observer is provided with a chro- 
nometer which is regulated to Greenwich time, before sailing, 
at a place whose longitude is well known. Its error on Green- 
wich time is carefully determined, as well as its daily gain or 
loss, that is, its rate, so that at any subsequent time the Green- 
wich time may be known from the indication of the chronometer 
corrected for its error and the accumulated rate since the date 
of sailing. As, however, the chronometer has usually only 12" 
marked on the dial, it is necessary to distinguish whether it 
indicates A.M. or P.M. at Greenwich. This is always readily 
done by means of the observer’s approximate longitude and local 


* On this account, chronometers intended for nautical and astronomical purposes 
should always be marked from 0 to 24, instead of from 0* to 12' as is now usual. 
(t ia surprising that navigators have not ineisted upon this point, 
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time. As this is a daily operation at sea, it may be well to illus- 
trate it by a few examples. ° 


1. In the approximate longitude 5° W. about 3* P.M. on Au- 
gust 3, the Greenwich Chronometer marks 8* 11” 7*, and is fast 
on G. T. 6" 10°; what is the Greenwich astronomical time ? 


Approx. Local T. Aug. 3, 3° Gr. Chronom. Sei 7 
ss Longitude, +5 Correction, -— 6 10 


Approx. G. T. Aug. 3, 8 Gr. Ast. T. Aug. 3, 457 


2. In Long. 10° E. about 1’ A.M. on Dec. 7, the Greenwich 
Chronometer marks 3’ 14” 13°.5, and is fast 25" 18°.7; what is 
the G. T.? 


Approx. Local T. Dec. 6, 13° Gr. Chronom. 3° 14" 13°.5 
«Long. —10 Correction, -- 25 18.7 
Approx. G. T. Dec. 6, 3 G. A. T. Dee. 6,2 48 54.8 


3. In Long. 9* 12" W. about 2* A.M. on Feb. 13, the Gr. Chron. 
marks 10" 27" 13°.3, and is slow 30" 30°.3; what is the G. T.? 


Approx. Local T. Feb. 12, 14° Gr. Chronom. 10° 37" 13°.3 
«Long. +9 Correction. +. 30 30 .3 
Approx. G. T. Feb. 12, 23 G. A. T. Feb. 12,28 7 45-6 


The computation of the approximate Greenwich time may, of 
course, be performed mentally. 


47. The formula (54), L= 7 — T, is true not only when 7, 
and 7’ are solar times, but also when they are any kinds of time 
whatever, or, in general, when 7, and 7’ express the hour angles 
of any point whatever of the sphere at the two meridians whose 
difference of longitude is L. This is evident from Fig. 10, where 
S may be any point of the sphere. 


48. To convert the apparent time at a given meridian into the mean 
time, or the mean into the apparent time. 


If M = the mean time, 
A == the corresponding apparent time. 
E = the equation of time, 
we have 
or A=M-—E 
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in which # is to be regarded as a positive quantity when it is 
additive to app@rent time. The value of £ is to be taken from the 
Nantical Almanac for the Greenwich instant corresponding to 
the given local time. If apparent time is given, find the Gr. 
apparent time and take # from page I of the month in the 
Nautical Almanac; if mean time is given, find the Gr. mean 
time and take # from page IT of the month. 


Examp.e 1.—In longitude 60° W., 1856 May 24, 3* 12” 10° 
P.M., apparent time; what is the mean time ? 
We have first 
Local time May 21, = 3* 12" 10° 
Longitude, 4 0 0O 
Gr. app. time May 24, 7 12 10 


We must, therefore, find # for the Gr. time, May 24, 7 12" 
10°, or 7.21. By the Nautical Almanac for 1856, we have £ at 
apparent Greenwich noon May 24 == — 3” 25".48, and the hourly 
difference + 0°.224. Hence at the given time 


Ke = — 3” 25°43 + 0°.224 x 7.21 = — 3" 23°31 
and the required mean time is 
M = 3° 12” 10" — 3" 23°.81 — 3° 8™ 46°.19. 


EXxaMPLeE 2.—In longitude 60° W., 1856 May 24, 3" 8" 46°.19 
mean time; what is the apparent time ? 


Gr. mean time, May 24, 7° 8" 46°.19 (= 7*.15) 


£ at mean noon May 24 = — 3" 25°41 Hourly diff. = 0°.224 
Correction for 7*.15 = + 1.60 7.15 
E=— 3 23.81 1 .60 
and hence 


MV 3* 8 46°19 
A=3 12 10.00 


As the equation of time is not a uniformly varying quantity, it 
is not quite accurate to compute its correction as above, by mul- 
tiplying the given hourly difference by the number of hours in 
the Greenwich time, for that process assumes that this hourly 
difference is the same for each hour. The variations in the 
hourly difference are, however, so small that it is only when 
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extreme precision is required that recourse must be had to the 
more exact method of interpolation which will be given here- 
after. 


49. To determine the relative length of the solar and sidereal-units 
of time. 

According to BEsseEt, the length of the tropical year (which is 
the interval between two successive passages of the sun through 
the mean vernal equinox) is 865.24222 mean solar days;* and 
since in this time the mean sun has described the whole arc of 
the equator included between the two positions of the equinox, 
it has made one transit less over any given meridian than the 
vernal equinox; so that we have 


366.24222 sidcreal days = 365.24222 mean solar days 


whence we deduce 


865.24222 
1 sid. day — ——————- sol. day = 0.99726957 sol. day 
y= 366.24222 °° “OY 
or 
24° sid. time = 23* 56” 4°.091 solar time 
Also, 
366.24222 
1 sol. day = 365 21999 sid. day = 1.00273791 sid. day 
or 
24 sol. time = 24* 3” 56°.555 sid. time 
If we put 
999 
a — 306.24222 __ 1.00273791 
865.24222 


and denote by J an interval of mean solar time, by J’ the equiva- 
lent interval of sidereal time, we always have 


=p =I+(we—D LI =I +4 00278791 I 
Pat as 2) =I’ 00278043 1 ! (55) 


Tables are given in the Nautical Almanacs to save the labor of 
computing these equations. In some of these tables, for each 
or interval J there is given the equivalent sidereal interval 

= pl, and reciprocally: in others there are given the correc- 
fail to be added to J to find J’ (ie. the correction .00278791 J), 


eee oe eee 
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* The length of the tr sng year is not absolutely constant. The value given in 
the text is for the year 180@ Its decrease in 100 years is about 0°.6 (Art. 407). 
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and the correction to be subtracted from J’ to find J (ie. the 
correction .00278043 7’). The latter form is the most conve- 
nient, and is adopted in the American Ephemeris. The correction 
(4—1)TZ is frequently called the acceleration of the fixed stars (re- 
latively to the sun). The daily acceleration is 3" 56°.555. 

20. Zo convert the mean solar time at a given meridian into the 
corresponding sidercal time. 

In Fig. 1, page 25, if PQ is the given meridian, VQ the equator, 
D the mean sun, V the vernal equinox, and if we put 


T == DQ = the mean solar time, 
=: J’Q= the sidereal time, 

—_ the right ascension of the meridian, 
V = the right ascension of the mean sun, 


we have 
O=T+V (56) 


The right ascension of the mean sun, or V, is given in the 
American Ephemeris, on page IT of the month, for each Green- 
wich mean noon. It is, however, there called the ‘“ Sidereal 
Time,”’ because at mean noon the second mean sun is on thie 
meridian, and its right ascension is also the right ascension of 
the meridian, or the sidereal time. But this quantity V is uni- 
formly inereasing* at the rate of 3” 56°.555 in 24 mean solar 
hours, or of 99.8565 in one mean hour. To find its value at the 
viven time 7, we may first find the Greenwich mean time 7, by 
upplying the longitude; then, if we put 


V, = the value of V at Gr. mean noon, 
== the “sidereal time” in the ephemeris for the given date, 


we have 
V= V, + 9°.8565 x 7, 


in which 7, must be expressed in hours and decimal parts. It 
is easily seen that 9°.8565 is the acceleration of sidereal time on 
solar time in one solar hour, and therefore the term 9°.8565 x 7, 
is the correction to add to 7, to reduce it from a solar to a side- 
real interval. This term is identical with (—1)7 as given by 
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* The sidereal time at mean noon is equal to the ¢rue R.A. of the mean sun, or it 
is the R.A. of the mean sun referred to the true equinox, and therefore involves the 
autation, so that its rate of increase is not, strictly, uniform. But it is sufficiently so 
for 24 hours to be so regarded in all practical computations. See Chapter XI. 
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the preceding article. if 7, in the latter expression is expressed 
in seconds, since we have 
9°.8565 
er 00273791 = »n»—1 
3600" . 
We may then write (56) in the following form, putting D = the 
west longitude of the given meridian, and 7, = 7+ L: 


=T4+V,+@m-—1) (74 L) (57) 


The term (# —- 1) (7'+ ZL) 1s given in the tables of the Amer- 
ican Ephemeris for converting ‘‘ Mean into Sidereal Time,” anc 
may be found by entering the table with the argument 7'+ L, 
or by entering successively with the arguments 7 and Z and 
adding the corrections found, observing to give the correction 
for the longitude the negative sign when the longitude is east. 
If no tables are at hand, the direct computation of this term wil! 
be more convenient under the form 9.8565 x 7), 


EXAMPLE 1.—In Longitude 165° W. 1856 May 17, 4* A.M.: 
what is the sidereal time ? 

The Greenwich time is May 17, 8’; and the computation may 
be arranged as follows: 


Local Ast. Time T= 16 Om O. 
At Gr. Noon May 17. Vox: 38 41 28 82 
Correction of |’, for 8") 29 57 


= 8565 XB J 7 
we @=— 19 41 57.89 


ExaMPLE 2.—In Longitude 25° 17’ E. 1856 March 18, about 
% 30” P.M., an observation is noted by a Greenwich chronometer 
which gives 7* 51” 12°.3 and is slow 3" 13.4; what is the local 
sidereal time ? 


Gr. mean date, March 13, D4" 250.7 
Longitude, 


March 13, V, 28 25 12.26 
Tabular corr. for 7* 54" 244.7 = 1 17 94 
@= 9 2 3.90 
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ExaMpe 8.—In Longitude 7" 25" 12" E. 1856 March 13, 13" Lo™ 
47'.8 mean local astronomical time; what is the sidereal time ? 


T = 13° 15"47°3 
== 28 25 12.26 

Tabular corr. for 13* 15" 47°3 = + 2 10.78 
Tab. corr. for long. — 7* 25" 12 = — 1 18.14 


© = 12 41 57.15 


51. To convert the apparent solar time at a given meridian into the 
sidereal time at that meridian. 

Find the mean time by Art. 48, and then the sidereal time by 
Art. 50. 

Or, more directly, to the given apparent time add the true sun's 
right ascension. For if in Fig. 1 we take Das the true sun, we 
have DQ = apparent solar time, VD -= R. A. of true sun, and 
VQ, the sidereal time, is the sum of these two. 

The right ascension of the true sun is called in the Ephemeris 
the “sun’s apparent right ascension,” and is there given for each 
apparent noon. It is not a uniformly increasing quantity; but 
for many purposes it will be sufficiently accurate to consider the 
hourly increase given in the Ephemeris as constant for 24", and 
to add to the app. R. A. of the Ephemeris the correction found 
by multiplying the hourly difference by the number of hours in 
the Greenwich time. 


ExamPLeE.—In Longitude 98° W. 1856 June 3, 4° 10” P.M. 
app. time; what is the sidereal time ? 


Gr. app. date June 3, 10* 42" (— 10*.7) Local app. t. = 4* 10" 0. 
©’s App. R. A. App. noon June3 = 4 46 22 .0¢ 
Hourly diff. = 10°.271 Corr. = 10°.271 x 10.7 = 1 49 .90 


Sidereal time — 8 658 11 94 


52. To convert the sidereal time ata given meridian into the mean 
lime at that meridian. 


First method.—When the Greenwich mean time is also given, 
as is frequently the case, we have only to find V as in Art. 50 
by adding to V, given in the Ephemeris the correction for the 
Greenwich time taken from the table ‘Mean into Sidereal 
Time,” and then we have, by transposing equation (56), 


T—o% VV 
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ExamMpuLze.—In Longitude 165° W., the Greenwich mean time 
being 1856 May 17, 3", the local sidereal time 19" 41” 57°.89, 
what is the local mean time ? 

VY. c= 8° 41" 28939 

Corr. for 34 = 4. 29 .57 
Vz: 38 41 57.89 
QO =19 41 57.89 
O—V=T =16 0 0.00 


The longitude being 11* W., the local date is May 16. 


Second method.—When the Greenwich mean time is not given, 
we can find 7’ from (57), all the other quantities in that equation 
being known. We find 


(ia ery 
P pt 
or, In a More convenient form for use, 
T=90 — y,—(1~-)(@—r 4h) (53) 


‘ 


in which the term multiplied by 1 — Z is the retardation of mezn 
Lt 


time on sidcreal in the interval O — V, + J, and is given in the 
table “Sidereal into Mean Time.” It is convenient to enter the 
table first with the argument © — V, and then with the argu- 
ment L, and to subtract the two corrections from © — V,, ob- 
serving that the correction for the longitude becomes additive 
if the longitude is east. 


ExamMpPLe.—In Longitude 165° W. 1856 May 16, the sidereal 
time is 19* 41” 57°.89; what is the mean local time? 
== 19* £1" 57*.89 
May 16, V,=- 3 387 31.76 
©—V,—16 4+ 26.18 
Table, “Sidereal into { Corr. for 16° 4" 26°13 = — 2 38.00 
Mean Time” “ “longitude 114 == --1 48.13 


T=16 0 0.00 


53. The following method of converting the sidereal into the 
mean time is preferred by some. In the last column of page III 
of the month in the American Naut. Alm. is given the ‘Mean 
Time of Sidereal 0%.’ This quantity, which we may denote by 
V’, is the uumbez of hours the mean sun is wes! of the vernal 
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equinox, and is merely the difference between 24" and the mean 
sun’s right ascension. The hour angle of the mean sun at any 
instant is then the hour angle of the vernal equinox increased 
by the value of V’ at that instant. To tind this value of V’, we 
first reduce the Almanac value to the given meridian by cor- 
recting it for the longitude by the table for converting sidereal 
into mean time; then reduce it to the given sidereal time © 
(which is the elapsed sidereal time since the transit of the vernal 
equinox over the given meridian) by further correcting it by the 
sume table for this time ©. We then have the mean time 7 by 
the formula 
T=0-+ V’ 


It is necessary to observe, however, that if © + V’ exceed 
24* it will increase our date by one day; and in that case V’ 
should be taken from the Almanac for a date one day less than 
the given date; that is, we must in every case take that value 
which belongs to the Greenwich transit of the vernal equinox 
immediately preceding that over the given meridian. 


EXAMPLE.—Same as in Art. 52. 


© = 19 41 57°89 

May 15, V,’ = 20 23 3.88 

Corr. for long. 11’ W. -= —1 48.13 
Corr. for 194 41" 58*'=-: —3 18.64 


T_-16 0 0.00 


54. To find the hour angle of a star* at a given time ata given 
merulian. 
In Fig. 1, we have for the star at O, DQ = V@ — VD; that 
is, 1f we put 
© = the sidereal time, 


a == the right ascension of the star. 
t == the hour angle a. 4b: 586 


then t-O-—a (59) 
If a exceeds O, this formula will give a negative value of { 


which will express the hour angle east of the meridian: in that 
vase, if we increase © by 24" before subtracting a, we shall find 
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* We shall use ‘‘star,’’ for brevity, to denote any celestial body. 
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the value of ¢ reckoned in the usual manner, west of the meri- 
dian. 

According to this formula, then, we have first to convert the 
given time into the sidereal time, from which we then subtract 
the right ascension of the star, increasing the sidereal time by 
24" when necessary; the remainder is the required hour angle 
west of the meridian. 

In the case of the sun, however, the apparent time is at once 
the required hour angle, and we only have to apply to the given 
mean time the equation of time. 


ExampLe.—In Longitude 165° W. 1856 May 16, 16* 0” 0° mean 
time, find the hour angles of the sun, the moon, Jupiter, and 
the star Fomalhaut. 

The Greenwich mean date is 1856 May 17, 3%, and the local 
sidereal time is (see Example 1, Art. 50) © = 19* 41” 57°89. 
For the Greenwich date we find from the Naut. Alm. the equa- 
tion of time #, and the right ascensions a of the moon, Jupiter, 
and Fomalhaut, as below: 


T=—16* 0 0° 9 = 19 41™ 57°.89 
—KH=-+ 38 49.85 saz 13 50 21 .35 
@’st=16 38 49.85 Det= 5 61 86.54 

© — 19* 41” 57.89 © — 19* 41" 57°.89 


o’sa== 0 7 57.52 Fomalh.a== 22 49 40.18 
o’st = 19 84 0.87  Fomalh. t= 20 52 17.71 


If the sidereal time had been given at first, we should have 
found the hour angle of the sun by subtracting its apparent right 
ascension as in the case of any other body. 


55. Given the hour angle of a star at a given meridian on a given 
day, to find the local mean time. 
By transposing the formula (59), we have 


O=-t+a (60) 


so that, the right ascension of the star being given, we have only 
to add it to the given hour angle to obtain the local. sidereal time, 
whence the mean time is found by Art.52. When the sumi+a 
exceeds 24", we must, of course, deduct 24*. If the body is the 
sun, however, the given hour angle is at once the apparent time, 


whence the mean time as before. But if the body is the moon 
Vou. I.~5 
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or a planet, its right ascension can be found from the Ephemeris 
only when we know the Greenwich time. If then the Green- 
wich time is not given, we must find an approximate value of 
the local time by formula (60), using for @ a value taken fora 
Greenwich time as nearly estimated as possible; from this local 
time deduce a more exact value of the Greenwich time, with 
which a more exact value of @ may be found; and so repeating as 
often as may be necessary to reach the required degree of precision. 


ExaMPLeE 1.—In Longitude 165° W. 1856 May 16, the hour angle 
of Fomalhaut is 20" 52” 17°.71; what is the mean time ? 
t == 20° 52" 175.71 
May 16, Fomalh. ¢ = 22 49 40.18 
©O— 19 41 57.89 
whence the mean time is found to be 7'== 16" 0” 0°. 
ExamPLe 2.—In Longitude 165° W. 1856 May 16, the moon’s 


hour angle is 5¢ 51” 36*.54, and the Greenwich date is given May 
17, 3°; what is the mean time? 


t = 551” 36°.54 

For May 17,3", «a =18 50 21.35 
© —19 41 57.89 

“« May 17,3", V= 3 41 57.89 


ee — ee re ar ae ee 


T=16 0 0.00 


Example 3.—In Longitude 80° E. 1856 August 10, the moon’s 
hour angle is 4* 10” 53°.2; what is the mean time? 

For a first approximation, we observe that the moon passes the 
meridian on August 10 at about 7 mean time (Am. Eph. page 
IV of the month), and when it is west of the meridian 4" the 
mean time is about 4* later, or 11", from which subtracting the 
longitude 2’ we have, as a rough value of the Greenwich time 
Aug. 10, 9%. We then have 


tac AY LI" 
For Aug. 10,9, « =16 29 
0 = 20 +40 


“ Aug. 10,9, V= 9 18 
Ist approx. value 7'=11 22 


Hence the more exact Greenwich date is Aug. 10, 9 22"; and 
with this we now repeat: 
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t= 4' 10 58¢.2 

For Aug. 10, 9% 22" a= 16 29 26.8 
© = 20 40 20.0 

e “ V= 918 8.1 

2d approx. value 7'=11 22 11.9 


A third approximation, setting out from this value of 7, gives 
us 7’ = 11* 22” 12'.82. 


56. The mean time of the meridian passage not only of the 
moon but of each of the planets is given in the Ephemeris. 
This quantity is nothing more than the arc of the equator in- 
tercepted between the mean sun and the moon's or planet's 
declination circle. If we denote it by M, we may regard M as 
the equation between mean time and the lunar or planetary time, 
these terms being used instead of “hour angle of the moon” or 
“hour angle of a planet,” just as we use “solar time’’ to signify 
“hour angle of the sun.” This quantity 7 is given in the Ephe- 
meris for the instant when the lunar or planetary time is 0*, and 
its variation in 1* of such time is also given in the adjacent 
column. If, then, when the moon’s or a planet’s hour angle at a 
given meridian = /, we take out from the Almanac the value of 
M for the corresponding Greenwich value of ¢, we shall find the 
mean time 7’ by simply adding M to ¢; that 1s, 


T=t+M (61) 


This is, in fact, the direct solution of the problem of the pre- 
eeding article, and neither requires a previous knowledge of the 
.treenwich mean time nor introduces the sidereal time. But 
the Almanac values of MZ are not given to seconds; and there- 
fore we can use (61) only for making our first approximation to 
T, after which we proceed as in the last article. The Green- 
wich value of ¢ with which we take out, M is equal to ¢ + JL, 
denoting by Z the longitude of the given meridian (to be taken 
with the negative sign when east), and the required value of JZ is 
the Almanac value increased by the hourly diff. multiplied by 
{¢+ L)in hours. As the hourly diff. of Mf in the case of the moon 
is itself variable, we should use that value of it which corresponds 
to the middle of the interval ¢-+ 2; that is, we should first correct 
the hourly diff. by the product of is hourly change into } (¢-+ Z) 
in hours. 
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Examp_gk.—Same as Exaniple 3, Art. 55. We have 


t+. 0D = 2° 10" 584.2 = 24.18 t== 4°10"58*2 
AtGr. trans. Hour. Diff. - 2".17 AtGr. trans. Aug.10,M= 7 6 30 
VariationofH.D.inl*5"= 01 27.18 « 2.18 = + 4 45 
Corrected Hourly Diff. = 2 .18 T=11 22 8.2 


which agrees within 4" with the true value. Taking it as a first 


approximation, and proceeding as in. Art. 55, a second approxima- 
tion gives 7’ = 11" 22” 12°19. 


THE EPHEMERIS, OR NAUTICAL ALMANAC. 

57. We have already had occasion to refer to the Ephemeris ; 
but we propose here to treat more particularly of its arrange. 
ment and use. | 

The Astronomical Ephemeris expresses in numbers the actual 
state of the celestial sphere at given instants of time; that is, 
it gives for such instants the numerical values of the co-ordi- 
nates of the principal celestial bodies, referred to circles whose 
positions are independent of the diurnal motion of the earth, 
as declination and right ascension, latitude and longitude; 
together with the elements of position of the circles of re- 
ference themselves. It also gives'the effects of changes of posi- 
tion of the observer upon the co-ordinates, or, rather, numbers 
from which such changes can be readily computed (namely, 
the parallax, which will be fully considered hereafter), the ap- 
parent angular magnitude of the sun, moon, and planets, and, 
‘in general, all those phenomena which depend on the time; that 
is, which may be regarded simply as functions of the time. 

The American Ephemeris is composed of two parts, the first 
computed for the meridian of Greenwich, in conformity with the 
British Nautical Almanac, especially for the use of navigators; 
the second computed for the meridian of Washington for the 
convenience of American astronomers. The French Ephemeris, 
La Connaissance des Temps, is computed for the meridian of Paris; 
the German, Berliner Astronomisches Jahrbuch, for the meridian 
of Berlin. All these works are published annually several years 
in advance. 


58. In what follows, we assume the Ephemeris to be computed 
for the Greenwich meridian, and, consequently, that it contains 
the right ascensions, declinations, equation of time, &c. for given 
equidistant instants of Greenwich time. 
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Before we can find from it the values of any of these quanti- 
ties for a given local time, we must find the corresponding Green- 
wich time (Arts. 45, 46). When this time is exactly one of the 
instants for which the required quantity is put down in the Ephe- 
meris, nothing more is necessary than to transcribe the quantity 
as there put down. But when, as is mostly the case, the time 
falls between two of the times in the Ephemeris, we must obtain 
the required quantity by interpolation. To facilitate this inter- 
polation, the Ephemeris contains the rate of change, or difference 
of each of the quantities in some unit of time. 

To use the difference columns with advantage, the Greenwich 
time should be expressed in that unit of time for which the 
difference is given: thus, when the difference is for one hour, 
our time must be expressed in hours and decimal parts of an 
hour; when the difference is for one minute, the time should ba 
expressed in minutes and decimal parts, &e. 


59. Simple interpolation—In the greater number of cases in 
practice, it is sufficiently exact to obtain the required quantities 
by simple interpolation; that is, by assuming that the differences 
of the quantities are proportional to the differences of the times, 
which is equivalent to assuming that the differences given in the 
Ephemeris are constant. This, however, is never the case; but 
the error arising from the assumption will be smaller the less 
the interval between the times in the Ephemeris; hence, those 
quantities which vary most irregularly, as the moon’s right 
ascension and declination, are given for every hour of Green- 
wich time; others, as the moon’s parallax and semidiameter, for 
every twelfth hour, or for noon and midnight; others, as the 
sun's right ascension, &c., for each noon; others, as the right 
ascensions and declinations of the fixed stars, for every tenth day 
of the year. Thus, for example, the greatest errors in the right 
uscensions and declinations found from the American Ephe- 
meris by simple interpolation are nearly as follows :— 


Error in R. A. Error in Decl. 
Sun 0*.1 37.5 
Moon 0.1 1 6 
Jupiter 0.1 


0 6 
Marsa 0 .4 2 4 
Venus 0.2 5 4 
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To illustrate simple interpolation when the Greenwich time is 
given, we add the following 


EXAMPLES. 


For the Greenwich mean time 1856 March 80, 174 11” 12+ 
find the following quantities from the American Ephemeris: 
the Equation of time, the Right Ascension, Declination, Hori- 
zontal Parallax, and Semidiameter of the Sun, the Moon, and 
Jupiter. 


1. The Equation of time-—The Gr. T. = March 30, 174 11".2 == March 
30, 17*.187. 


(PageII) Hat meannoon = +} 4" 27°11 21. D. = — 0°.768 
Corr. for 17%.19 == = -- 18.11 17.19 
E= +4 14.00 -- 18.11 


Notr.—Observe to mark # always with the sign which denotes how it is to be 
applied to apparent time. If increasing, the H. D. (hourly difference) should have 
the same sign as FL’; otherwise, the contrary sign. 


2. Sun’s R.A. and Dec. 


(P.II.) aat0*=- 0* 86" 40.78 H.D. + 9.094 
Corr. for 174.187 == =f: 2 36.29 _17.187 
a= 0 89 17.07 156.29 

dat Oh — + 8° 57’ 21.9 H.D. + 58.15 

Corr. for 17°.187 = + 16 39 4 17.187 
g=-+4+4 14138 999.4 


8. Moon’s R.A. and Dec. 
aat1l7*— 20* 18" 99.80 Diff. 1™ + 2°.4975 


Corr. for 11%2—= + 27 .97 11.2 
a== 20 18 87.77 27.97 
6 at 17* = — 25° 3’ 10”.9 Diff. 1" + 8”.275 
Corr. for 11%2—= + 1 32.7 11.2 
é= — 25 1 38 2 92.68 
4. Moon's Hor. Par. (= x) and Semid. (= 8). 
mat 12° = 58! 44.1 H.D. + 2”.17 
Corr. for 5*.2 = + 11 3 5.2 


Sighieacae mae 


n= 58 55 4 11.28 
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S at 12* = 16’ 2’.0 “aff in 124 = + 7.1 
Corr. for 5*.2 = + 3 .1 
S=16 5.1 


5. Jupiter's R.A. and Dec. 


a at 0» — 23* 29" 499.95 H.D. + 24.175 

Corr. for 17*.187 —= + 37.38 17 .187 
a= 23 30 27.33 37.38 

dat 0* — — 4° 22’ 45''.6 H. D. + 18”.74 

Corr. for 17*.187 = + 3:56 1 17.187 
é=—4 18 49 5 236.1 


6. Jupiter’s Hor. Par. and Semid.—At the bottom of page 231, we 
find for the nearest date March 31, without interpolation : 


ea 1" 5 S = 15.7 


Notg.—It may be observed that we mark hourly differences of declination plus, 
when the body is moving northward, and minus when it is moving southward. 


In the above we have carried the computation to the utmost 
degree of precision ever necessary in simple interpolation. 


60. To find the right ascension and declination of the sun at the time 
of its transit over a given meridian, and also the equation of time at 
the same instant. 

When the sun is on a meridian in west longitude, the Green- 
wich apparent time is precisely equal to the longitude, that is, 
the Gr. App. T. is after the noon of the same date with the local 
date, by a number of hours equal to the longitude. When the 
sun is on a meridian in east longitude, the Gr. App. T. 1s before 
the noon of the same date as the local date, by a number of 
hours equal to the longitude. Hence, to obtain the sun’s right 
ascension and declination and the equation of time for apparent 
noon at any meridian, take these quantities from the Ephemeris 
(page [ of the month) for Greenwich Apparent Noon of the 
same date as the local date, and apply a correction equal to the 
hourly difference multiplied by the number of hours in the lon- 
gitude, observing to add or subtract this correction, according as 
the numbers in the Ephemeris may indicate, for a time before or 
afler noon. 
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ExamPLe 1.—Longitude 167° 31’ W. 1856 March 20, App. 
Noon, find ©'s R. A., ©’s Dec., and Eq. of T. 
Longitude == + 11 LO™ 4¢ == + 11°17 
aat App. 0h= 0*0" 20°94 H.D. + 9.098 


Corr. for + 11.17 =-+ 1 41.62 + 11.17 
a= 02 2.56 4- 101.62 

dat App. = + 0° 2716"5 H.D.+ 59.21. 
Corr. for + 11°.17 = + lila + 11.17 
é=+ 01317 9 + 661.4 
Eat App. 0#=+ 7° 31°57 H.D. — 0°.759 
Corr. for + 11.17 = — 8.48 + 11.17 
E=+ 7 23.09 — 8.48 


EXAMPLE 2.—Longitude 167° 31’ E. 1856 March 20, App 
Noon, find ©’s R.A., ©’s Dec., and Eq. of T. 


Longitude = — 114 10" 4*5— — 11°17 
aat App. 0* = 0 0" 20:94 H.D. + 9.098 
Corr. for — 11°.17 = — 1 41.62 se PTT 
a = 2358 39.32 — 101.62 
Sat App. 0*= + 0° 2'16".5 H.D. + 59".21 
Corr. for — 11"17=—= —lI11 1 4 — 11.17 
*s—— 0 844 9 — 661-4 
Eat App.0*= +7"31:57 H.D. — 0°.759 
Corr. for — 11°.17 = + 8.48 — 11.17 
| E= +7 40.05 + 8.48 


61. To find the mean local time of the moon’s or a planet's transit 
over a given meridian. 

This is the same as the problem of Art. 55, in the special case 
where the hour angle of the moon or planet at the given meri- 
dian is 0". We can, however, obtain the required time directly 
from the Ephemeris, with sufficient accuracy for many purposes, 


* In this example the sun crosses the equator between the times of its transits 
wer the local and the Greenwich meridians. The case must be noted, as it is a fre- 
yuent occasion of error among navigators. The same case can occur on September 
22 or 28, 
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by simple interpolatior. On page IV of the month (Am. Ephem. 
and British Naut. Alm.) we find the mean time of transit of the 
moon over the Greenwich meridian on each day. This mean 
time is nothing more than the hour angle of the mean sun at 
the instant, or the difference of the right ascensions of the moon 
and the mean sun; and if this difference did not change, the 
mean local time of moon’s transit would be the same for all 
meridians; but as the moon’s right ascension increases more 
rapidly than the sun’s, the moon is apparently retarded from 
transit to transit. The difference between two successive times 
of transit given in the Ephemeris is the retardation of the moon 
in passing over 24" of longitude, and the hourly difference given 
is the retardation in passing from the Greenwich meridian to 
the meridian 1’ from that of Greenwich. ITence, to find the 
local time of the moon’s transit on a given day, take the time of 
meridian passage from the Ephemeris for the same date (astro. 
nomical account) and apply a correction equal to the hourly 
difference multiplied by the longitude in hours; adding the 
correction when the longitude is west, subtracting it when east. 
The same method applics to planets whose mean times of transit 
are given in the Ephemeris as in the case of the moon. 


EXAMPLe.—Longitude 130° 25’ E. 1856 March 22; required 
local time of moon’s transit. 


Gr. Merid. Passage March 22, 13%.2".7 H.D. + 1*.59 
Corr. for Long. — 8.7 = -—- 13.8 — 87 


Local M. T. of transit = 12 48.9 — 138.8 


62. Jo find the moon's or a ‘planet's right ascension, declination, 
fc., at the time of transit over a given meridian. 

Find the local time of transit by the preceding article, deduce 
the Greenwich time, and take out the required quantities from 
the Ephemeris for this time. This is the usual nautical method, 
and is accurate enough even for the moon, as meridian observa- 
tions of the moon at sea are not susceptible of great precision. 
For greater precision, find the local time by Art. 55 for ¢= 0, 
and thence the Greenwich time. See also Moon Culminations, 
Chapter VI. 


68. INTERPOLATION BY SECOND DIFFERENCES.—The differences 
between the successive values of the quantities given in the 
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Ephemeris as functions of the time, are called the /irst differ- 
ences; the differences between these successive differences are 
called the second differences; the differences of the second differ- 
ences are called the third differences, &c. In simple interpolation 
we assume the function to vary uniformly; that is, we regard 
the first difference as constant, neglecting the second difference, 
which is, consequently, assumed to be zero. In interpolation 
by second differences we take into account the variation in the 
first difference, but we assume is variations to be constant; 
that is, we assume the second differences to be constant and the 
third differences to be zero. 

When the American Ephemeris is employed, we can take the 
second differences into account in a very simple manner. In 
this work, the difference given for a unit of time is always the 
difference belonging to the instant of Greenwich time against 
which it stands, and it expresses, therefore, the rate at which 
the function 1s changing a that instant. This difference, which 
we may here call the first difference, varies with the Greenwich 
time, and (the second difference being constant) it varies uni- 
formly, so that its value for any intermediate time may be found 
by simple interpolation, using the second differences as first dif- 
ferences. Now, in computing a correction for a given interval 
of Greenwich time, we should employ the mean, or average 
value, of the first difference for the interval, and this mean 
vaue, when we regard the second differences as constant, is 
that which belongs to the middle of the interval. Hence, to 
take into account the second differences, we have only to observe 
the very simple rule—employ that (interpolated) value of the first 
difference which corresponds to the ntiddle of the interval for which the 
correction is to be computed. 


é 


EXAMPLE.—For the Greenwich time 1856 March 2, 12° 29” 36°, 
tind the moon’s declination. 


March 2, 124() — —27°10'41".8 Diff. Im -— 4 4.814 2d Diff. = + 0".189 
Corr. for 29" 6 + 2 28 .9 Corr. for 2d diff. + .047 0.25 
d= —27 817.9 + 4,861 + 0.047 

29.6 

“+ 143.89 


Here the “diff. for 1” increases 0/’.189 in 1; the half of the 
interval for which the correction is to be computed is 14” 48° = 
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0.25; we therefore find the value of the first difference at 12" 
14” 48’, by adding to its value taken for 12" the quantity 0/’.189 
< 0.25, and then proceed as in simple interpolation. This exam- 
ple suffices to illustrate the method in all cases where the first 
difference is given in the Ephemeris for the time against which 
it stands. In using the British Nautical Almanac and other 
works of the same kind, interpolation by second differences 
may be performed by the general interpolation formula here- 
after given. 


64. To find the Greenwich time corresponding to a given right uscen- 
sion of the moon on «a giren day. 


Let JT’ =: the Greenwich time corresponding to the given right 
ascension a’, 
T = the Greenwich hour preceding T” and corresponding to 
the right ascension a, 
da the diff. of R. A. in 1" at the time 77, 


then we have, approxinately, 
a! —@ 
Aa 


f goo T — 


To correct tor second differences, we have how only to find 


d,a == diff. of R.A. in 1" for the middle instant 
of the interval 7”—7, 


and then we have, accurately, 


é 
a-—-@a 


oe ae Jo 


These formule give 7’ — 7 in minutes of time. 


65. To find the distance of the moon from a given object at a given 
Greenwich time. 

In the American Ephemeris and the British Nautical Alma- 
nac, the “lunar distances” are given at every 3d hour of Green- 
wich time, together with the proportional logarithms of the differ- 
ences between the successive distances. 

The proportional logarithm of an angle expressed in hours, 
&e. is the logarithm of the quotient of 3" divided by the angle; 
that of an angle expressed in degrees, &c. is the logarithm of 
the quotient of 3° divided by the angle. Thus, if A is the angle, 
in hours, 
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of 
P L. A =log = = log St —log A 
or, if A 13 in degrees, 
Oo 
P. L. A =log = log 3° — log A 


The angle is always supposed to be reduced to seconds; so that, 
whether A is in seconds of time or of arc, we have 


P. L. A = log 10800 — log A 


Tables of such logarithms are given in works on Navigation. 

If now we wish to interpolate a value of a Junar distance for a 
time 7'+ ¢ which falls between the two times of the Ephemeris 
Tand 7+ 8", we are to compute the correction for the interval / 
and apply it to the distance given for the time 7; and if we put 


4 =the difference of the distances in the Ephemeris, 
4’ = the difference in the interval t¢, 


we shall have, by simple interpolation, 


t 

eT 

or, by logarithms, ey ee ee 
g 4’ = log t+ log 4 — log 8 


or, supposing 4, 4’, and ¢ all reduced to seconds, 
log 4’ —logt — P.L. 4 (62) 
Subtracting both members of this from log 10800, we have 


PL. 4#=PLt+P.L. J (63) 


which is computed by the tables above mentioned. By (62), 
however, only the common logarithmic table is required. 

But the first differences of the lunar distance cannot be assumed 
as constant when the intervals of time are as great as 3’. If 
we put 

P.L.4=Q 


we observe that @ is variable, and the value given in the Ephe- 
meris is to be regarded as its value at the middle instant of the 
interval to which it belongs. If then 


Q = the value of Q for the middle of the interval ¢, 
4Q =the increase of Q in 3* (found from the successive values 
in the Ephemeris), 
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we have 


qe = 9—-(—=** he (64) 


in which ¢ is in hours and decimal parts. We find then, with 
regard to second differences, 


log 4’ = log t — Q’ 


EXAMPLE.—F ind the distance d of the moon’s centre from the 
star Fomalhaut at the Greenwich time 1856 March 30, 13* 20" 
24°, ; 
Here T= 12, t — 1°20" 24° — 1.34, 


Ephemeris : 


1.5 — 4¢t 


TT 0.28; and from the 


March 30, 12*(d) 86°17 53" Q, «2998 a@, + .0041 


4 ~—0 40 28 — 0011 28 
At 13°20" 24" d — 85 87 25 = Q’,_—C«2982 + .0011 
log t, 3.6834 


log 4’, 8.8852 


66. To find the Greenwich time corresponding to a given lunar dis 
tance on a given day. 

We find in the Ephemeris for the given day the two distances 
between which the given one falls; and if J’ = difference be- 
tween the first of these and the given one, 4 = difference of the 
distances in the Ephemeris, we find the quterval t, to be added to 
the preceding Greenwich time, by simple interpolation, from the 
formula 


A’ y 
——. DA 
t= 3’ x y 
or 
log t=log 4’ + P.L.d=log 4+ Q (65) 
and, with regard to second differences, the érue interval, t’, by 
the formula ° 
log t’ =log 4’ + Q’ (66) 


where Q has the value given in the preceding article. 

But to find Q’ by (64) we must first find an approximate value 
of ¢. To avoid this double computation, it is usual to find ¢ by 
(65), and to give a correction to reduce it to /’ in a small table 
which is computed as follows. We have from (64), (65), and (66) 
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log t —log t= Q’ ~ g=—("= \a0 
By the theory of logarithms, we have, M being the modulus 
of the common system, 


log «= M[(w —1)—4 (x#—1)'+ &} 
so that 
log t’ — log t=log =| —3() +40] 
or, neglecting the square and higher powers of the small fraction 
'—t 


? 


t 
log  — logt = u— 
This, substituted above, gives 


, tat tt) 
TEE ance 88 =~ vice Oe 

by which a table is readily computed giving the value of t’ —¢ 
[or the correction of ¢ found by (65)], with the arguments a@ and 7. 
In this formula ¢ and ¢ — /are supposed to be expressed in hours; 
and to obtain ¢’—?¢ in seconds we must multiply the second 
member by 3600; this will be effected if we multiply each of the 
factors ¢ and 3*—¢tby 60, that is, reduce them each to minutes, 
so that if we substitute the value of M= .434294 the formula 
becomes 
t(180" — ¢) 

2.60576 ae oe 


in which / is expressed in minutes, and /’ -— ¢ in seconds. 


?—_—t— — 


EXAMPLE.—1856 March 30, the distance of the moon and 
Fomalhaut is 85° 37’ 25"; what is the Greenwich time ? 


March 30, 12* 0" 0* (d)==86° 17°58" Q== .2993 aQ=+41 
t=. 120 36 d =385 87 25 log J’ 8.3852 
Ap. Gr. time =-13 20 86 J’ = 40. 28 logt = 8.6845 
By (67)*’—t= 12 


ee oo 


True Gr. time —13 20 24 


moe eee eee Pa) a we re er a rr tte ene 


* Or from the ‘Table showing the correction required on account of the second 
differences of the moon's motion in finding the Greenwich time corresponding to a 
corrected lunar distance,” which is given in the American Ephemeris, and is also 
included in the Tables for Correcting Lunar Distances given in Vol. II. of this work. 
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INTERPOLATION BY DIFFERENCES OF ANY ORDER. 


67. When the exact value of any quantity is required from the 
Kphemeris, recourse must be had to the general interpolation 
formulee which are demonstrated in analytical works. These 
enable us to determine intermediate values of a function from 
tabulated values corresponding to equidistant values of the 
variable on which they depend. In the Ephemeris the data are 
in most cases to be regarded as functions of the time considered 
us the variable or argument. 

Let 7, T+ w, T+ 2w, 7+ 3w, &c., express equidistant values 
of the variable; /, F”, F”’, F’’, &c., corresponding values of 
the given function; and let the differences of the first, second, 
und following orders be formed, as expressed in the following 
table :— 


Argument. | Function. | lst Diff. | 2d Diff. | 3d Diff. | 4th Diff. | Sth Diff. | 6th Diff. | 
T F 
! 
a 
P+ w F’ b 
a’ c 
T' + 2w RY b’ d 
r a” c e 
T Sw wy ued b” d' 
v qe” el! e’ t 
T + 4w Fr bf” ad” 
a‘ el! 
T + Sw FY by 
a’ 
T + 6w Fu | 


The differences are to be found by subtracting downwards, that 
is, each number is subtracted from the number below it, and the 
proper algebraic sign must be prefixed. The differences of any 
order are formed from those of the preceding order in the same 
manner as the first differences are formed from the given func- 
tions. The even differences (2d, 4th, &c.) fall in the same lines 
with the argument and function; the odd differences (Ist, 3d, &c.) 
between the lines. 

Now, denoting the value of the function corresponding to a 
value of the argument 7'-++ nw by F’™, we have, from algebra, 


1 —1) (n—2 —1) (n—2) (n—8 
Pov F nap 2 OT) 5g OO) OO at be. (68) 


in which the coeflicients are those of the n® power of a binomial. 
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In this formula the interpolation sets out from the first of the 
given functions, and the differences used are the first of their 
respective orders. Ifn be taken successively equal to 0, 1, 2, 3, 
&e., we shall obtain the functions F, F’, F”, F’”’, &., and in- 
termediate values are found by using fractional values of n. We 
usually apply the formula only to interpolating between the 
function from which we set out and the next following one, in 
which case 7 is less than unity. To find the proper value of n 
in each case, let 7'+ ¢ denote the value of the argument for which 
we wish to interpolate a value of the function: then 


t 
nw —t n= 
w 


that is, n is the value of ¢ reduced to a fraction of the interval w. 
EXAMPLE.—Suppose the moon’s right ascension had been 
given in the Ephemeris for every twelfth hour as follows: 


p’s R.A. Ist. Diff. 2d Diff 3d Diff. | 4th Diff. | 5th Diff. 


1866 March 5, 0* |214 58" 28.39 
+. 28™ 478.04 
3 


« §, 12 [22 27 16.4 — 364.97 
28 10.07 4. 48,79 
« 6, 0 |22 55 26.60 32.18 +1474 
| 27 87.89 6.58 — 0.66 
“ 6, 12 |23 23 8.89 25. 65 
27 12.24 7.61 
“ 7, 0 [23 50 15.63 18. 04 


“ 7,12 ;,017 9.88 


Required the moon’s right ascension for March 5, 6*. 
Ah 
IIere 7’= March 5, 0", (= 6, w= 12", n= 53 and if we 
denote the coefficients of a, 6, ¢, d, e in (68) by A, B, C, D, £. 
we have 
F = 21* 58 28°.39 


== -++ 28" 47°04, Amn = 3, Aa=+ 14 23.52 

b=-— 36.97, Bad." =, Bb = + 4 62 
ea n—2 

emt = 4.79, C=B.A = + yy, Co =+ 0.30 
n—3 

yee 174, D=C."—~ = — ifs, Dd=— 0.07 
n—4 

e=— 0.66, H=D.~—— = + af, Ee = — 0.02 
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which agrees precisely with the value given in the American 


Ephemeris. 


68. The formula (68) may also be written as follows: 


FO oe P+ n(¢ ra b+ a (ar a 
3 


id n—4 


5 


(+4) om 


Thus, in the preceding example, we should have 


n—4 ; 
5 19 
oe g, 
ae 
et 

i= 3s 


— 3, X — 0.66 
— (4 14.74 + 0446) 
— 4 (+ 4.79 — 1.38) 


— } (— 36.97 — 1471) 


it 


+ 0*.46 
= — 1.38 
= — 1.71 


= + 9.67 


b (+ 28"47°.04 + 9.67) = + 14" 289.35 


and adding this last quantity, 14" 28°.35, to 21" 58" 28°.39, we 
obtain the same value as before, or 22" 12” 56°.74. 


69. A more convenient formula, for most purposes, may be 
deduced from (68), if we use not only values of the functions 
following that from which we set out, but also preceding values; 
that is, also values corresponding to the arguments 7’ — w, 


T' — 2w, &e. 
schedule : 


Argument. ' Function. | Ist Diff. | 2d Diff. 


T' — 3w | Fe, 
T — 2w Ff, 
T— w FP 
T F 
T+ w Fr’ 
T + 2w FY" 
T+80| F” 


a ddd 
b, 
a Cc 
dé ba 
b, d, 
a c 
ry é 
b | d 
a c’ 
b! d' 
a” cl 
b” 
ql" 


We then form a table according to the following 


8d Diff. | 4th Diff. | bth Diff. | 6th Diff. 
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According to the formula (68), if we set out from the function 
F, we employ the differences denoted in this table by a’, 6’, ce’, 
&e., and hence for the argument 7'+ nw we find the value of 
FM by the tormula 


n (n—1) (n—2) oe (n—1) (n—2) (n—3) d” + &o. 


Fo =P tna’ ot 1.2.8 1.2.8.4 


But we have 


vb —b +e 
w=’ +dé=’ + dt+e 

a"=ad+e=d +eé+eétfi=d+2e’+f" 
&e. &e. 


in which 0’, ¢’’”, &c. are expressed in terms of the differences 
that lie on each side of a horizontal line drawn in the table 
immediately under the function from which we set out. These 
values substituted in the formula give 


(n+1)(n)(n—1), 
: 1.2.3 

(a+ )@)a—N)a—?), & 
2 1.2.3.4 Sa a 


Fw = F+na’ +O 2 ba 


in which the law of the coefficients is that one new factor is 
introduced into the numerator alternately after and before the 
other factors, observing always that the factors decrease by unity 
from left to right. The new factor in the denominator, as in the 
original formula (68), denotes the order of difference. 

The interpolation by this formula is rendered somewhat more 
accurate by using, instead of the last difference, the mean of the 
two values that lie nearest the horizontal line drawn under the 
middle function: thus, if we stop at the fourth difference, we 
use a mean between ¢ and ¢d’ instead of d. We thus take into 
account a part of the term involving the fifth difference. 


ExaMPLe.—F ind the moon’s right ascension for 1856 March 5, 
6", employing the values given in the Ephemeris for every 
twelfth hour. This is the same as the example under Art. 67, 
where it is worked by the primitive formula (68). But here we 
take from the Ephemeris three values preceding that for March 5, 
O*, and three values following it, and form our table as follows: 
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\ p's R.A. \ let Diff. 2d Diff. 3d Diff. ; 4th Diff. | bth Diff 
1856 March 8, 12 | 204 28” 17", i | | 
+. 80" 39°.20 | 
«4, «0 [20 68 «(57 .08 | — 34,27 | 
; 80 4.93 |— 4.28 
« 412 [21 29 2.01 BB 4. 9.49 
29 26.38 [0.7 0,33 
“ 5, 0 [21 68 28.39 39.34 3.16 | 
98 47.04 Tay; 0.74 
“© 612 [92 27 15.48 ; 2,42 
28 10.07 4.4.79 
« 6 0 (22 55 26.60 18 
97 87.89 | 
«6,12 [28 28 3.39 | 


Drawing a horizontal line under the function from which we 
set out, the differences required in the formula (69) stand next 
to this line, alternately below and above it. 


FP -- 218 58" 289.39 


a + 28" 47°04, Aa n ore 1, Aa’ =. + 14 28.52 

b=— 89.34, BoA. cao 3, Bb == + 4.92 

=—4+ 287, CHB. ote = OO eee OE 
zo 

d=+ 38.16 D=C. "= tate Dd = + 0.07 
y) 

foe O89, BSD a, i: 0.01 


y's R.A. 1856 March 5, 6* =: FP =: 22 12 56.74 


69*. If in (69) we substitute the values 


a= a, +6 
cl Aes Cc, + a 
&c. 


we find 
+1)n (n $ Dae’), 
Fo —- ff Soe b a 2 LenS ee 
pa a+ es 2 bs Lee z: 
(n + 2) (n + 1) (n) (m -- 1) e 

ape saa aa) 2 ar eas d +. &c. (70) 
in which the law of the coefficients is that one new factor is 
introduced into the numerator alternately before and after the 
other factors, observing still that the factors decrease’ by unity 
from left to right. The differences employed are those which lie 
on each side of the horizontal line drawn immediately above 
the function from which we set out. 
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If in the preceding formule we employ a negative value of 
n less than unity, we shall obtain a value of the function between 
Fand F,, and in that case (70) is more convergent than (69). In 
general, if we set out from that function which is nearest to the 
required one, we shall always have values of n numerically less 
than 4, and we should prefer (69) for values of n between 0 and 
+ 4, and (70) for values of n between 0 and — }. 


70. If we take the mean of the two formule (69) and (70), 
and denote the means of the odd differences that lie above and 
below the horizontal lines of the table, by letters without ac- 
cents, that is, if we put 

a= t(a,+a’), c=3(¢,4+¢) &e. 
we have 
2 atat 2 ad 
P= F{na+— bt SNe Or d+ &¢. (71) 


The quantities a, c, &. may be inserted in the table, and will 
thus complete the row of differences standing in the same line 
with the function from which we sct out. 

The law of the coefficients in (71) is that the coefficient of any 
odd difference is obtained from that of the preceding odd dif- 
ference by introducing two factors, one at the beginning and 
the other at the end of the line of factors, observing as before 
that these factors are respectively greater and less by unity than 
those next to which they are placed; and the coefficients of the 
even differences are obtained from the next preceding even 
differences in the same manner. The factors in the denominator 
follow the same law as in the other formule. 


Examp_re.—Find the moon’s right ascension for 1856 March 5, 
6*, from the values given in the Ephemeris for noon and mid- 
night 

The table will be as below: 
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| Da R.A. Ist Diff. | 2d Diff. (3d Diff. | 4th Diff. i Diff. 
Mar. 3, 12/20°28" 17.88 
+ 30" 29°.20 
“« 4, 0/20 58 57 .08 | 3497 


300 4.931 —— 44,28 | 
«$9 12/21 29 2.01 38 55 +349 | 
29 26.38 —0.79 —0°.33 
* 6, 0/21 58 28.39] [+2 6 71))— 39 BA; Lo 79))-} 3.16! [—0 54] 
28 47 04 42 37 L074 
“« 5 12/22 27 15 43 | 36.97 242, 
28° 10.07 +4.79 . 
“ 6, 0/22 55 25.50 32.18 
eee aa | 
| 


“ §, 12/28 28 8.39] 


Drawing two lines, one above and the other below the func- 
tion from which we set out, and then filling the blanks by the 
means of the odd differences above and below these lines (which 
means are here inserted in brackets), we have presented in the 
same line all the differences required in the formula (71); and 
we then have 


PF = 21 58” 289.39 


“cs + 29" 6.71, An — 4 Aa= + 14 88.86 
b=— 3934 Ba ™ =+ ), B= — 4.92 
m= (079, Cm At. — Spent, (ted ek 0.05 
fed. Bie pe a = — ,],, Dd= — 0.02 
Resa 054 B= 0 a+ ate Ee=— 001 


Fes — 22 12 56.75 


agreeing within 0°.01 with the value found in the preceding 
wrticle. Hansen has given a table for facilitating the use of this 
formula. (See his Tables de la Lune). 2 


71. Another form, considered by Bessel as more accurate than 
any of the preceding, is found by employing the odd differences 
that fall next below the horizontal line drawn below the function 
from which we set out, and the means of the even differences 
that fall next above and next below this line. Thus, if we put 


b= b+H), d= t(d+a), &. 
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and combine these with the expressions 
do = 3 (b' —b), Jel = 4(d'—A), &. 


we deduce 
b=b — 3’, d = d, — 3 e’, &e. 


which substituted in (69) give 
n(n- 1) 


FP F+na'+ ode Fae es n (a (aT) (a- = ; gO NGS: 
Lo? a bes l. y) ae 
ge RODS) 


e 6) 
1.2.3.4.5. ate T) 


To facilitate the application of this formula, draw a horizontal 
line under the function from which the interpolation sets out, 
and another over the next following function; these lines will 
embrace the odd differences a’, c’, &e. If we then insert in the 
blank spaces between these lines the means of the even differ- 
ences that fall above and below them, we shall have presented 
in a row all the differences to be employed in the formula. 


ExampPLe.—Find the right ascension of the moon’s second 
limb at the instant of its transit over the meridian whose longi- 
tude is 4* 42" 19° west from Greenwich, on May 15, 1851. 

The right ascensions of the moon’s bright limb at the instant 
of its upper and lower transits over the Greenwich meridian, are 
given in the Ephemeris, under the head of ‘‘ Moon Culminations.” 
The argument in this case is the longitude, and the intervals of 
the argument are 12". The value for any meridian is therefore 
to be obtained by interpolation, taking for n the quotient obtained 
by dividing the given longitude (in hours ) by 12". 

We take from the British Nautical Almanac the following 


values: 


| R. A. a 8 cad limb let Diff. ea it 3d Diff. | 4th Diff. | 5th Dift 
May 14, U. C. [154 12 39.04 
+ 28" 248,37 
“15,L,C.|15 41 3-41 + 12811 
28 36.48 — 2.62 
“15,U.C./16 9 39.89 + 9.49 — 19.58 
dL 88 45.97] (4730) [4.20] [142] | 4. 04.88 
c 16, L. C. | 16 38 25, 86 + 6.29 — 1.26 
28 51.26 —5.45 
“ 16,U.C./17 7 17.12 — 0.16 
28 51.10 


* 17,L.C.)17 86 8.22 
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For interpolation by formula (72) we draw a horizontal line 
below the function from which we set out, and one above the 
next following function. These lines enclose the odd differences 
regularly occurring in the table. Inserting in the blanks in the 
columns of even differences the means of the numbers above and 
below, all the differences to be employed in the formula stand in 
the same line, namely: 


a! = + 1725.97, bs = +7439, ¢ = —4*.20, d,= — 142, ef — + 04.88 


As nis here not a simple fraction, the computation will be 
most conveniently performed by logarithms, as follows: 


4> 42” 19* — 16939 log 4.2288878 
12° == 43200 log 4.6354837 
log A = log n == 9.5984041 


n= 0.8921065! 9.59340 9.5934 9.5934 9.5934 


n— 1 = — 0.60789 n9.78383 n9.7838 n9.7 838 n9.7838 
n — $= — 0.10789 n9.0330 n9.03380 
n —2-—=—1.6079 n0.2063 n0.2063 
n+1=+ 1.8921 0.1437 0.1437 


(3) 9.69897/({) 9.2218)(31,) 8.6198) (,4.5)7-9208 


rr tener ee. 


(A)  9.5934041!( B)n9.07620/(C) 7.6320)(.D) 8.8470) (4 )n6.6810 
(a') 3.2370332)(b,) 0.86864) (c’)n0.6232|(d,)n0.1528)(e’) 9.5185 


a ee 


2.8304873}  n9.94484) 8.2552} 8.4993! 6.199 


Aad’ = 11" 16.764 
Bb, = — 0.879 
Ci = — 0.018 
Dd, = — 0.082 
Ee = 0.000 


Increase of R. A. = 11 15.885 
R. A. Greenwich Culm. —- 16* 9” 39.890 


R. A. on given meridian = 16* 20" 55*.725 


The use of Besseu’s formula of interpolation is facilitated by a 
tanle in which the values of the coefficients above denoted ty 


A, B, C, D, &c., and also their logarithms, are given witb the 
argument 7. 


72. Interpolation into the middle-—When a value of the functicn 
is sought corresponding to a value of the argument which ig a 
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mean between two values for which the function is given, that 
is, when n = 3, we have by (72), since n —}$=0, 


FOO = B+ 3 a — gb) + 735 to — seh So + Ke. 
or, since f+ 4a'=}3(F+ FP"), 
Fs) —— 4 (F+ F’) =e i [, cars iy [d, Pe 35 CF aa &e.)]] (73) 


which is known as the formula for interpolating into the middle. 

When the third differences are constant, d,, f,, &c. are zero. 
and the rule for interpolating into the middle between two func- 
tions is simply: From the mean of the two functions subtract one- 
eighth the mean of the second differences which stand against the func- 
tions. Interpolation by this rule is correct to third differences 
inclusive. 

The formula (73) is especially convenient in computing tables. 
Values of the function to be tabulated are directly computed for 
values of the argument differing by 2"w; then interpolating a 
value into the middle between each two of these, the arguments 
now differ by 2”~'w; again interpolating into the middle between 
each two of the resulting series, we obtain a series with argu- 
ments differing by 2"-*w; and so on, until the interval of the 
argument is reduced to 2”~"w or w. 


EXAMPLE.—Find the moon’s right ascension for 1856 March 
Dd, 6*, from the values of the Ephemeris for noon and midnight. 

This is the same as the example of Art. 69; but, as 6" is the 
middle instant between noon and midnight, the result will be 
obtained by the formula (73) in the following simple manner. 
We have from the table in Art. 69 


b, == — 38.16 $(F + F’) = 22) 12" 51°91 
d,=+2°.79, —A§d,=—— 0.52 38.68 x 4 = + 4.83 
— 38 .68 HO — 22 12 56.74 


73. In case we have to interpolate between the last two values 
of a given series, we may consider the series in inverse order, 
the arguments being 7, T7—w, T—2w, &c., T being the last 
argument. The signs of the odd differences will then be changed, 
and, taking the last differences in the several columns as a, ), ¢, d, 
&c., the interpolation will be effected by (68). 
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74. The interpolation formule arranged according to the powers of 
the fractional part of the argument. 

When several values of the function are to be inserted between 
two of the given series, it is often convenient to employ the 
formula arranged according to the powers of n. Performing the 
multiplications of the factors indicated in (68), and arranging the 
terms, we obtain 


Fo=F+n(a—sb+ie—jdtte— ke) 


n? 
+5 e+ Hd — pe + be) 


us (c—~$d + e—&e) 


1.2.3 


Lee ee Pee 
regu 


md 


v7 Opa 


+ &e. , . (74) 
where the differences are obtained according to the schedule in 


Art. O7. 
Transforming (71) in the same manner, we have 


Fo = F+n(a— fet ve — &) 
n? 
(pas hd te kee 
og ier 


n® 


vegge ee oD 
n* 
eae | ee 
+T37374 oe 
_ — &e.) 
+7-973.4.5 7 
+ &e. , ; ; : . (75) 


where the differences a, c, e, are the mean interpolated odd dif- 
ferences in the line of the function / of the schedule Art. 69. 


15. Derivatives of a tabulated function.—When the analytical ex- 
pression of a function is given, its derivatives may be directly 
found by successive differentiation; but when this expression is 
not known, or when it is very complicated, we may obtain values 
of the derivatives, for particular values of the variable, from the 
tabulated values of the functions by means of their differences. 

Denoting the argument by 7’ + nw, its corresponding function 
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by f(Z7'+ nw), the successive derivatives of this function cor- 
responding to the same value of the argument will be denoted 
by f(L+ no), f(T + mo), f(T + nwo), &e., and f(T), 
FT), f(T), &e., will denote the values of the function and 
its derivatives corresponding to the argument 7), or when n = 0. 
Hence, if we regard aw as the variable, we shall have, by Mac- 


laurin’s Theorem, 
r ’ ‘; n? w? 
f(T + nw) = f(T) + f(T) w+ 7-5 + &c. 
Comparing the coefficients of the several powers of n in this 
formula with those in (74), we have 


JUL) = “(a 464 heo—td+he— &.) 


TA (pee (b—e+ {3d — ge + &e) 


w 
en (T= (c— 3d + fe — &e) 
f(T) =— (d—2e-+ &c.) 
f'(T) =a (e — &e.) 


&C. &e. : : ‘ : ; : (76) 


the differences being taken as in Art. 67. 
Still more convenient expressions are found by comparing 


Maclaurin’s Theorem with (75); namely: 


f(T) ==. (a—ic+,,¢e — &e.) 
f(T) =; (b — 1d + &.) 
fn(T) = (c—4e+ &.) 
i Pya (d — &e.) 
w 


: 1 
f a (e — &e.) 


&e. &e. (77) 
the differences being found according to the schedule in Art. 69, 
and the odd differences, a, c, e, &c., being interpolated means. 
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The preceding formule determine the derivatives for the value 
T of the argument. To find them for any other value, we have, 
by differentiating Maclaurin’s Formula with reference to nw, 


FUT + mw) = f(T) + f(T) nw + 2 f(T). wot + be. (78) 


in which we may substitute the values of f’(7'), f(T), &c. from 
(76) or (77). 

In like manner, by successive differentiations of (78) we ob- 
tain 

pf" (T+ nw) =f" (T) +7" (LT). nw + 4 f(T). ntwt +. &e. 

f(T + nw) =f" (T) +f" (1). nw + &e. 

&e. &e. 

76. An immediate application of (76) or (77) is the compu- 
tation of the differences ina unit of time of the functions in the 
Ephemeris; for this difference is nothing more than the first 
derivative, denoted above by the symbol ’. 

ExaMPLE.—F ind the difference of the moon’s right ascension 
in one minute for 1856 March 5, 0". 

We have in Art. 70, for 7’ == March 5, 0°, @ = 29 6:71, 
c = + 0.79, e = — 0.54, and w = 12* = 720". Hence, by the 
first equation of (77), 


f'(T) = hq (29" 6.71 — 04.13 — 0.02) = 2°.4258 


On interpolation, consult also ENcKE in the Jahrbuch for 1830 
and 1837. 
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77. The Nautical Almanac gives the position of only a small 
number of stars. The positions of others are to be found in 
the Catalogues of stars. These are lists of stars arranged in 
the order of their right ascensions, with the data from which 
their apparent right ascensions and declinations may be ob- 
tained for any given date. 

The right ascension and declination of the so-called fixed 
stars are, in fact, ever changing: 1st, by precession, nutation, 
and aberration (hereafter to be specially treated of), which are 
not changes in the absolute position of the stars, but are either 
changes in the circles to which the stars are referred by sphe- 
rical co-ordinates (precession and nutation), or apparent changes 
arising from the observer’s motion (aberration); 2d, by the 
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proper motion of the stars themselves, which is a real change of 
the star’s absolute position. 

In the catalogues, the stars are referred to a mean equator 
and a mean equinox at some assumed epoch. The place of a 
star so referred at any time is called its mean place at that time; 
that of a star referred to the true equator and true equinox, 
its true place; that in which the star appears to the observer in 
motion, its apparent place. The mean place at any time will be 
found from that of the catalogue simply by applying the preces- 
sion and the proper motion for the interval of time from the 
epoch of the catalogue. The true place will then be found by 
correcting the mean place for nutation; and finally the appa- 
rent place will be found by correcting the true place for aber- 
ration. 

To facilitate the application of these corrections, BEssEL pro- 
posed the following very simple arrangement. Ile showed 
that if 


a, 9,== the star’s mean right asc. and dec. at the beginning of the 
year, 
a, 6 == the apparent right asc. and dec. at a time r of that year, 
t == the time from the beginning of the year expressed in decimal 
parts of a year, 
2, #’ = the annual proper motion of the star in right asc. and dec. 
respectively, 
then, 
a=a,+tm+ Aa+t+ Bh+Cc+ Dd+E 79 
6=06,+ te’ + Aa’ + Bb'+ Ce’ + Dd' \ ate) 


in which a, 6, c, d, a’, 6’, ¢’, d’ are functions of the star’s right 
ascension and declination, and may, therefore, be computed for 
each star and given with it in the catalogue; A, B, C, D, BE 
are functions of the sun’s longitude,-the moon’s longitude, the 
longitude of the moon’s ascending node, and the obliquity of the 
ecliptic, all of which depend on the time, so that A, B, C, D, E 
may be regarded simply as functions of the time, and given in 
the Nautical Almanac for the given year and day; £ is a 
very small correction, usually neglected, as it can never ex- 
ceed 0/’.05. 

If the catalogue does not give the constants a, b, ¢, d, a’, b’, ¢’, 
d’, they may be computed, for the year 1850, by the following 
formule (see Chap. XT. p. 648): 
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a= 46".077 + 20”.056 sina tan’ a’ = 20”.056 cos a 

b = cosa tan d bf = — sina 

c = COS a sec 4 c = tan cos 6-—sin a sin 3 
d=. sin a gec 0 d' == COS a sin 0 


i Which ¢ = obliquity of the ecliptic. Or we may resort to 
what are usually called the independent constanis, and dispense 
with the «, b, ¢, d, a’, b’, ce’, d’ altogether, proceeding then by 
the formula 


W=ady f+ te +S + gxin(G-+ a)tané+ Asin (H+ a)secd \ (80) 
3-+6,-+- te +1 cond + g cos(G + a) +h cos (H + a) sin 3 

the independent constants f, y, G, A, H, i being given in the 
Ephemeris, together with the value of + for the given date, 
expressed decimally. 

It should be observed that the constants a, 6, ¢, d, a’, 6’, ¢c’, d’ 
are not absolutely constant, since they depend on the right 
ascension and declination, which are slowly changing: unless, 
therefore, the catalogue which contains them gives also their 
variations, or unless the time to which we wish to reduce is not 
very remote from the epoch of the catalogue, it may be prefer 
able to use the independent constants. 

In forming the products Aa, Bh, &c., attention must of course 
be paid to the algebraic signs of the factors. The signs of A, B, 
(, D are, in the Ephemerides, pretixed to their logarithms ; an 
the signs of a, b,c, &. are in some catalogues (as that of the 
British Association) also prefixed to their logarithms; but | 
shall here, as elsewhere in this work, mark only the logarithms 
of negative factors, prefixing to thein the letter n. 

It should be remarked, also, that the B. A. C.* gives the 


Fe mm a ne at A PEIN pat eA I. FE IY ARNT a 
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* B.A. C.—British Association Catalogue, containing 8877 stars, distributed in all 
parts of the heavens; a very useful work, but not of the highest degree of precision. 
The Greenwich Catalogues, published from time to time, are more reliable, though 
less comprehensive. For the places of certain fundamental stars, see BrssEu’s 
Tabule Regiomontane and its continuation by WoLFers and ZEcu. 

LALANDE’s //istoire Céleste contains nearly 50,000 stars, most of which are em- 
braced in a catalogue published by the British Association, reduced, under the 
direction of F. Baily, from the original work of Lalande. The Konigsberg Observa- 
tions embrace the series known as BEssEL’s ZONgEs, the most extensive series of 
observations of small stars yet published. The original observations are given with 
data for their reduction, but an important part of them is given in Weisse’s Pos. i 
tones Mediae Stellarum fixzarum in Zonis Regiomontanis a BrssELio inter —15° et +-16° 
declin. observat.. containing nearly 32,000 stars. 

See also Struve’s Catal. generalis, and the catalogues of ARGELANDER, Rituxenr.. 


$ 
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north polar distance instead of the declination, or z,= 90° — 6; 
und, since z decreases when 6 increases, the corrections change 
theirsign. This has been provided for by changing the signs of 
pn’, a’, 6’, ec’, d’ in the catalogue itself. Moreover, in this cata- 
logue, a, 6, a’, 6’ denote Brssrt’s ¢, d, c’, d’, and vice versa; and 
to correspond with this, the A, B, C, D of the British Almanac 
denote Brsssei’s C, D, A, B. The same inversion also exists in 
the American Ephemeris prior to the year 1865, but in the volume 
for 1865 the original notation is restored. 


EXaMPLE.—F ind the apparent right ascension and declination 
of a Tauri for June 15, 1865, from Argelander’s Catalogue. 
This star is Argel. 108; whence we take for 


Jan. 1, 1830. Mean R. A. = 4/4 26™ 109.48 sees Decl. = -}- 16° 9’ 36”.0 
oe De a pipet \ for 3) yrs. i ee xX 35 
Prop. motion -— + 0.005 —_ aa! 17 
= 4+ 2 0.155 = + 4 80.55 
Jan. 1, 1865, a, = 4 28 10.585 dg2- +16 14 6 .55 
We next take the logarithms 
from the Catal. logs. a@ 0.5852 b 7.8794 e 8.4829 d 8.8058 


from Am. | logs. A 9.7877 B 0.9487 €'n0.2125 ~—-D_-n1.8089 
for June 15, 1865, 


from the Catal. logs. a’ 0.8984 b' n').9607 e’ 69.2019 d’ 9.0378 


logs. la 0.3229 Bb 8.8231 Ce n8.6454 Dd n0.1147 
logs. Aa’ 0.6811 Bb’ n0.9044 Co" n 9.4144 Da’ 0.8467 


Corr. of a,, Aa = + 28.103. Bb == + 0.067, Ce = - 0.044, Dd = — 1.802 
Corr. of dy, Aa’ = + 4.80, Bb’ = —- 8.02, Ce’ = — 0".26, Dd’ = — 2”.22 
We have also from the catalogue p= + 0°.005, p’ = — 0.17. 
The fraction of a year for June 15, 1865, is rt = 0.46; and hence 
Jan. 1, 1865, a, — 14 28” 10.685 5g == + 16° 14 6”.56 
Sum of corr. ofa, = + 0.824 Sum of corr. of dy = — 5.70 
Tr= ~=6h4EtC«*OD 002 Th = — 0 .08 

Jyne 15, 1865 = a= 4 28 11.411 Suz +16 14 0.77 


| 78. When the greatest precision is required, we should con- 
ider the change in the star’s place even in a fraction of a day, 
-nd therefore also the chan ge while the star is passing from one 
heridian ~ another; also the secular variation and the changes 
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i ree and the published observations of the principal observatories. See 
also a list of catalogues in the introduction to the B. A. C. 
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in the precession and in the logarithms of the constants. Fur- 
‘ther, it is to be observed that the annual precession of the cata- 
logues is for a mean year of 365¢ 5.8. But for a fuller consider- 
ation of this subject see Chapter XI. 


CHAPTER IIL 
FIGURE AND DIMENSIONS OF THE EARTH. 


79. THE apparent positions of those heavenly bodies which are 
within measurable distances trom the earth are different for ob- 
servers on different parts of the earth’s surface, and, therefore, 
before we can compare observations taken in different places we 
must have some knowledge of the form and dimensions of the 
earth. I must refer the reader to geodetical works for the 
methods by which the exact dimensions of the earth have been 
obtained, and shall here assume such of the results as I shall 
have occasion hereafter to apply. 

The figure of the earth is very nearly that of an oblate spheroid, 
that is, an ellipsoid generated by the revolution of an ellipse 
about its minor axis. The section made by a plane through the 
earth’s axis is nearly an ellipse, of which the major axis is the 
equatorial and the minor axis the polar diameter of the earth. 
Accurate geodetical measurements have shown that there are 
small deviations trom the regular ellipsoid; but it is sufficient 
for the purposes of astronomy to assume all the meridians to be 
ellipses with the mean dimensions deduced from all the measures 
made in various parts of the earth. 


80. Let EPQP’, Fig. 11, be one of the elliptical meridians of 
the earth, HQ the diameter of the equator, PP’ the polar 
diameter, or axis of the earth, C the centre, 4’ a focus of the 
ellipse. Let : 8 we 

=the semi-major axis, or equatorial radius, C£, 
b = the semi-minor axis, or polar radius, = CF, 
¢ == the compression of the earth, 
e =the eccentricity of the meridian. 
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By the compression is meant the difference of the equatorial 
and polar radii expressed in parts 


Fig. 11. of the equatorial radius as unity, or 
Z C= ae =j]~— 2 
a a 


The eccentricity of the meridian is 
H#———, the distance of either focus from 
the centre, also expressed in parts 
of the equatorial radius, or, in 


P’ Fig. 11. 
CF 
‘= 
CE 
But, since PF'= CE, we have, 
Gr PRPC _, PO .e' 
CE” CE" CH’ 
that is, 
2 6? 3 
. Sg a) 
pr 
= y 2¢ — ¢? (81) 


By a combination of all the most reliable measures, BEssEL 
ueduced the most probable form of the spheroid, or that which 
most nearly represents all the observations that have been made 
in different parts of the world. He found* 


by = 298-1528 
a ~ 299.1528 
or 
Se 
~~ 299.1528 
whence, by (81), 
e = .0816967 
log e = 8.912205 log 7/(1 — ee) = 9.9985458 


Tee ee 


a a | 


* Astronomische Ntchrichten, No. 488. See also Fneke's Tables of the dimensions 
f the terrestrial spheroid in the Jahrbuch for 1852. 
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The absolute lengths of the semi-axes, according to BEssE1, are, 


@ == 6377397.15 metres = 6974532.34 yds. = 3962.802 miles 
6 = 6356078.96 “ == 6951218.06 “ = 8949.555 “ 


81. To find the reduction of the latitude for the compression of the 
earth, 

Let A, Fig. 11, be a point on the surface of the earth; ATZ'the 
tangent to the meridian at that point; AO, perpendicular to AT, 
the normal to the earth’s surface at A. A plane touching the 
earth’s surface at A is the plane of the horizon at that point 
(Art. 3), and therefore AO, which is perpendicular to that plane, 
represents the vertical line of the observer at A. This vertical 
line does not coincide with the radius, except at the equator and 
the poles. If we produce CH, OA, and CA to meet the celestial 
sphere in EH’, Z, und Z’ respectively, the angle ZO’EH’ is the 
declination of the zenith, or (Art. 7) the geographical latitude, and 
Z is the geographical zenith; the angle Z’CE’ is the declination 
of the geocentrie zenith Z’, and is called the geocentric or reduced 
latitude; and ZAZ’ = CAO is called the reduction of the latitude. 
It is evident that the geocentric is always less than the geogra- 
phical latitude. 

Now, if we take the axes of the ellipse as the axes of co-ordi- 
nates, the centre being the origin, and denote by z the abscissa, 
and by y the ordinate of any point of the curve, by a and 6 the 
semi-major and semi-minor axes respectively, the equation of 
the ellipse is : 


xz y 
ete 
If we put 


gy == the geographical latitude, 
g’ = the geocentric 


we have, since g is the angle which the normal makes with the 
uxis of abscissee, 


ax 
tan => ee 
dy 
and from the triangle ACB, 
tan ¢! = y 
dL 
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Differentiating the equation of the ellipse, we have 


Y 8 dz 
cr @ dy 
or 
b 
tan yg’ = aa tan g = (1 — e*) tan ¢ (82) 


which determines the relation between g and g’. 

To tind the difference g — ¢’, or the reduction of the latitude, 
we have recourse to the general development in series of an 
equation of the form 


tan x —ptany 
which [Pl. Trig. Art. 254] is 
x—y=qsin2y+3¢qsinty + &e. 
in which sina 
‘p+ 
Applying this to the development of (82), we find, after divid- 


ing by sin 1’’ to reduce the terms of the series to seconds, 


qs. q° 


— = — sin 2g — —-—- sintgy — &e. 83 
aed snl” *° Qsink” * Sel 
in which 
ee es ee é 
- gael eve te 2— ¢ 
Employing BEssgt’s value of e, we find 
2 
- —f _690"85 939 —f__ = — 116 
sin 1” 2 sin 1” 


and, the subsequent terms being insensible, 

yg — g! = 690".65 sin 2g -- 1.16 sin 49 (S8*) 
by which y — g’ is readily computed for given values of gy. Its 
value will be found in our Table TIT. Vol. TI. for any given 
value of g. 


EXAMPLE.—F ind the reduced latitude when g = 35°. We find 
by (83), or Table IIT., 


(go — g' = 648.25 = 10’ 48.25 
and hence the heduced or georentric latitude 
gy! == 34° 49° 11.75 
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82. To find the radius of the terrestrial spheroid for a given latitude. 
Let 
p == the radius for the latitude ¢ — AC. 
We have 


— y 2 4+ y? 


To express x and y in terms of g, we have from the equation of 
the ellipse and its differential equation, after substituting 1 — é 


b? 
for —> 
uf 
7? = qq’? 
+ 1 oe 
=: (1 — e?) tan 9 


from which by a simple elimination we find 
@ COS ¢ 
a7 — ¢? sin 79) 
(1 — é&) asing 
ya — e sin’?¢) 


— 2 e gin? 4 gin? 
=aqj+= e? sin caves] (84) 


1] — éesin’¢ 


ae 


and hence 


by which the value of » may be computed. The logarithm of 
p, putting @ = 1, is given in our Table IIL. Vol. I. 

But the logarithm of p may be more conveniently found by a 
sories. If in (84) we substitute 


e 1 —. f? 
sin?y == $ (1 — cos 2¢) 


we find, putting a = 1, 


=VWiega — f*) cos 2 34] 
1+ f? + (1 — f?) cos 2¢ 
f 


1+/ | eatre bat a 


ee A eR eA Meee ne 


ty hi sa Pa + o(io/ )cos 2¢ 


Now ‘PI. Trig. Art. 260) if we have an expression of the form 
WV 1/11 + m? — 2m cos C) (A) 
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we have, if f= the modulus of the common system of loga- 
rithms, 
log £ = —M(m cos C+ mete + moe ee 4 te. } (B) 
by which we may develop the logarithms of the numerator and 
denominator of the above radical. 
Hence we find 
2 m!3 


log p = log 5 + M((m — m) cos 2y — "co 4 » 


m> 


_. m’s 
+= cos 6y — &c. 


in which we have put for brevity 
Lay : mM — 1 —f 
 T4+fh l1+f 


Restoring the value of f = ,’(1 — e) and computing the 
numerical values of the coefficients, we find 


log p = 9.9992747 + 0.0007271 cos 2y —- 0.0000018 cos 4¢ (85) 


as given by ENCKE in the Jahrbuch for 1852. 

The values of p and g’ may also be determined under another 
form which will hereafter be found useful. 
| We have in Fig. 11, p sin g’ = y, p cos g/ = ~, or 


a(i —e*) sin g 
2 
V(1 — é sin’ ¢) (86) 


oe ae __ a C08 ¢ 
p Cm VY d—eés e? sin? yg) 


p sin g! = 


which may be put under a simple form by introducing an auxi- 
liary 1, so that 


Bin ¥ —esin ¢ 

p sin g’ = a (1 — e’) sin ¢ sec y } (87) 
p cos ¢! = a COS ¢ BeC } 

We can also deduce from these, 


p Bin (¢ — yg’) = 3 ae’ sin 29 sec 4 \ (88° 
p cos (¢ — ¢’ == a COB 4 
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tlence, also, the following: 
ge COB ¢ : 
p V( cos ¢’ COs (¢ dias ¢’) ) (89; 


83. To find the length of the normal terminating in the axis, for a 
yiren latitude. 


Putting 
N = the normal = AO (Fig. 11), 
we have evidently 
_ peg a 
~~ eon g 7o(1 — ein? 9) 


(90) 


or, empioyiug the auxiliary y of the preceding article, 


N=asecy 


84. To fired the distance from the centre to the intersection of the 
normal with the azis. 

Denoting this distance by ai (so that i denotes the distunce 
when a = 1), we have in Fig. 11, 
\ 


and, from the triangle ACO, 


a — 2 SaG—#) 
COs ¢ 
vr, by (88), 
Sas ee ae sin ¢ _— : 
ai = Jade aint e) = ae’ sin 9 eC ¥ (91) 
85. To find the radius of curvature of the terrestrial meridian for a 
yiven latitude.—Denoting this radius by &, we have, from the dif- 


ferential calculus, 


p+ yt 
Diy 


where we employ the notation D.y, Dy co denote the first 
and second differential coefficients of y relatively to x We 
have from the equation of the ellipse 
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whence 


a‘ 2 b* x } 
pert) 


Observing that & = a (1 — e*), we find, by substituting the values 
of « and y in terms of g (p. 99), 
a(t — é*) 
Rk == ——-—___-_, 92 
(1 — é sin’ ¢)3 va) 
EXxaMPLe.—Find the radius of curvature for the latitude of 
Greenwich, g = 51° 28’ 38’’.2, taking a = 6377397 metres. We 
tind 
AR = 6373850 metres. 


86. Abnormal deviations of the plumb line.—Granting the geo- 
metrical figure of the earth to be that of an ellipsoid of revolu- 
tion whose dimensions, taking the mean level of the sea, are as 
given in Art. 80, it must not be inferred that the direction of the 
plumb line at any point of the surface always coincides precisely 
with the normal of the ellipsoid. It would do so, indeed, if the 
earth were an exact ellipsoid composed of perfectly homoge- 
neous matter, or if, originally homogencous and plastic, it has 
assumed its present form solely under the influence of the 
attraction of gravitation combined with the rotation on its axis. 
But experience has shown* that the plumb line mostly deviates 
from the normal to the regular ellipsoid, not only towards the 
north or south, but also towards the cast or west: so that the 
apparent zenith as indicated by the plumb line differs from the 
true zenith corresponding to the normal both in declination and 
right ascension. These deviations are due to local irregularities 
both in the figure and the density of the earth. Their amount is, 
however, very small, seldom reaching more than 3” of are in 
any direction. 

In order to eliminate the influence of these deviations at a 
given place, observations are made at a number of places as 
nearly as possible symmetrically situated around it, and, as- 
suming the dimensions of the general ellipsoid to be as we have 
given them, the direction of the plumb line at the given place is 
deduced from its direction at each of the assumed places (by 


a NE TR Leet ny nee at at et ce NY PE AT Ur a, 


* U.S. Coast Survey Report for 1853, p, 14*. 
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the aid of the geodetic measures of its distance and direction 
from each); or, which is the same thing, the latitude and longi- 
tude of the place are deduced from those of each of the assumed 
places: then the mean of all the resulting latitudes is the geodetic 
latitude, and the mean of all the resulting longitudes is the geodetic 
longitude, of the place. These quantities, then, correspond as 
nearly as possible to the true normal of the regular ellipsoid ; 
the geodetic latitude being the angle which this normal makes 
with the plane of the equator, and the geodetic longitude being 
the angle which the meridian plane containing this nor mal 
makes with the plane of the first meridian. The geodetic lati- 
tude is identical with the geographical latitude as we have defined 
it in Art. 81. 

The astronomical latitude of a place is the declination of the 
apparent zenith indicated by the actual plumb line; but, unless 
when the contrary is stated, it will be hereafter understood to be 
identical with the geographical or geodetic latitude. 

It has recently been attempted to show that the earth differs 
sensibly from an ellipsoid of revolution;* but no & “uetion of 
this kind can be safely made until the anuimaions deviations of 
the plumb line above noticed have been eliminated from the 
discussion. 


CHAPTER IV. 
REDUCTION OF OBSERVATIONS TO THE CENTRE OF THE EARTH. 


87. THE places of stars given in the Ephemerides are those in 
which the stars would be seen by an observer at the centre of 
the earth, and are called geocentric, or true, places. Those observed 
from the surface of the carth are called observed, or apparent, 
places. 

It must be remarked, however, that the geocentric places of 
the Ephemeris are also called apparent places when it is intended 


A, 4a eR mR Sa 


* See Astr. Nach. No. 1308. 
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to distinguish them from mean places, a distinction which will 
be considered hereafter (Chap. XI.). 

It will also be noticed that we frequently use the terms true 
and apparent as relative terms only; as, for example, in treating 
of the effect of parallax, the place of a star as seen from the 
centre of the earth may be called true, and that in which it 
would be seen from the surface of the earth were there no 
atmosphere, may in relation to the former be called apparent; 
but in considering the effect of refraction, the star’s place as it 
would be seen from the surface of the earth were there no atmo- 
sphere may be called true, and the place as attected by the re- 
fraction may in relation to the former be called apparent; and 
**milarly in other cases. 
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88. The parallax of a star is, in general, the difference of the 
directions of the straight lines drawn to the star from two different 
points. wy‘ difference of direction of two straight lines being 
simply the.angle eoxtained between them, we ‘may also define 
parallax as the angle at the star contained by the lines drawn to 
the two points from which it is supposed to be viewed. 

In astronomy we frequently use the term parallax to express 
the difference of altitude or of zenith distance of a star seen 
from the surface and the centre of the earth respectively; 
and, in order to express parallax in respect to other co-ordi- 
nates, proper qualifying terms are added, as “ parallax in decli- 
nation,” &e. 

Assuming (at first) the earth to be a sphere, let A, Fig. 12, be 

the position of the observer on its surface, 

: - - C'the centre, CAZ the vertical line, and Sa 
star within a measurable distance CS from 

the centre. AZ’, a tangent to the surface 
at A, and CH, parallel to it, drawn through 
the centre, may each be regarded as lying 
in the plane of the celestial horizon (note, 

e # yp. 19). The true or geocentric altitude of 

the star above the celestial horizon is then 
the angle SCH, and the apparent altitude is 
the angle SAH’. In this case the directions of the star from C’ 
and from A are compared with each other by referring them to two 
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fines which have a common direction, i.e. parallel lines. But a 
still more direct method of comparison is obtained by referring 
them to one and the same straight line, as CAZ, Z being the 
zenith. We then call ZCS the true and ZAS the apparent 
zenith distance, and these are evidently the complements of the 
true and apparent altitudes respectively. 

In the figure we have at once 


ZAS — ZCS = ASC 


that is, the parallax in zenith distance or altitude is the angle 
at the star subtended by the radius of the earth. When the star 
is in the horizon, as at H’, the radius, being at right angles to 
AH’, subtends the greatest possible angle at the star for the same 
distance, and this maximum angle is called the horizontal parallax. 
The equatorial horizontal parallax of a star is the maximum angle 
subtended at the star by the equatorial radids of the earth. 


89. To find the equatorial horizontal parallax of a star ala given 
distance from the centre of the earth. 


Let 


z == the equatorial horizontal parallax, 
4 = the given distance of the star from the earth’s centre, 
a == the equatorial radius of the earth, 


we have from the triangle CAH’ in Fig. 12, if CA is the 
equatorial radius, 


sin x == (93) 

The value of z given in the Ephemeris is always that which is 
given by this formula when for .J we employ the distance of the 
star at the instant for which the parallax is given. 


90. To find the parallax in altitude or zenith distance, the ear ‘h being 
regarded as a sphere. 
Let 


=. the true zenith distance =: ZCS (Fig. 12), 
¢’ = the apparent zenith distance = ZAS, 
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The triangle SAC gives, observing that the angle SAC 
= 180°— 2’, 


sin a ; 
snc ao 
or, 
° ; metoey wl Y\ — gin = agin #! , 
sin p = sin ({' — ¢) = sin = sin § (94) 
If we put 


h = the true altitude, 
_ W = the apparent altitude, 


then it follows also that 
sin p = sin (A — h’) = sin = cos h’ (99) 
Except in the case of the moon, the parallax is so small that we 


may consider z and p to be proportional to their sines [1’l. Trig. 
Art. 55]; and then we have 


p= zsin %’ — =z cosh’ (96) 


Since when ¢’ = 90° we have sin (’ = 1, and when 2 = (, sin 
v’ =: 0, it follows that the parallax is a maximum wher the star 
is in the horizon, and zero when the star is in the zenith. 


ExampLe.—Given the apparent zenith distance of Venus, 
¢’ = 64° 43’, and the horizontal parallax z= 20” 0; find the 
geocentric zenith distance. 


log xz 1.8010 
¢’ = 64° 43’ 00 log sin 2’ 9.9563 _ 
P= 18.1 log p 1.2578 


— 64 42 41.9 


Cm | 


When the true zenith distance is given, to compute the paral- 
lax, we may first use this true zenith distance as the apparent, 
and find an approximate value of p by the formula p = z sin C; 
then, taking the approximate value of ¢’ = € + p, we compute a 
more exact value of p by the formula (94) or (96). This second 
approximation is unnecessary in all cases except that of the 
moon, and the parallax of the moon is so great that it becomes 
necessary to take into account the true figure of the earth, as in 
the following more general investigation of the subject. 


91. In consequence of the spheroidal figure of the earth, the 
vertical line of the observer does not pass through the centre, 
and therefore the geocentric zenith distance cannot be directly 
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referred to this line. If, however, we refer it to the radius drawn 
from the place of observation (or CAZ’, Fig. 11), the zenith dis- 
tance is that measured from the geocentric zenith of the place; 
whereas it is desirable to use the geographical zenith. Hence 
we shall here consider the geocentric zenith distance tu be the 
angle which the straight line drawn from the centre of the earth 
to the star makes with the straight line drawn through the centre 
of the earth parallel to the vertical line of the observer. These two 
vertical lines are conceived to meet the celestial sphere in the 
same point, namely, the geographical zenith, which is the 
common vanishing point of all lines perpendicular to the plane 
of the horizon. Thus both the true and the apparent zenith 
distances will be measured upon the celestial sphere trom the 
pole of the horizon. 

The azimuth of a star is, in general, the angle which a vertical 
plane passing through the star makes with the plane of the meri- 
dian. When such a vertical plane is drawn through the centre 
of the earth, it does not coincide with that drawn at the place of 
observation, since, by definition (Art. 3), the vertical plane passes 
through the vertical line, and the vertical lines are not coincident. 
Ilence we shall have to consider a parallax in azimuth as well as 
in zenith distance. 


Y2, To find the parallax of a star in zenith distance and azimuth 
when the geocentric zenith distance and azimuth are given, and the earth 
is regarded as a spheroid.* : 

Let the star be referred to three co-ordinate planes at right 
angles to each other: the first, the plane of the horizon of the 
observer; the second, the plane of the meridian; the third, the 
plane of the prime vertical. Let the axis of z be the meridian 
line, or intersection of the plane of the meridian and the plane 
of the horizon; the axis of y, the east and west line; the axis 
of z, the vertical line. Let the positive axis of z be towards the 
south; the positive axis of y, towards the west; the positive 
axis of z, towards the zenith. Let 


4' = the distance of the star from the origin, which is 
the place of observation, ° 
¢’ — the apparent zenith distunce of the star, 
A' =the apparent azimuth ‘“ “6 ef 


* The investigation which follows is nearly the same as that of O_BERs, to whom 
the method itself is due. 
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then, x’ y’, z’ denoting the co-ordinates of the star in this system, 
we have, by (89), 

a’ == J’ sin 2’ cos A! 

y' = J’ sin 0 sin A’ 

2 = J cos 2 


Again, let the star be referred by rectangular co-ordinates tu 
uuother system of planes parallel to the former, the origin now 
being the centre of the earth. In the celestial sphere these 
planes still represent the horizon, the meridian, and the prime 
vertical. If then in this system we put 


4 = the distance of the star from the origin, 
€ = the truo zenith distance of the star, 
A = the true azimuth es 


and denote the co-ordinates of the star in this system by 3, y, 
and z, we have, as before, 


x= 4sin cos A 
y= 4sin€ sin A 
z= 4eose 


Now, the co-ordinates of the place of observation in this last 
system, being denoted by a, 6, c, we have 


a = psin (g — ¢’) == 0 C == p C08 (¢ -— ¢’) 


in avhich p = the earth’s radius for the latitude'g of the place of 
observation, and g’ is the geocentric latitude, g — gy’ being the 
reduction of the latitude, Art. 81; and the formule of transforma- 
tion from this second system to the first are (Art. 33) 


xt=aw+a y=y +5 z=2+e 
or, Sha y =y —b va=z—e 
whence, substituting the above values of the co-ordinates, 
4’ sin ¢’ cos A’ = 4 sin £ cos A — p sin (¢ — ¢’) 
4’ sin ¢’ sin A’ = 4 sin % sin A (97) 
4’ cos ¢’ == 4 cos & —- p cos (¢ — ¢’) 


which are the general relations between the true and apparent 
zenith distances and azimuths. All the quantities in the second 
members being given, the first two equations determine 4’sin ¢’. 
and A’; and then from this value of 4’sin 2’, and that of 4’cos 2’ 
given by the third equation, 4’ and ¢’ are determined. 
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But it is convenient to introduce the horizontal parallax 
instead of 4. For, if we put the equatorial radius of the earth 
= 1, we have 


; 1 
Sin * =< —- 
4 


und hence, if we divide the equations (97) by 4, and put 


J 
i 


we have 


f sin 2’ sin A’ = sin £ sin A 


f sin & cos A’ = sin £cos A — p sin zsin (gy — ¢’) 
(98) 
f cos 2 == C08 y —- p sin z cos (g — ¢’) 


To obtain expressions for the difference between ¢ and ¢’ and 
between A and A’, that is, for the parallax in zenith distance 
and azimuth, multiply the first equation of (98) by sin A, the 
second by cos A, and subtract the first product from the second ; 
again, multiply the first by cos A, the second by sin A, and add 
the products: we find 
fain 2’ sin (A’ — A) —pasinzsin (¢ - g’) sin A 
fsin &’ cos(A’ ~ A) = sin § — psin x sin (¢ — g’) cos A 


\ (99) 


Multiplying the first of these by sin 3 (A’ — A), the second by 
vos $ (A’ — A), and adding the products, we find, after dividing 
the sum by cos 3 (A’ --- A), 

fain > —= sin § — p sin z sin (¢ — 9) 
which with the third equation of (98) will determine 2’. 
If we assume 7 such that 
cos 3 (A’ -+ A) 
ti et — gf) — 100 
ny = tan (¢ ees a) (100) 


we have the following equations for determining ¢’ : 


fain 0’ — sin § — pain x cos(g — ¢g’) tan y \ ii 
Ff cos @’ = cos & — pain = cos (¢ — ¢’) (101) 
which, by the process employed in deducing (99), give 
, fai. 
fsin (0 — 0) = p sin x cos (¢ — ¢’) a 
(102) 


' cos (f — 7) 


‘f cos (2 — £) = 1 — psin x con (py — cos 7 
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By murphy g the first of these by sin } (¢’ --- 2), the second 
by cos $ (2’ — {), and adding the products, we find, after dividing 
by cos 3 (%’ —%), 


pu 1 — 2 Sin # cos (y — 9’) cos [2 (8 + €) —7] 
; cos 7 cos $ (2’ — %) 


or multiplying by 4, 


fis Gia OOS ew) CONES ee) (103) 
cos 7 cos ¢ (%’ — &) 
The equations (99) determine vigorously the parallax in 
azimuth; then (100) and (102) determine the parallax in zenith 
distance, and (103) the distance of the star from the observer. 
The relation between Jd and 4’ may be expressed under a more 
simple form. By multiplying the first of the equations (101) by 
cos 7, the second by sin 7, the difference of the products gives 


fg ee (104) 
sin (%' —- 7) 
98. The preceding formule may be developed in series. 
Put 
ja wa 
sin, 
then (99) become 


fasin £’ sin (A’ — A) == m sin 5 sin A 
f sin ’ cos(A’ — A) = sin § (1 — mcos A) 
whence 


A 
tan (A’ — A) = i mene y (105) 


and therefore [PI]. Trig. Art. 258], A’ — A being in seconds, 


2 9) 
i fe Bin A a misin 2A | m'sindA + &e. (106) 


sin 1” 2sinl” | 3sin 1” 


To develop 7 in series, we take 
cos [A + 3 (A' — AY} 
tany = t — Se eS 
y == tan (¢ — ¢’) el A 
== tan (y — ¢’) [cos A — sin A tan } (A’ — A)] 


whenee, by interchanging arcs and tangents according to the 
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formule tan7'y =y — 494° + &e., tan zzz + 425+ ke. [PIL 
Trig. Arts. 209, 213], 
(¢ — ¢’)? p sin z sin? A sin 1” 


y -= (vy — ¢’) cos A — SE- ——-—--— + &e. (107) 
2sin f 


where the second term of the series is multiplied by sin 1” 
because 7 and g — ¢’ are supposed to be expressed in seconds. 
Again, if we put 
_ p 8in z cos (gy — ¢’) 
COs 7 
we find from (102) 
n sin (F — : 

tan (0) — ¢) = Pt lente 2) (108; 
1 — n cos (¥ —7) 
whence, ¢’ — & being in seconds, 


. Zain 9 (" __.; 
me usin (5 ~-7) ae Uae a) ee Les 3 jaa Sead -1) + &e. (109) 


dd ” 
. 
sin 1” 2 gin 1’ 3 sin bla 


Adding the squares of the equations (102), we have 
| d’\* 
Si (=) = 1—2necos('—y) +” 
whence [equations (A) and (8), Art. 82] 


log d’ = log J — M (x cos (¥ —y) + aL Cas? + &e. (110) 


where M = the modulus of common logarithms. 


94. The second term of the series (107) is of wholly inappre- 
ciable effect ; so that we may consider as exact the formula 


y—(¢ ~ ¢’) cos uf (111) 


and the rigorous formule (105) and (108) may be readily com- 
puted under the following form: 


Put 
aes td 
sin # == m cos Fem aloe yg’) cos A 
sin a 
then is 
9 tan A 
mij : van a — tan 8 tan (45° a } ) tan A 


1 — sin 8 
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Put 
: a ee 
sin #’ = n cor ({ — 7) _. 2 Sin z cos (y — ¢') cos (¥ — 7) 
COS 7 
then - 
ss ah _ a 
tan (2) — s) = any sen iS -¥) (11; 
1 — sin & 


= tan # tan (45° + 5 #') tan (¢ —7) 


ExampLe.—In latitude ¢ = 88° 59’,given for the moon, A = 
B20° 18l, £ = 2° 80’, and z = 58’ 37’'.2, to find the parallax in 
azimuth and zeuith distance. 

We have (Table IIL.) tor y == 38° 59’, 9 — g’ =11' 15”, log p 
== 9.999428: hence by (111) 7 = 8’ 39”.3 and € — 7 = 29° 21’ 
20’.7; with which we proceed by (112) and (113) as follows: 


log p sin x 8.28118 log p sin x 8.281179 

log sin (¢ — ¢’) 7.51488 log cos (¢ — ¢’) 9.999998 

log cosec ¢ 0.30766 log sec y 0.000001 

log cos A 9.88615 log cos (¢ — y) 9.940313 

o = 18”, log sin 3 6.93987 9 = 61’ 1.5, log sin 3 8.171491 
log tan 3 5.93987 log tan 3’ 8.171539 

log tan (45° -- 39) 0.00004 log tan (45° + 3 9’) 0.006446 

log tan A n9.91919 log tan (¢ — y) 9.750087 

log tan (A’ — A) 75. 85910 log tan (¢’ — @) 4.928072 
A'—A = — 14”,91 CY — == 29' 7".79 


A’ = 820°17' 45”.09 C’ == 29° 69’ 7”.79 


It is evident that we may, without a sacrifice of accuracy, 
omit the factors cos (g — gy’) and cos 7 in the computation of sin 0. 

If we neglect the compression of the earth in this example, 
we find by (94) (/ -— ¢ = 29/ 17”. 9, which is 10” in error. 


95. To find the parallax of a star in zenith distance and azimuth 
when the apparent zenith distance and azimuth are given, the earth 
being regarded as a spheroid. 

If we multiply the first of the equations (101) by cos (’ and the 
seeond by sin (’, the difference of the products gives 


p 8in x cos (¢ — ¢’) sin (¢’ —/) 
COs y 


sin (¢’ — €) = 
for which, since cos (y — g’) and cos 7 are each nearly equal to 
unity, we may take, withont sensible error, 


gin (¢’ —£)= painz sin (¢’ — 7) (114; 
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in which 7 has the value found by (111), or, with sufficient accu- 
racy by the formula 
y=(¢—¢’) cos A’ (118) 


Again, if we multiply the first of the equations (98) by sin A’ 
and the second by cos A’, the difference of the products gives 
cin (A'— A)=? sin z sin (¢ —¢’) sin A’ (116) 
sin 
to compute which, € must first be found by subtracting the value 
of the parallax ¢’ — ¢, found by (114), from the given value of ¢’. 


ExaMPLE.—In latitude g = 38° 59’, given for the moon A’ = 
320° 17’ 45/7.09, ¢/ =- 29° 59’ 7.79, mw = 58’ 37/’.2, to find the 
parallax in zenith distance and azimuth. 

We have, as in the example Art. 94, 9 — gy’ =11' 15”, log » 
== 9.999428, 7 = (9 — gy’) cos A’ = 8’ 39/.3, 2’ — 7 = 29° 50! 28/5; 
and hence, by (114) and (116), 


log p sin x 8.231179 log p sin z 8.28118 
log sin (2’—y) 9.696879 log sin (y —¢’) 7.51488 
log sin (27 —£) 7.928058 log sin A’ n9.80538 
ees eee 20 i 1e log cosec 5 0.30766 

t== 29° 80’ 0" log sin (A’ —- 4) n5.85910 


A’ — A= — 1491 
A = 820° 18’ 0” 


agreeing with the given values of Art. 94. 


96. For the planes or the sun, the following formule are always 
sufficiently precise: 


yy — €§ = prsin (2’ — yr) (117 
A' — A = pz sin (¢ — g’) sin A’ cosec 2’ 


and in most cases we muy take 0’ — (== sin (¢’, and A’— A=0. 

The quantity pz is frequently called the reduced parallax, and 
zt — pr == (1 — p)zx the reduction of the equatorial parallax for the 
given latitude; and a table for this reduction is given in some 
collections. This reduction is, indeed, sensibly the same as the 
correction given in our Table XIII, which will be explained 
more particularly hereafter. Calling the tabular correction az, 
we shall have, with sufficient accuracy for most purposes, 

pr == 7 — AX 
VoL. L.—8 
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97. The preceding methods of computing the parallax enable 
us to pass directly from the geocentric to the apparent azimuth 
and zenith distance. There is, however, an indirect method 
which is sometimes more convenient. This consists in reducing 
both the geocentric and the apparent co-ordinates to the point in 
which the vertical line of the observer intersects the axis of the earth. I 
shall briefly designate this point as the point O (Fig. 11). 

We may suppose the point O to be assumed as the centre of 
the celestial sphere and at the same time as the centre of an 
imaginary terrestrial sphere described with a radius equal to the 
normal OA (Fig. 11). Since the point O is in the vertical line of 
the observer, the azimuth at this point is the same as the appa- 
rent azimuth. If, therefore, the geocentric co-ordinates are first 
reduced to the point O, we shall then avoid the parallax in 
azimuth, and the parallax in zenith distance will be found by the 
simple formula for the earth regarded as a sphere, taking the 
normal as radius. 

Since the point O is in the axis of the celestial sphere, the 
straight line drawn from it to the star lies in the plane of the 
declination circle of the star; the place of the star, therefore, as 
seen from the point O, differs from its geocentric place only in 
declination, and not in right ascension. We have then only to 
find the reduction of the declination and of the zenith distance 
to the point O. 

Ist. Zo reduce the declination to the point O.—Let 
PP’, Fig. 18, be the earth’s axis; C the centre; 
O the point in which the vertical line or normal 
of an observer in the given latitude g meets the 
axis; S the star. We have found for CO the 
expression (Art. 84) 

CO=ai 


Fig. 13. 


Ss 


in which a is the equatorial radius of the eartn, 
and 
e? sin ¢ 


= y (1 — e sin’ ¢) 


Let 
4 = the star’s geocentric distance oom SC, 
4, = the star’s distance from the point O = SO, 
8 = the geocentric declination == 90° — PCS, 


é, = the declination reduced to the point O = 90° — POS 
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then, drawing SB perpendicular to the axis, the right triangles 
SCB and SOB give 


4d, sin 6, == 4 sin 6 a ai 
4, cosd, == 4 cosé (118) 


which determine 4, and 6,. From these we deduce 


A, sin (4, — 6) = ai cos 3 
4, cos (6, — 6) = 4+ ai sin 3 \ (119) 


which determine 4, and the reduction of the declination. If we 
divide these by 4, and put 


ola 


A ; 
A=7 sin 7 == 


in which z denotes, as before, the equatorial horizontal parallax, 
they become 

f, sin (6, — 8) == isin x cog é 

f, cos (6, — 6) = 1+ i sin <x sin 3 
whence 


1 sin z cos 6 
tan (6, — 3) TE ne 
1+ isin x sind 


or in series [Pl]. Trig. Art. 257], 


‘ ,  ?¢sinzcos dé (2sinz) sin2 6 
0 0 Se — 


sin 1” 2 sin 1” 


+ &e 


But since the second term of the series involves ? and conse- 
quently e4, and this is further multiplied by the small factor sin? z, 
the term is wholly inappreciable even for the moon; and, as 
the first term cannot exceed 25” in any case, we shall obtain ex- 
treme accuracy by the simple formula 


6,—8= in cos4 (120) 


The value of 4, is found from (119), by the same process as 
was used in finding J’ in (108), to be , 


4= 441+ isin ICT | 
cos 4 (0, — 0) 


or, on account of the small difference between 0, and 4, 


A, == 4(1 + isin z sin 3) (121) 
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As 6, — 6 is so small, it may be accurately computed with 
logarithms of four decimal places, and it will be convenient to 
substitute for 7 the form 

i= A sin gy 
in which 
e? 
a yi — eé? sin? ¢) 

The value of log A may then be taken from the following 

table with the argument g = the geographical latitude 


" | log A 
0° (8244 
10 7.8245 
| 20 7.8246 
30 7.8248 
40 7.8250 
50 7.8253 
60 7.8255 
7 7.8257 
80) | 7.8258 
90 | 


7.8259 


We shall then compute 6, — 6 and 4, under the following 
forms: 
6, —d=Azxsin ¢g cos dé 
= 4(1 +4 Asin xsin g sin 3) } (122) 


If the value of z, has been found as below, we may take 


0, —- 6= ex, sin ¢ cos 6 


2d. To find the parallax in zenith distance for the point O.—Let 
ZAO, Fig. 14, be the vertical line of the observer at 
A. The normal AO terminating in the axis being 
denoted by XN, we have, by (90), 
B 8 Vv a 
V(1 — é@ sin? ¢) 
But if in (84) we write e sin‘ g for e* sin? yg, we have 
p=aY(l — e sin’ ¢) 
A and this value is sufficiently accurate for the compu- 


tation of the parallax in all cases. If then we put 
0 a= 1, we have 


Fig. 14. 
Z 
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sa Nae 
p 


il? 


ff now in the vertical plane passing through the line ZO and 


the star S we draw SB perpendicular to OZ, and put 


¢, = the zenith distance at OO — SOZ 
¢’ = the apparent zenith dist. —= SAZ 


the triangles OSB, ASB give 
J’ cos 5’ = 4, cos &, — 2 
P 


I gs i ; cd 
#4 sin 7 = Jd, sin %, 


Dividing these equations by J,, and putting 


4 1 
—=f, sin x, = — 
4, pa, 
they become 

f, cos ¢’ = cos %, — sin z, 

Jf, sin ¢ = sin €, 


from which we deduce 
f, sin (2' — €,) = sin x, sin &, 
Ff, cos (%’ — €,) = 1 — sin =, cos &, 


aa 
sin z, sin %, 


tan (Ce —F = 
. y 1 — sin z, cos ¢, 


and in series, 


sin z, sing, | sin? z, sin 2 ¢, 


" ~ Oy = ° " ° ” 
sin 1 2 sin 1 


Or, rigorously, 


sin # = sin z, cos &, 
tan (%’ — &,) = tan # tan (45° + 3 8) tan &, 


To find z, we have 


e 1 
sin z, == 


or sin ieee rg ee hn ee Rea 
p(1 + A sin x sin ¢ sin 0) 


+ &e. 


pd, = p4A(1 + Asin z sin ¢ sin 0) 


(123) 


(124) 
(125) 


; (126) 


(127) 
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But this very precise expression of z, will seldom be required: 
it will generally suffice to take 


: sin z 
8in i= 
Pp 


or , | eet 


which will be found to give the correct value of z,, even for the 
moon, within 0’.2 in every case. Where this degree of accu- 
racy suffices, we may employ a table containing the correction 
for reducing z to z,, computed by the formula 


ann, —n=e(——1} 
p 


Table XIIL, Vol. IL., gives this correction with the arguments z 
und the eoographical latitude gy. Taking the correction from 
this table, therefore, we have 


tT, == n+ An (128) 


3d. To compute the parallax in zenith distance for the point O when 
the apparent zenith distance is given. 

Multiplying the first equation of (123) by sin ¢’, the second by 
eos ¢’, and subtracting, we tind 


e 1 a 
sin (2’ — %,) == ——sin 
Pp, 
or sin (27 — £,) = sin z, sin %’ (129) 


it we denote the apparent altitude by A’ and the altitude 
reduced to the point O by A,, this equation becomes 


sin (h, — h’) = sin x, cos hi’ (180) 


EXxaMPLeE.—In Latitude yg = 38° 59’, given the moon’s hour 
angle ¢ = 341° 1’ 86.85, geocentric declination ¢ = + 14° 39’ 
24/’.54, and the equatorial horizontal parallax z = 58’ 87/.2, to 
find the apparent zenith distance and azimuth. 

The geocentric zenith distance and azimuth, computed from 
these data by Art, 14, are ¢ == 29° 30’, A = 820° 18’, which are 
the values employed in our example in Art. 94. To compute 
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by the method of the present article, we first reduce the declina 
tion to the point O by (122), as follows: 


For y =: 38° 59’ log A 7.8250 

nm == 3517" .2 log = 3.5462 

log sin g 9.7987 

6 = 14° 39’ 24” 54 log cos 6 9.9856 

é,—é= 14 31 log (6, — 6) 1.1555 
6,== 14° 39’ 38.85 : 


With this value of d, and ¢ = 841° 1’ 36’’.85, the computation 
of the zenith distance and azimuth by Art. 14 gives for the 
point O 


€, == 29° 29! 47.67 A, == 320° 17’ 45”.09 


and this value of A, is precisely the same as A’ found in Art. 94, 
as it should be, since the azimuth at the point O and at the 
observer are identical. 

We find from Table XIII. az = 4’’.6, and hence z, = 58’ 87’”.2 
+ 4’'.6 = 58’ 41’.8; and then, by (126), 


log sin z, 8.28232 

log cos £, 9.93971 

8 == 51’ 5” log sin # 8.17203 

log tan 4 8.17208 

log tan (45° + 4 4%) 0.00645 

C, == 29° 29’ 47".67 log tan £, 9.75258 

g’-~-f.=- 29 20 .08 log tan (2’— £,) 7.93111 
*’ == 29° 59’ 7.70 


agreeing with the value found in Art. 94 within 0.09. If we 
had computed z, by (127), the agreement would have been exact. 


98. To find the parallax of a star in right ascension and declination 
when its geocentric right ascension and declination are given. 

The investigation of this problem is similar to that of Art. 92. 
Let the star be referred by rectangular co-ordinates to three 
planes passing through the centre of the earth: the first, the 
plane of the equator; the second, that of the equinoctial colure ; 
the third, that of the solstitial colure. Let the axis of x be the 
straight line drawn through the equinoctial points, positive 
towards the vernal equinox; the axis of y, the intersection of 
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the plane of the solstitial colure and that of the equator, positive 
towards that point of the equator whose right ascension is 90° : 
the axis of z, the axis of the heavens, positive towards the north. 


Let 
a = tho star’s geocentric right ascension, 


‘= “ “ declination, 
J=— i as distance, 


then the co-ordinates of the star are 


x= 4dco0s 0 cosa 
y = J cososina 
z= Jsind 


Again, let the star be referred to another system of planes 
parallel to the first, the origin being the observer. The vanish- 
ing circles of these planes in the celestial sphere are still the 
equator, the cquinoctial colure, and the solstitial colure. Let 


a’ == the star’s observed right ascension, 
ie f “ declination, 
A= «distance from the observer, 


where by observed right ascension and declination we now mean 
the values which differ from the geocentric values by the paral- 
lax depending on the position of the observer on the surtace of 
the earth. The co-ordinates of the star in this system will be 


x' = J’ cos & cos a! 
y’ = 4’ cos &' sin a’ 
2 = J’ sin 
Now, if 
© = the sidereal time = the right ascension of the observer’s 
meridian at the instant of observation, 


yg’ == the reduced latitude of the place of observation, 
o = the radius of the earth for this latitude, 


then ©, g’, and p are the polar co-ordinates of the observer, 
cutirely analogous to a, 0, and 4 of the star, so that the rectan- 
sular co-ordinates of the observer, taken in the first system, are 


a =p cos gy’ cosO 
b = pcos y’ sin@ 
c¢=—p sin gy’ 


PARALLAX. 121 
and for transformation from one system to the other we have 


i iene acre | y = y — 4, == z— Ce. 
Hence 


4’ cos & cos a’ = J cos 6 cosa — p cos g’ cos 0 
4' cos & sin a’ == 4 cos 6 sina — p cos ¢g’ sin O (181) 
4’ sin 3 =: J sin d —psin g’ 


or, dividing by 4, and putting as before 


A’ : 
eer aes 3 


f cos & €08 a’ = cos 6 cos a — p sin x cos g’ cos 8 
f cos & sin a’ = cos é sin a — p sin = cos ¢’ sin @ (132) 
fsin 0 = sin 0 — p sin z sin g’ 


From the first two of these equations we deduce 


f cos 6’ sin (a’ —- a) =p sin z cos ¢g’ sin (a — 9) 

f cos & cos (a’ — a) = cos 3 — p sin z cos ¢’ cos (a — 9) (188) 
Multiplying the first of these by sin } (a’ aq), the second by 
cos $ (a’ — a), and adding the products, we find, after dividing by 
cos 4 (a’ — a), 

p sin z cos g’ cos [4 (a’ + a) — 9] 


a 6 — 
f cos cos oa) 


Put 
__ tan g’cos 4 (a — a) 
tan y= cos [E (a + a) — Oj = 
then we have, for determining 0’, 
fsin 6’ = sin 6 — psinz sin g’ 
f cos 6’ = cos 6 — psin z sin ¢g’ cot y } (185) 
whence 
. ; . ,8in (6d — 7) 
f sin (’ — 6) =p sinzsin ¢ ane 
(136) 
oo poe . ,CO8 (6 — 7) 
f cos (o — 6) = 1 — psinz sin ¢ er rans 
_ @ _ sin(—y) 
f= "5 = sin @—y) =e 


The equations (133) determine, rigorously, the parallax in right 
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ascension, or @’ — a; (136) the parallax in declination, or d’— @; 
and (137) determines J’. 


99. To obtain the developments in series, put 
: , 
ny wz (SID COB g 
cos 6 
then from (1388) we have 


j _ _ main(a — ~) 
tan (a — a) = 1 — mcos (a — 0) (188) 


whence 
; msin(a— %)) m’sin2 (4 — O 
ete the. (188) 
Putting 
ee sin z sin ¢’ 
sin y 
we have from (136) 
_ _nsin (6 — 7) 
whence 
e Mane 22% 3 moe 
y— oe tein —7) ee) es (141) 


sin 1” 2 sin 1” 


100. The quantity « — © is the hour angle of the star east of 
the meridian. According to the usual practice, we shall reckon 
the hour angle towards the west, and denote it by ¢, or put 


t—- 0 —a 


and then we shall write (138) and (140) as follows: 


ciel _ maint — 
tan (a o> Vm cont 
tan (6 — 8’) = n sin (y — 8) 


1 — n cos (y — 4) 


The rigorous computation will be conveniently performed by 
the following formule: 
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p sin x cos ¢’ cost 
cos é 
tan (a — a’) = tan 3 tan (40° + } 8) tan? 
tan ¢’ seusiel 

tan p —= tang 908 # (a — 0’) 

cos [tf + 4 (a —a’)] 
sin # = n cos (7 — 6) __ p Sin z sin g' cos (7 — 8) 

sin Y 


tan (6 — d’) = tan #’ tan (45° + 3 8’) tan (7 — 0) 


sin # — m cost = 


(142) 


101. Except for the moon, the first terms of the series (189) 
and (141) will suffice, and we may use the following approxi- 
mations: 


__ pm cos g’ sin ¢ 


cos d 
tan ¢’ 
tany = (143) 
Sh csipiySk 
3 em SNP ap (y — 2) 
sin 7 


If the star is on the meridian, we have ¢=0, and hence 
y =’, and 


i 


é — o' = pz sin (¢’ — 6) 


Since in the meridian we have = — 0, it is easily seen 
that ¢’ — ¢ found by (108) and 6’ — dé found by (140) will then 
be numerically equal, or the parallax in zenith distance is numeri- 
cally equal to the parallax in declination when the star is on the meri- 
dian. 

102. To find the parallaz of a star in right ascension and declination, 
when its observed right ascension and declination are given. 

Multiplying the first equation of (132) by sin a’, the second 
by cos a’, and subtracting one product from the other, we find 


: sin z cos ¢’ sin (O — a’ 
cos é 


In like manner, from (185) we deduce 
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ined) p sin x sin e sin (y — 0) 
sin 7 
We have here © — a’ equal to the apparent or observed hour 
angle; and hence, putting 


t'— © — a’ 
the confputation may be made under the following form: 


; sin z cos ¢’ sin ¢t’ 
sin (a oe a) eee eto ch dca, cr 
cos 6 
tan ¢’ cos ee 
as pee i) (144) 
cos [t’ — 3 (a -~a’)] 


p sin 7 sin g’ sin (y — 6’) 


sin (6 — 0) == : 
sin 7 


In the first computation of « — a’ we employ & for 6. The 
value of a -- a’ thus found is sufliciently exact for the compu- 
tation of 7 and d — 0’. With the computed value of d — 0’ we 
then tind d and correct the computation of a — a’. 


KXAMPLE.—Suppose that on a certain day at the Greenwich 
Observatory the right ascension and declination of the moon 
were observed to be 


a == 7* 41™ 20.436 
& =: 15° 50! 27.66 


when the sidereal time was 
I= 11°17"0.02 
and the moon's equatorial horizontal parallax was 
m == 06! 57.5 
Required the geocentric right ascension and declination. 


We have for Greenwich g = 51° 28’ 38”.2, and hence (Table IIT.) 
y — g' -= 11’ 18".6, g' = 51° 17’ 24.6, log p = 9.9991134. The com- 
putation by (144) is then as follows: 
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a (in arc} = 115° 20’ 6.54 log p sin + 8.218877 

8 - = 169 15 0 .80 log cos ¢’ 9.796142 

= 68 54 53 .76 log sin ¢’ 9.907489 

A (a -- a’) = 14 55 .8 (1) 7.922008 

t’/-—4(a—a’)— 53 39 58 log cos 0’ 9.983185 

log sec [¢' — (a —a’)] 0.227319 App. logsin(a — a’) 7.988823 

log cos $ (a — a’) 9 999996 Approx.« — a’ =: 29’ 61”.6 

log tan g’ 0.096138 (1) ‘ : 7.922008 

log tan y 0.328448 log cos d 9.981835 

y= 64° 35’ 58” log sin (a — a’) 7.940173. 

y—o = 48 46 30 a—a’== + 29' 57.23 

log p sin 7 8.218377 a == 115° 50’ 3”.77 

log sin ¢’ 9.892275 == 74 438™ 20°.251 
log sin (y — 4”) 9.876181 
log cosec y 0.044153 
log sin (6 --- 0’) 8.080986 
6. SJ = + 86 55",.24 


5 =- 16° 27’ 22”.90 


103. For all bodies except the moon, the second computation 
will never affect the result in a sensible degree, and we may use 
the following approximations : 


, __ pt COS g’ Bint 


a-- @ 
cos 0” 
ae tan ¢’ 
| PERE (145) 
et ep te 
»— 9 — een g! win = 2) 
sin 7 


For the sun, planets, and comets, it is frequently more conve- 
nient to use the geocentric distance of the body instead of the 
parallax, or, at least, to deduce the parallax from the distance, 
the latter being given. This distance is always expressed in 
parts of the sun’s mean distance as unity. If we put 


m == the sun’s mean equatorial horizontal parallax. 
4, == the sun’s mean distance from the earth, 


we have, whatever unit is employed in expressing 4, 4,, and a, 


‘ a : a 

81n z= — smn 7, = — 
y 0 

0 
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whence 


a A e 
sin z= 7 s1n Ro 


and when we take 4, = 1, 


sin %, Xo 


sin x = or <= Pi (146) 


According to ENnckr’s determination 


%o== 8.57116 log x, = 0.93804 


EXAMPLE.—DonaTI’s comet was observed by Mr. JaAmMzs FEr- 
euson at Washington, 1858 Oct. 13, 6* 26" 21°.1 mean time, 
and its observed right ascension and declination when corrected 
for refraction were 

a == 236° 48’ 0”.5 
0 = — 7° 36’ 52”.8 


The logarithm of the comet's distance from the earth was log 4 
== 9.7444. Required the geocentric place. 

We have for Washington g == 88° 53’ 39’’.8, whence, by Table 
OF, log pcos gy’ = 9.8917, log sin gy’ = 9.7955. Converting the 
mean into sidereal time (Art. 50), we find © = 19 55” 16°.98. 
Hence, by (145) and (146), 


© — 298° 49.2 log tan ¢’ 9.90388 
a’ == 236 48.0 log cos t 9.6713 
t= 62 1.2 log tan y 0.2325 
log x, 0.9330 Y == 59° 39’.2 
log 4 9.7444 . y—= 67 16.1 
log x 1.1886 
log pz cos ¢’ 1.0808 log pz sin ¢’ 0.9841 
log sin ?’ 9.9460 log sin (y — 4) 9.9649 
log sec & =—_ 0.0088 log cosec 0.0640 
log (a — a’) 1.0301 log (6 — #&) 1.0130 
a—a == -+ 10.7 6— = + 103 


Hence, for the geocentric place of the comet, 
a == 236° 487 11.2 d= — T° 86’ 425 


104. Parallax in latitude and longitude.—Formule similar to the 
above obtain for the parallax in latitude and longitude. We 
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have only to substitute for © and g’ (which are the right ascension 
and declination of the geocentric zenith) the corresponding 
longitude and latitude of the geocentric zenith (which will be 
found by Art. 23), and put 4 and f in the place of a and 6. Thus, 
if / and 6 are the longitude and latitude of the geocentric zenith, 
the equations (148) give for all objects except the moon. 


__ px cos bain (1 — A) 


A—i 
cos 8 
tan a ee 147 
Ys cos (l —A) Sale 
@—e = pain Goin (yr — B) 
sin y 


In the same manner, the equations (131) may be made to 
express the general relations between the geocentric and the 
apparent longitude and latitude, and for the moon we can 
employ (142), observing to substitute respectively 


for 3, a, é, 0, Q, g! 
the quantities ', =, A, B’, l, b 


In all the formule, when we choose to neglect the compression 
of the earth, we have only to put g = g’ and p = 1. 
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105, General laws of refraction.—The path of a ray of light is a 
straight line so long as the ray is passing through a medium of 
uniform density, or through a vacuum. But when a ray passes 
obliquely from one medium into another of different density, it 
is bent or refracted. The ray before it enters the second medium 
is called the incident ray; after it enters the second medium it is 
called the refracted ray; and the difference between the directions 
of the incident and refracted rays is called the refraction. 

If a norma! is drawn to the surface of the refracting medium 
at the point where the incident ray meets it, the angle which the 
incident ray makes with this normal is called the angle of inci- 
dence, the angle which the refracted ray makes with the normal 
is the angle of refraction, and the refraction is the difference of 
these two angles. 


128 REFRACTION, 


Thus, if SA, Fig. 15, is an incident ray upon the surface Bb’ 
of a refracting medium, AC’ the refracted 
ray, MN the normal to the surface at A, 
SAM is the angle of incidence, C'AV is the 
angle of refraction; and if CA he produced 
backwards in the direction AS’, SAS’ is the 
refraction. An observer w hose eye is at 
any point of the line AC will receive the 
ray as if it had come directly to his eye 
without refraction in the direction S’/AC 
which is therefore called the apparent 
direction of the ray. 

Now, it is shown in Optics that this en takes place 
according to the following general laws: 

Ist. When a ray of light falls upon a surface (of any form), 
which separates two media of different densities, the plane which 
contains the incident ray and the normal drawn to the surface 
at the point of incidence contains the refracted ray also. 

2d. When the ray passes from a rarer to a denser mediun, it 
is in general refracted towards the normal, so that the angle of 
refraction is less than the angle of incidence; and when the ray 
passes from a denser to a rarer medium, it is refracted from the 
normal, so that the angle of refraction is greater than the angle 
vf incidence. 

3d. Whatever may be the angle of incidence, the sine of this 
angle bears a constant ratio to the sine of the corresponding 
angle of refraction, so long as the densities of the two media are 
constant. Ifa ray passes out of a vacuum into a given medium, 
the number expressing this constant ratio is called the index of 
refraction for that medium. This index is always an improper 
fraction, being equal to the sine of the angle of incidence divided 
by the sine of the angle of refraction. 

4th. When the ray passes from one medium into another, the 
sines of the angles of incidence and refraction are reciprocally 
proportional to the indices of refraction of the two media. 


Fig. 15. 


106. Astronomical refraction.—The rays of light from a star in 
coming to the observer must pass through the atmosphere which 
surrounds the earth. If the space between the star and the 
upper limit of the atmosphere be regarded as a vacuum, or as 
filled with a medium which exerts no sensible effect upon the 
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direction of a ray of light, the path of the ray will be at first a 
straight line; but upon entering the atmosphere its direction 
will be changed. According to the second law above stated, the 
new medium being the denser, the ray will be bent towards the 
normal, which in this case is a line drawn from the centre of the 
earth to the surface of the atmosphere at the point of incidence. 

The atmosphere, however, is not of uniform density, but is 
most dense near the surface of the earth, and gradually decreases 
in density to its upper limit, where it is supposed to be of such 
extreme tenuity that its first effect upon a ray of light may be 
considered ds infinitesimal. The ray is therefore continually pass- 
ing from a rarer into a denser medium, and hence its direction 
is continually changed, so that its path becomes a curve which 
is concave towards the earth. 

The last direction of the ray, or that which it has when it 
reaches the eye, is that of a tangent to its curved path at this 
point; and the difference of the direction of the ray before en. 
tering the atmosphere and this last direction is called the astro. 
nomical refraction, or simply the refraction. 

Thus, Fig. 16, the ray Se from a star, entering the atmosphere 
at e, is bent into the curve ecA 
which reaches the observer at A in 7 
the direction of the tangent S’A 
drawn to the curve at A. If CAZ 
is the vertical line of the observer, 
or normal at A, by the first law of 
the preceding article, the vertical 
plane of the observer which con- =# 
tains the tangent AS’ must also 
contain the whole curve Ae and. 
the incident ray Se. Hence refrac- 
tion increases the apparent altitude 
of a star, but does not affect its azi- 
muth. 

The angle S’AZ is the apparent ze- 
nith distance of the star. The true zenith distance* is strictly the 
angle which a straight line drawn from the star to the point A 


Fig. 16. 


aa ED 


* By. true zenith distance we here (and so Jong as we are considering only the 
effect of refraction) mean that which differs from the apparent zenith distance only 
by the refraction. 

Vor. L—9 
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makes with the vertical line. Such a line would not coincide 
with the ray Se; but in consequence of the small amount of the 
refraction, if the line Se be produced it will meet the vertical 
line AZ at a point so little elevated above A that the angle 
which this produced line will make with the vertical will differ 
very little from the true zenith distance. Thus, if the produced 
line Se be supposed to meet the vertical in 6’, the difference 
between the zenith distances measured at 6’ and at A is the 
parallax of the star for the height Ad’, and this difference can be 
appreciable only in the case of the moon. It is therefore usual 
to assume Se as identical with the ray that would come to the 
observer directly from the star if there were no atmosphere. 

The only case in which the error of this assumption is appre- 
ciable will be considered in the Chapter on Eclipses. 


107. Tables of Refraction.—For the convenience of the reader 
who may wish to avail himself of the refraction tables without 
regard to the theory by which they are computed, I shall first 
explain the arrangement and use of those which are given at 
the end of this work. 

Since the amount of the refraction depends upon the density 
of the atmosphere, and this density varies with the pressure and 
the temperature, which are indicated by the barometer and the 
thermometer, the tables give the refraction for a mean state of 
the atmosphere; and when the true refraction is required, supple- 
mentary tables are employed which give the correction of the 
mean refraction depending upon the observed height of the 
barometer and thermometer. 

TaBLeE I. gives the refraction when the barometer stands at 
30 inches and the thermometer (Fahrenheit’s) at 50°. If we 
put 

r == the refraction, 
z == the apparent zenith distance, 


€ == the true zenith distance, 
then 
C247 
Where great accuracy is not required, it suffices to take r 
directly from TaBLE I. and to add it to z.- (The resulting ¢ is 
that zenith distance which we have heretofore denoted by ¢’ in 


the discussion of parallax.) The argument of this table is the 
apparent zenith distance z. 
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TaseE II. is BrssEu’s Refraction Table,* which is generally 
regarded as the most reliable of all the tables heretofore con- 
structed. In Column A of this table the refraction is regarded 
asa function of the apparent zenith distance z, and the adopted 
form of this function is 


ro-afAy tan 2 


in which @ varies slowly with the zenith distance, and its loga- 
rithm is therefore readily taken from the table with the argu- 
ment z. The exponents A and 4 differ sensibly from unity only 
for great zenith distances, and also vary slowly; their values are 
therefore readily found from the table. 

The factor 8 depends upon the barometer. The actual pres- 
sure indicated by the barometer depends not only upon the 
height ofthe column, but also upon its temperature. It is, 
therefore, put under the form. 


@= BT 


and log B and log 7'are given in the supplementary tables with 
the arguments “height of the barometer,” and “height of the 
attached thermometer,” respectively ; so that we have 


log 8 == log B + log T 


Finally, log 7 is given directly in the supplementary table with 
the argument “external thermometer.’ This thermometer must 
be so exposed as to indicate truly the temperature of the atmo- 
sphere at the place of observation. 

In Column B of the table the refraction is regarded as a 
function of the true zenith distance & expressed under the form 


r= a BA y* tan ‘4 


and log a’, A’, and /’ are given in the table with the argument es 
B and 7 being found as before. ‘ 

Column A will be used when z is given to find . and Column 
B, when ¢ is given to find z 

Column C is intended for the computation of differential re- 
fraction, or the difference of refraction corresponding to small 


Fre spoahil rnc ne ans erin retro meneame eenenmenmna nemmenenaneaeneneenimnnaneentatensemmmnat mma mntninmnanmemnmntinnmenmmneteem een ene eeate 


* From his Astronomische Untersuchungen, Vol. I. 
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differences of zenith distance, and will be explained hereafter 
(Micrometric Observations, Vol. IT.). 

These tables extend only to 85° of zenith distance, beyond 
which no refraction table can be relied upon. There occur at 
times anomalous deviations of the refraction from the tabular 
value at all zenith distances; and these are most sensible at 
great zenith distances. Fortunately, almost all valuable astrono- 
mical observations can be made at zenith distances less than 
85°, and indeed less than 80°; and within this last limit we 
are justified by experience in placing the greatest reliance in 
BrsseL’s Table. In an extreme case, where an observation is 
made within 5° of the horizon, we can compute an approximate 
value of the refraction by the aid of the following supplement- 
ary table, which is based upon actual observations made by 
ARGELANDER.* 


App. zen. 


ene 


distance log Refract. A A 
85° 0’ 2.76687 1.0127 1.1229 
30 2.80590 1.0147 1.1408 
86 0 2.84444 1.0172 1.1624 
30 2.88555 1.0204 1.1888 
87 60 2.93174 1.0244 1.2215 
30 2.98269 1.0298 1.2624 
88 0 3.03686 1.0368 1.3141 
30 3.09723 1.0465 1.3797 
89 0 3.16572 1.0593 1.46538 
30 3.24142 1.0780 1.5789 


If we call R& the refraction whose logarithm is given in this 
table, the refraction for a given state of the air will be found by 


the formula 
r= RBAyA 


ExamMpLe 1.—Given the apparent zenith distance z = 78° 
30’ 0’, Barom. 29.770 inches, Attached Therm. — 0°.4 F., Ex- 
ternal Therm. — 2°.0 F. 

We find from Table II., Col. A, for 78° 30’, 


log « — 1.74981 A = 1.0082 A = 1.0828 


and from the tables for barometer and thermometer, 


ee ees re me rere ewes: 


* Tabule Regiomontans, p. 689. 
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log B = + 0.00258 log y = + 0.04545 
log T= + 0.00127 
log 8 = + 0.00380 


Ilence the refraction is computed as follows: 


logo = 1.74981 
Alog y = log 74 = + 0.04694 
log tanz== 0.69154 


r = $10".53 = 5'10".538 logr= 2.49210 


The true zenith distance is, therefore, 78° 30’ 0’ + 5’ 10.53 = 
78° 35’ 10/’.58. 


EXAMPLE 2.—Given the true zenith distance ¢ = 78° 35’ 
10’’.538, Barom. 29.770 inches, Attached Therm. — 0°.4 F,, 
External Therm. — 2°.0 F. 

We find from Table H., Col. B, for 78° 35’ 10’, 


log a’ = 1.74680 A’ = 0.9967 4 = 1.0261 
and from the tables for barometer and thermometer, as before, 


log B == + 0.00258 log y = + 0.04545 
log T= + 0.00127 
log 6 = + 0.00880 


The refraction is then computed as follows: 


log a’ = 1.74680 

A’ log 8 = log 84 = + 0.00879 

V log y = log y* = + 0.04663 

log tan€= 0.69489 

r == 310.53” — 5’ 10".53 logr= 2.49211 


and the apparent zenith distance is therefore 78° 30’. 


EXAMPLE 8.—Given z = 87° 30’, barometer and thermometer 
as in the preceding examples. 
By the supplementary table above given, 


log R= 2.98269 
A = 1.0298 log #—= + 0.00880 log #4 == + 0.00891 
‘A= 1.2624 logy = + 0.04545 log 4 <= + 0.05788 


EE ry 


r= 18’ 26” .€ log ro SS 3.04898 
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It ix important in all cases where great precision is required 
that the barometer and thermometer be carefully verified, to see 
that they give true indications. The zero points of thermo- 
meters are liable to change after a certain time, and inequalities 
in the bore of the tube are not uncommon. A special investi- 
gation of every thermometer is, therefore, necessary before it is 
applied in any delicate research. If the capillarity of the baro- 
meter has not been allowed for in adjusting the scale, it must be 
taken into account by the observer in each reading. 

We may obtain the true refraction for any state of the air 
within 1” or 2’’, very expeditiously, by taking the mean refrac- 
tion from Table I. and correcting it by Table XIV. A,and Table 
XIV. B. The mode of using this table is obvious from its 
arrangement. Thus, in Example 1 we find 


from Table L, Mean refr. =: 4’ 38.9 
“XIV. A, for Barom. 29.77, Corr. = -- 2. 
“XIV. B, “ Therm. — 2°. “ =-+ 82. 


True refr. =: 5' 9”. 


which agrees with Brsse’s value within 1.5. For greater 
accuracy, the height of the barometer should be reduced to the 
temperature 32° F., which is the standard assumed in these 
tubles. The corrected height of the’ barometer in this example 
is 29.85, and the corresponding correction of the refraction 
would then be — 1”’; consequently the true refraction would be 
5’ 10’, which is only 0/7.5 im error. 

These tables furnish good approximations even at great 
zenith distances. Thus, we find by them, in Example 3, r= 
13h 24. 


108. INVESTIGATION OF THE REFRACTION FORMULA.—In this 
investigation we may, without sensible error, consider the earth 
us a sphere, and the atmosphere as composed of an infinite 
number of concentric spherical strata, whose common centre is 
the centre of the earth, each of which is of uniform density, and 
within which the path ofa ray of light is a straight line. Let CG 
Fig. 16, be the centre of the earth, A a point of observation on 
the surface; C'AZ the vertical line; Aa’, a’6’, b’c’, &c. the vertical 
thicknesses of the concentric strata; Se a ray of lisht from a star 
S, meeting the atmosphere at the point e, and successively re- 
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fracted in the directions ed, de, &c. to the point A. The last 
direction of the ray is aA, which, when the number of strata is 
supposed to be infinite, becomes a tangent to the curve ecA at A, 
and consequently AaS’ is the apparent direction of the star. Let 
the normals Ce, Cu, &c. be drawn to the successive strata. The 
angle Sef is the first angle of incidence, the angle Crd the first 
angle of refraction. At any intermediate point between e and A, 
asc, we have Ced, the supplement of the angle of incidence, and 
Ceb, the angle of refraction. 
If now for any point, as e, in the path of the ray, we put 


i == the angle of incidence, 
f = the angle of refraction, 
pf == the index of refraction for the stratum above c, 
pl = - ze " below c, 


then, Art. 105, 


, 


ae (148) 
sin f 4 
If we put 
q == the normal Cc to the upper of the two strata, 
q = “Cb “ — lower M : 
i’ == the angle of incidence in the lower stratum, 
== 180° — Che, 


the rectilinear triangle Cbc gives 
aE aid 
sinf  q’ 
which, with the above proportion, gives 
gq #s8int = gq’ sin 2’ 
an equation which shows that the product of the normal to any 
stratum by its index of refraction and the sine of the angle of 


incidence is the same for any two consecutive strata; that is, it 
is a constant product for all the strata. If then we put 


z = the apparent zenith distance, 
a == the normal at the observer, or radius of the earth, 
M, == the index of refraction of the air at the observer, 


we have, since z is the angle of incidence at the observer, 


qu sin i = ap, sinc (149) 
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in which the second member is constant for the same values of 
zand ™. 
Now, we have from (148) 


a ne 


tan di —f) = H 
ps 


But 1 —f is the refraction of the ray in passing from one stratum 
into the next; and supposing, as we do, that the densities of the 
strata vary by infinitesimal increments, 7 — f is the differential of 
the refraction ; and we may, therefore, write 3 dr for tan 3 (i —f) 
and du for pn’ — 4; consequently, also, 24 for u’ + y, and tani for 
tan 4 (7+): hence we have 


dr = “ tan 2 (150) 


which is the differential equation of the refraction. 

But, as both » and 7 are variable, we cannot integrate this 
equation unless we can express 7 as a function of yw. This 
we could do by means of (149) if the relation between g and 
# were given, that is, if the law of the decrease of density of the 
air for increasing heights above the surface of the earth were 
known. This, however, is unknown, and we are obliged to 
make an hypothesis respecting this law, and ultimately to test 
the validity of the hypothesis by comparing the refractions com- 
puted by the resulting formula with those obtained by direct 
observation. I shall first consider the hypothesis of Bouaugr, 
both on account of the simplicity of the resulting formula and 
of its historical interest.* 


109. First hypothesis.—Let it be assumed that the law of de- 
crease of density is such that some constant power of the refrac- 
tion index p is reciprocally proportional to the normal gq, an 
hypothesis expressed by the equation 


* 7 shall consider but two hypotheses: the first, because it leads to the simple 
formula of Brap.ey, which, though imperfect, is often useful as an approximate 
expression of the refraction; the second, because the tables formed from it by 
BessEt have thus far appeared to be the most correct and in greatest accordance with 
observation, although on theoretical grounds even the hypothesis of Bressxrx is open 
to objection. For a review of the labors of astronomers and physicists upon this 
difficwlt subject, from the earliest times to the present, see Die Astronomische Strahlen- 
brechung in threr historischen Entwickelung dargestelit, von Dx. C. Bruuns. Leipzig. 
1861. 
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n+1 

|} aa (151) 

Hy q 
which with (149) gives 

sin i = (# ) sin z (152) 

Ho 

or, logarithmically, 
log sin i = n log x + log ( =~" } 


where the last term is constant. By differentiation, therefore, 


BLN al 
tan 7 ft 
which with (150) gives 
di 
dr == — 
n 
and, integrating, 
é 2 
ey +C 


To determine the constant C, the integral is to be taken from 
the upper limit of the atmosphere to the surface of the earth. 
At the upper limit r= 0; and if we put 3? = the value of 7 at that 
limit, we have 


3 


At the lower limit the value of ris the whole atmospheric 
refraction, and 7=z: hence 


2 
een eG 


Eliminating the constant, we have 


z— 8 
n 


r= 


(153) 


To find 3, we have, by putting » = 1 in (152), since the density 
of the air at the upper limit is to be taken as zero, 


gin z 
by” 


sin 3 — 


(154) 


Having then found y, at the surface of the earth and suitably 
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determined n, we find # by (154), and then r by (153). The two 
equations may be expressed in a single formula thus: 


r= HE — sin7' nn) (155) 
n fy” 


which is known as Srimpson’s formula, but is in fact equivalent 

to the formula first given by Bouausr in 1729 in a memoir on 

refraction which gained the prize of the French Academy. 
From (154) we find 


sinz—sin?  p,"— 1 


— ane ee 


snz-fsind® "+1 


whence 
"1 
tan 4(2 — ¥%) = pees tan $ (2 8 
) ne td (2 + #) 
and, reducing by (153), 


int eee oes * tan(s— 7] (156) 
2 poe +l 


which is equivalent to BrapLEy’s formula. If we are content to 
represent the refraction, approximately by our formula, we can 
write this in the form 


r== g tan (2 — Jr) 


and we shall find, with Brap.ey, that for a mean state of the air 
corresponding to the barometer 29.6 and thermometer 50° Fahr. 
we can express the observed refractions, very nearly, by taking 


g ex 57.036, f -- 8. 


110. But, as we wish our formula to represent, if possible, the 
actual constitution of the atmosphere, let us endeavor to test the 
hypothesis upon which it rests. In order to correspond with the 
real state of nature, it is necessary that the constitution of the atmo- 
sphere which the hypothesis involves should not only agree with the 
observed refruction, but also with the height of the barometer, and with 
the observed diminution of heat as the altitude of the observer above the 
earth's surface increases. 

The discussion of the formula will be more simple if we sub- 
stitute the density of the air in the place of the index of refrac- 
tion. Put 

é, == the density of the air at the surtuce of the earth, 
@ == the density of the air at any point above the surface. 
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The relation between é and p, according to Optics, is expressed by 
py? — 1 = 4tkod (157) 


in which 4 is a constant determined by experiment. Accord- 
ing to the experiments of Brot, 


4k =. 0.000588768 


Since k is so small that its square will be inappreciable, we may 
take 


pa (1 + 4key? = 1+ 2k8 (158) 
and, consequently, 
My == 1 + 2k, 
=< 1 + 2 nko, 


and (156) becomes, still neglecting #, 
n n 
tan 2 r ==. nko, tan (: a5 r| (159) 


If we denote the horizontal refraction, or that for z = 90°, by 7, 
this formula gives 


n n 
tan — 7, == nkd, cot — r, 
 ] ) 
él ont 
n Sako. 
or tan > ry — V n 6, 


n 
and, putting the small arc > 1, for its tangent, 


r= yim (160) 


We can find 6, from the observed state of the barometer and 
thermometer at the surface of the earth, so that in order to com- 
pute the horizontal refraction by this formula, for the purpose 
of comparing it with the observed horizontal refraction, we have 
only to determine the value of x. 

Let 


a = the height of any assumed point in the atmosphere above 
the surface of the earth, 
é, Pg = the density and pressure of the air, and the force of grav- 
ity, respectively, at that point, 
85, Por Jo = the same quantities at the earth’s surface. 
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At an elevation greater than x by an infinitesimal distance dz, 
the pressure p is diminished by dp. The weight of a column of 
air whose height is dx, density 0, and gravity g, is expressed by 
gédx, and this is equal to the decrement of the pressure: hence 


the equation 
dp = — gédx 


By the law of gravity, we have 


I = Y% (a+ x)" 
and hence 
dx 
= — 23 —__—_— 
P= 9 G+ a 
aa Fee 


Now, in the hypothesis under consideration, we have 


a (fy (Gee 


atx 1+ 4k, 


%o 


or, neglecting the square of &, 


a 
—-1—2 a 

pae TET POE DED, 

which gives 
a a, 
d( 2 )=2@ + Deas 
Hence 
dp = 2 9,a(n + 1)kédé 

Integrating, 


Pp = ga (n + 1) ko? 


no constant being necessary, since p and é vanish together. 


To compare this with the observed pressure p,, let 


(161) 


(162) 


1 = the height of a column of air of the density 6, which acted 
upon by the gravity g, will be in equilibrium with the pres- 


sure D,; 


in other words, let / be the height of a homogeneous atmosphere 


of the density 8, which would exert the pressure p,. 
this definition, 
Po = Joe! 


Then, by 


(163) 
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which with (162) gives 
a ké 


PL a ke 
Pe@tnieg (164) 


At the surface of the earth, where p becomes p, and é becomes 
é,, this equation gives 
1=(n+1) " . ké, (165) 


whence 


and this reduces the expression of the horizontal refraction (160) to 


Sue 166 
Y= aa 
© ¥[L—ka] ate 


Taking as the unit of density the value of 8, which corre. 
sponds to the barometer 0.76 metres and thermometer 0° C., 
we have, according to Brot, 


4ké, == 0.000588768 


The constant / for this state of the air is the height of a homo- 
geneous atmosphere which would produce the pressure 0".76 of 
the barometer when the temperature is 0° C.; and this height is 
to that of the barometric column as the density of mercury is to 
that of the air. According to Regnav tt, for Barom. 0".76 and 
Therm. 0° C., mercury is 10517.3 times as heavy as air: hence 


we have 
t= 0".76 «* 10517.8 — 7998".15 


For a we shall here use the mean radius of the earth, since we 
have supposed the earth to be spherical, or 


a = 6366738 metres 
which gives 


ks = 0.00125545 (167) 
Substituting these values in (166), we find, after dividing by 
sin 1’’ to reduce to seconds, 

r, == 1824” — 80’ 24” 


But, according to ARGELANDER’S observations, we should have 
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for Barom. 0”.76 and Therm. 0°C., r,== 387’ 31”; and the hypothesis 
therefore gives the horizontal refraction too small by more than 7’. 


111. The hypothesis can be tested further by examining 
whether it represents the law of decreasing temperatures for 
increasing heights in the atmosphere. In the first place, we 
observe that in this hypothesis the densities of the strata of the atmo- 
sphere decrease in arithmetical progression when the altitudes increast 
in arithmetical progression. For, since z is very small in compari- 
son with a, we have very nearly 


2 
& 


and hence 


or, by (165), . 
n= 21(1—~ >) (168) 


which shows that equal increments of x correspond to equal 
decrements of 0. 

This last equation also gives for the upper limit of the atmo- 
sphere, where 0d = 0, x= 21; that is, in this hypothesis the height of 
the atmosphere is double that of a homogeneous atmosphere of the same 
pressure. 

Again, we have, by (164), (165), and (168), 

po, 8 x 


ar Sean ay oy 


76, 


The function —* expresses the law of heat of the strata of the 


0 
atmosphere. For let zr, be the temperature at the surface of the 


earth, c the temperature at the height z. If the temperature 
were rt, in both cases, we should have 


A 
. => (170) 
0 0 


but when the temperature is changed from t, to t the density is 
diminished in the ratio 1 + ¢ (zr — 1,): 1, « being a constant which 
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is Known trom experiment; so that the true relation between 
the pressures and densities at different temperatures is expressed 
by the known formula 


| ea - 
Rag tee al 


whence 


Beal tert) (171) 


which combined with (169) gives 
x 2le(rs='t) 


and hence equal increments of z correspond to equal decrements 
of cr. Hence, in this hypothesis, the heat of the strata of the atmo- 
sphere decreases as their density in arithmetical progression. The 
value of ¢, according to RupBere and ReGNAvLT, is very nearly 


] . 20 : 
y3° ilence we must ascend to a height =, = 58.6 metres, in 
] 


order to experience a decrease of temperature of 1° C. But, 
according to the observations of Gay Lussac in his celebrated 
balloon ascension at Paris (in the year 1804), the decrease of 
temperature was 40°.25 C. for a height of 6980 metres, or 1° C. 
for 173 metres, so that in the hypothesis under consideration 
the height is altogether too small, or the decrease of temperature 
ig too rapid. This hypothesis, therefore, is not sustained either 
by the observed refraction or by the observed law of the decrease 
of temperature. 


112. Second hypothesis.—Before proposing a new hypothesis, 
let us determine the relation between the height and the density 
of the air at that height, when the atmosphere is assumed to be 
throughout of the same temperature, in which case we should 
have the condition (170). Resuming the differential equation 
(161), 


a 
dp = g,a6d 
iP = Jo ee 


put 


a 
a — § 
ear 
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in which s is a new variable very nearly proportional tox, We 
then have 
dp = — g,aéds 


which with the supposition (170) gives 


dp _ __ 9% tds 
P Po 


Integrating, 
log p = — Jove as +C 
Po 


in which the logarithm is Napierian. The constant being 
determined so that p becomes p, when s = 0, we have 


log P = C 
and therefore : 
8 as 
log 2 — — 2% a, — © 
g D i 


where / has the value (163). Ilence, e being the Napierian base, 
(172) 


which is the expression of the law of decreasing densities upon 
the supposition of a uniform temperature. In our first hypo- 
thesis the temperatures decrease, but nevertheless too rapidly. 
We must, then, frame an hypothesis between that and the hypothesis of 
a uniform temperature. 
Now, in our first hypothesis we have by (169), within terms 
involving the second and higher powers of s, 
Pees 


Doh Zl 
and in the hypothesis of a uniform temperature, 


Po 
Po? 


The srithmetical mean between these would be 


P% __ as 
Py ast, 
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but, as we have no reason for assuming exactly the arithmetical 
mean, BESSEL proposes to take 


Beg Fa1-S +5 3() — &e (178) 
Poo 


h being a new constant fo be determined so as to satisfy the observed 
refractions. This equation, which we shall adopt as our seconu 
hypothesis, expresses the assumed law of decreasing tempe- 
ratures, since, by (171), it amounts to assuming 


as 


l+e(r—r,) =e kh (174) 


and it follows that in this hypothesis the temperatures will not 
decrease in arithmetical progression with increasing heights, 
though they will do so very nearly for the smaller values of s, 
that is, near the earth’s surface. 

Now, combining the supposition (178) with the equation 


dp = — g adds 
we have 
as 
a Goro! ds =~ Lek ae 
P Po l 
Integrating and determining the constant so that for s = 0, p 
becomes p,, we have 


1 = 
P a 7 (e*—1) 


— 


Po 
which with (178) gives* 


as 
h 7 as 
o= dy et (er —1)+F 


Inasmuch as the law of the densities thus expressed is still 
hypothetical, we may simplify the exponent of e. For if A is 
much greater than / (as is afterwards shown), we may in this ex- 


ae 


ponent put e* —1 == o and we shall have as the expression 


of our hypothesis 


as , ag h—l as 


— Oo et l Th A = == iy ee. A a (175) 


ead 


* Besser. Fundamenta Astronomia, p. 28, 
Vou, T.--10 
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By comparing this with (172), we see that this new hypothesis 
differs from that of a uniform temperature by the correction ~ 


h 
applied to the exponent of e. 
Putting, for brevity, 
h—la 
we have 
é= de" (177) 


in which # is constant. This expression of the density is to be 
introduced into the differential equation of the refraction (150). 
Now, by (149), in which g = @ + x, we have 


ya, ap, sinz l—~s sin 
ein ja Ho Sime CE — 8) By Binz 
(4+ 2)u fe 
whence 
; sin 7 j eee in 2 
(an 2? = _ __ G—s)sinz 


y (1 — sin’?) | E — (1 — 8)? sin?z 


_ ____ — 8) sinz : 
2 ~ 1 pe Do 2 tm2 
cos’? 2 — i + (2s — s?) sin? 2 
0 


From the equation 2 = 1 + 4/0 we deduce 


and if we introduce as a constant the quantity 


2 kd, 
ee ae 178 
"TE sks, oo) 


(which for Barom. 0".76 and Therm. 0° C. is a = 0.000294211) 


dé 
es 
du ss 2 a 
é 
B 9 en ea 
] yar | ] i, 


We might neglect the square of 4, and consequently, also, that of 


SECOND HYPOTHESIS. 147 


a, with hardly appreciable error, and then this expression would 


dé : 
become simply a =) but for greater accuracy we can retain the 
denominator, employing its mean value, as it varies within very 
uarrow limits. For its greatest value, when 6 = 4, is =1, 
and its least value, when 6 = 0, is = 1 — 2a, and the mean 


between these values is 1 — a. Hence we shall take 


In the denominator of the value of tan i we have also to sub- 
stitute 


we, C«dC HCAS, 


—— eee 


ee ee eee =20(1 | 


by 
Therefore, substituting in (150), we have 


. dd 
asin 2 (1 — s) — 


dr —-—— : 


(1 — a) [ cos? z —2a(1 — -)+ (2s — s?) sin? z]' 


or, by (177), 
fi nO 8 AC eh DE 
(1 —a) [costs — 2a (1 — e—*) + (2s —s*) sintz]! 


In the integration of this equation we may change the sign of 
the second member, since our object is only to obtain the 
numerical value of r. It is apparent that if we put 1 for 1—s 
in the numerator of this expression, and also neglect the term 
s?sin?z in the denominator, the error will be almost or quite 
insensible; but, not to reject terms without examination, let us 
develop the ‘expression into series. For this purpose, put the 
radical in the denominator under the form 7’ ¥? — s*sin*z, in 
which 
y = [cos? z —- 2a (1 — e~**) + 25 sin? s}} 

Then . 

' - 1l—s _1l- ‘(1 s? sin? z\—$¢ 
(y—stsintz)h oy VO yt 
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_ 1 Bsy?—s*ain?z 


Hence, restoring the value of y, we have 


af sin ze "ds 


ar = 
(1 — a) [ cos? z — 2a (1 — e~F*) + 28 sin? z}3 


ef sin ze— "sds [cos* 2 -- 20 (1 —e—*) + $s sin’ 2] 
(1 — a) [ cos* z—2a (1 — e~F) +. 28 sin? 2} 
— &. . ‘ ; ; : . (179) 


We -hall hereafter show that the second term of this develop. 
ment is insensible. Confining ourselves for the present to the 
first term, let us, after the method of Lapuace, introduce the new 
variable s‘ such that 


__ ew Bs 
s=s' + eo) (180) 
sin? z 
then this term takes the form 
e — Bx 
dr af sin ze” "ds (181) 


~~ (1 — a) [cos? z + 28’ sin? z}t 


in which we have yet to reduce the numeruvtor to a function of 
the new variable s’.. Now, by Lagrange’s Theorem,* when 


en ee SET Hen eee tee tm 


tee ae 


* See Prirce’s Curves and Functions, Vol. I. Art. 181. For the convenience of 
the reader, however, [ add the following demonstration of this theorem. It is pro- 
posed to develop the function u = fy in a series of ascending powers of z, z and y 
being connected by the equation 


yoxt+ roy 


and the functions fand @ being given. If from this equation y could be found as an 
explicit function of z and substituted in the equation u = fy, the development could 
be effected at once by Maclaurin’s Theorem, according to which we should have 


x? x 
Per DR DPE ge 


where uy, D,%., &c. denote the values of 1 and its successive derivatives when z = 9. 
It is proposed to find the values of the derivatives without recourse to the elimination 
of y, as this elimination is often impracticable. For brevity, put Y = 9y; then the 
derivatives of 

y= t + 2zY 
relatively to 7 and ¢ are 
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S = 8'-+ ags 
we have 


fa = fl + 4 [po Dit] +X, D[(os).Dfe] 


+ py D [oot Di] + be 


in which f and g denote any functions whatever, and D, D*, kc. 
the successive derivatives of the functions to which they are 
prefixed. Hence, by putting 


lee 
fs =e Fs ys = 
sin’ z 
this theorem gives 
D,y = Y + zD,YD,y Dy =1+2D,YD,y 

whence, eliminating z, 

Diy a YD, y 
Multiplying this by Du, it gives 

Diu = YD,« (a) 


The derivative of this equation relatively to ¢ is 
D[D,u] = D,[YD,v) 


This is a general theorem, whatever function u is of y, and consequently, also, what- 
ever function D,u is of y. We may then substitute in it the function }"D,u for D,u, 
und we shall have 

DMD) = DLP" + D,u] (b) 


Now, the successive derivatives of (a) relatively to z are, by the successive appli- 
vation of (6), making 2 = 1, 2, 3, &e., 


D2u =D PD, u] = D,[Y?D,u] 
D3u=D Pal MD, uj = D, LD] 


Dsus D.- aEYep, u] 
But when z = 0, we have y = /, Y = of, and hence 
Uy == ft, Dg = ot. Dft, ... DP tg = D®— I (gt)"Dft] 


where the subscript letter of the D is omitted in the second members as unnecessary, 
since ¢ is now the only variable. These values substituted in Maclaurin’s Theorem 
give Lagrange’s Theorem : 


fy=Sft+ot. Dft 7+ Dl oe). Dft) r +++ De (ge). 1 + &c. 
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a — plese s perk 


— ~~ - D[(L — eT F* ye 8] 


D D{a— e— Bry e~ Be"7 


a” (3 : nos | —B3’\n — Bs’ 
[oo ee ee ee ed 


— &e. (182) 
But we have in the numerator of (181) 


Be Ff ds = — de~* . 


and hence, differentiating (182) and substituting the result in 
(181), we find 


dr== aa i peer D[(l—enF"’) oe 8#" ] 


sin? z 


af sin 2 ds’ {c 
(1 — a) [cos? z + 28’ sin® 23 


a* 
bet D? | eon — Bs’ \2 5 — Ba’ 
ot 1.2sin*tz K . ie ] 
a” : 
ore ee ie acne remem egy ) eens —Bs’\n -— Bs’ 
798. nent: [¢ fs yee ] 
+ &e. \ (183; 


To effect the differentiations expressed in the several terns of 
this series, we take the general expression 


(1 —e ~F)® @ — BF — (— ce —F" 4 1) Be 


n(n —1) 


mere tne penne MO 


e—@— DB __ &e, 


where the upper sign is to be used when v is even, and the lower 
sign when v is odd. Differentiating this times’ successively, 
we have 


De [(l—e— 88’ Ye Fe" | = + anf (n+1)re— + PH _ nm ne— B84 &e.] 
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by means of which, making n=1.2.3... successively, weé 
reduce (188) to the following form : 


pic cjed af sin z ds! {e-*'4 sal ( 2e—2F#’_ e—8#’) 
(1 —a) [cos z + 2s’ sin?z]? sin’ z 
a? /3? — 3B3' eae , ae 4 
22 ; 22 Bs’ __ 93 Pe—2Bs Bs 
ear acs : : ne 
a® £8 ( 43 —4pa! 33 Se — 3B8’ 98 3 —2Bs’ — Ba’ 
TTeBsintzs ° oe ee oy 
+ &c. \ (184) 


We have now to integrate the terms of this series, after having 
multiplied each by the factor without the brackets. The inte- 
grals are to be taken from the surface of the earth, where s=0, 
to the upper limit of the atmosphere; that is, g being the nor- 
mal to any stratum (Art. 108), they are to be taken between the 
limits q == a@ and q=a-+ H, H being the height of the atmo: 
sphere. Now, this height is not known; but since at the upper 
limit the density 1s zero and beyond this limit the ray suffers 
no refraction to infinity, we can without error take the integrals 
between the limits g =a and gq =o, i.e. between s = 0 and 
s==1. But we may make the upper limit of s also equal to in- 


finity. For, by (176), 8 will not differ greatly from o and conse- 


quently will be a very large number, nearly equal to 800, as we 


find from (167); hence for s = 1 we have in (172) d= eee 


(2.718 ..)™ 
which will be sensibly equal to zero, and consequently the same 
as we should find by taking s =o. MHence the integrals may 
be taken between the limits s = 0 and s =o; consequently, 
also, according to (180), between the limits s’ = 0 and s’ = a. 

Now, as every term of the series will be of the form 


po UNS ASO a Oe. (185) 
[cos*z + 2s'sin?z]?  [cot?z + 2s’}! 

multiplied by constants, we have only to integrate this general 
form. Let ¢ be a new variable, such that 


ot 


nB 


cot? z + 2s’ = (186) 
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[2 np 
“F dte® cot? 2 — 28 


the integral of which is to be taken from ¢ = 


then (185) becomes 


(7 cotz—= T (187) 


to t=, which are the limits given by (186) for s’=0 and 
s’= oo. If, therefore, we denote by y (”) a function such that 


JS. dt e~ "= e~F ots 4(”) 
or 
& (n) = ert dte—* (188) 
r 


the integral of (185) will become 


© ds’ sinze—"*" -_. $(n) 
ge a/R 189 
J, [cos? z-++ 28’ sin? z] ure Vn 4 


Substituting this value in (184), making successively n = 1, 2, 3, 
&c., we find the following expression of the refraction: 


—_ hd ¥(1) 


+ 8 [24y(2) — 4(1)] 


sin? z 


+74 [8'v@)—2! 24) +40) 


sin‘ 2 


Fm; (4144) — 8°. 848) + 2'.842)—4(1)] 


+ 7-33 sine 


ies \ (190) 


which, since we have in general 


1—S4 


A 
1 2 
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can also be written as follows :* 


ona ae 
+ af. 28 uate (2) 
oY 28 3 
c= 37 ae 191) 
THe\t re aag oo ® 


5 
4 a BF _ Sok 
+ 733° ain® z © mena) 


+ &e. 


113. The only remaining difficulty is to determine the func. 
tion Yn), (188). In the case of the horizontal refraction, where 
cot z2 == 0 and therefore also 7’ = 0, this function becomes 
independent of (n), and reduces to the well-known integralt 


J- dt e—*t — =v (192) 


* Lapuack, Mécanique Céleste, Vol. IV. p. 186 (Bowpitcn’s Translation); where, 
however, = stands in the place of the more general symbol 8 here employed. This 


furm of the refraction is due to Kramp, Analyse des réfractions astronomiques et ter- 
restres, Strasbourg, 1799. 
t This useful definite integral may be readily obtained as follows. Put & = 


J, dte—tt, Then, since the definite integral is independent of the variable, we 


7] 
also have k =f dve—””, and, multiplying these expressions together, 
0 
af def ” do te SS dt dv e— (t+ ov) 
0 0 
the order of integration being arbitrary ia 


» == tu; whence dv = ¢t du 


(for in integrating, regarding v as variable, ¢ is regarded as constant): thea we have 
i 6] fo] fo 2) i.) 
kh =f f du. dt, te~#(1 + wi) — f du} dt. te— 401 + wu) 
0” 0 0 0 


me 1 i a I 
=f dy. ——____. == § (tan— oo — tan 0) = 


whence 
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where z = 3.1415926.... The expression for the horizontal 
refraction is therefore found at once by putting })/z for y (n) 
in every term of (191), and sin z = 1, namely: 


a Bx 3! 22% e—8a8 
os Sa ‘a ag e (193) 


+ &e. 


For small values of 7, that is, for great zenith distances, we 
inay obtain the value of the integral in (188) by a series of 
ascending powers of 7. We have 


Xe) Qo T 
f dt e~ "=f dt ant dt e—"# (194) 
T 0 1) 


The first integral of the second member is given by (192). The 
second 1s 


Jodte "af at(1 ea . + &e 
0 “J 9 1.2 1.2.8 ? 


o wd « 


i LE 7 1 T" 
——. .——--+ &e. 195 
3 1.2 5 1.2.3 7 uz es 


Another development for the same case is obtained by the suc- 
cessive application of the method of integration by parts, as 
follows :* 


fate" = te" + 2 ftrdte! 


? 2 
Shere = the tt 4 xf thdte~# 


el a NP Rl A ETO Nr Art Sar OE arr se {Seinen 


* By the formula fz dy = zy — J ydz, making always « =e", and dy succes 
vively -= dt, ¢7dt, i4dt, &c. 
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(2 2 t?)? ne 
3.5 3 


— e—e(1 4 = de - + &e. | 


whence, by introducing the limite, 


Jide’ tae (14 24SEC L &e. (196) 


As the denominators increase, these series finally become con- 
vergent for all values of 7’; but they are convenient only for 
small values. 

For the greater values of T a development according to the 
descending powers may be obtained, also by the method of 
integration by parts, as follows:* We have 


— | Varner 1 a 1.3(dt _», 
=~ oo THe td We 
Hence 
Pe Sle in eee Bee tc: 
aT 27% (22%) (24°) 


(197) 


Pa ences fe BAS. nt Wer dt ae 
(2 T?)" n a fart 


The sum of a number of consecutive terms of this series is 
alternately greater and less than the value of the integral. But. 
since the factors of the numerators Increase, the series will at 
last. become divergent for any value of 7. Nevertheless, if we 
stop at any term, the sum of all the remaining terms will be less than 
this term; for if we take the sum of all the terms in the brackets, 
the sum of the remaining terms is 


1.3 an + 
= 1.3.5...Qn a) es at 
nee ‘a fan po © 


* By the formula fz dy = zy —Sfy dz, making always dy = tdte**, and z 


successively =- Z, eRe ( &e. 
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The integral in this expression is evidently less than the product 
of the integral 


f° = 1 
7 t2™+2 °° (2n-+1) 72+! 


multiplied by the greatest value of e—‘‘ between the limits 7 and 
oo , and this greatest value is e~77._ Hence the above remainder 
is always numerically less than 


1.3.5....(2n—1) ev? 


OLE TRF oh et ee. 


Sune eee 
pati [Punts 


+1 


which expression is nothing more than the last term of the series 
(when multiplied by the factor without the brackets), taken with 
a contrary sign. ILence, if we do not continue the summation 
until the terms begin to increase, but stop at some sufliciently 
small term, the error of the result will always be less than this 
term. 

Finally, the integral may be developed in the form of a con- 
tinued fraction, as was shown by HAPLACE: Putting for brevity 


1 
4) =4=55,(1 ich te iia) (198) 


and denoting the successive derivatives of u, relatively to 7’ by 
U,, Us, &c., we have first 
1 1.3 1.3.5 
ae + QT: Ty + &e. (199) 
ur 
u, = 2Tu, —1 (200) 


Differentiating this equation, successively, we have 


u, = 2Tu, + 2u, 
u, = 2Tu, + 44, 
u,= 2Tu, + Gu, 
&e. 
or, in general, 
) Uny1 = 2Tu, + 2nug—1 


n having any value in the series 1.2.3.4... ke. 
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Hence we derive 


Un 7 an 
Un —1 oT Un +1 
Un 
or, putting ‘ 
k= oT (201) 
k\$ 
an (ft 
a Sane _ 2m) (202) 
Wm-t iy (#)! Un +1 : 
2 Un 
By (200) we have 
_L= 
27 — - 
0 
or : 
2Tu, = —— (208) 


But from (202), by making n successively 1, 2, 3, &c., we have 


» (At ky 
7) 4 2?) » &e 
u, (RE Us u, (AE ty y 

: (3) u, : (3) le 
which successively substituted in (208) give 
2Tu, = — 
1+ 
2k 
1+ 

3k 

es 4k 
ie el 

1 + &e. (204) 


This can be employed for all values of 7, but when k exceeds } 
it will be more convenient to employ (195) or (196). 

The successive approximating fractions of (204) are 
1 1 1 + 2k 1 + 5k 1+ 9k-+ 8k 


1 i+k 148% 146k+8R 1410K+ 150 


and, in general, denoting the n” approximating fraction by . 
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A, An + (n — 1) kay —2 


lg. Oya 1) Poeces 


By the preceding methods, then, the function s(n) can be 
computed for any value of 7. A table containing the logarithm 
of this function for all values of ZT from 0 to 10, is given by 
Besse. (Fundamenta Asironomie, pp. 36, 37), being an extension 
of that first constructed by Kramp. By the aid of this table the 
computation of the refraction is greatly facilitated. 


114. Let us now examine the second term of (179.) This term 
will have its greatest value in the horizontal refraction, when 
z= 90°, in which case it reduces to 

a fe BS sls [is- — 2a (1 —- - 7 Fy] 


(1 —~ a) [2s 2a (1 -- JF 


Moreover, the most sensible part of the integral corresponds to 
small values of s, and therefore, since @ 1s also very small, we 
may put 2a (1 — e—8*) = 2as. The integral thas becomes 


___ 98 (3 — tals) +a?) = ~ st dse— 
Fa ay — ag} 


Now we have, by integrating by parts, 


3 — Bs 


ancd hence 
i¢ 0] ] io») 
f s! dse— At - - s—! dse—* 
0 


Putting 8s = z’, this becomes, by (192), 


= 1 
— dx e 7 2F =~ __ 
Bi Yo 2 


A 
wi a! 


Hence the term becomes 


o __a (38 — taf) — +a/3) Vs 
8 (1 — a) 8 (1 —a) (1—a)} 2 
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Taking Brssgt's value of A = 116865.8 toises* = 227775.7 
metres, and the value of / = 7993.15 metres (p. 141), we tind by 
(176) 8 = 768.57. Substituting this and-a@ = 0.000294211 (p. 146), 
the value of the above expression, reduced to seconds of are by 
dividing by sin 1’, is found to be only 0/’.72, which in the hori- 
zontal refraction is insignificant. This term, therefore, can be 
neglected (and consequently also all the subsequent terms), and 
the formula (191) may be regarded as the rigorous expression of 
the refraction. | 


115. In order to compute the refraction by (191), it only.re- 
mains to determine the constants @ and f. The constant a 
might be found from (178) by employing the value of & deter- 
mined by Brot by direct experiment upon the refractive power 
of atmospheric air, but in order that the formula may represent 
as nearly as possible the observed refractions, BEsseL preferred 
to determine both a and £ from observations.f 

Now, a depends upon the density of the air at the place of 
observation, and is, therefore, a function of the pressure and 
temperature; and 2, which involves /, also depends upon the ther- 
mometer, since by the definition of ¢ it must vary with the tem- 
perature. The constants must, then, be determined for some 
assumed normal state of the air, and we must have the means 
of deducing their values for any other given state. Let 


Pp, = the assumed normal pressure, 


Pe rs a temperature, 
p = the observed pressure, 
tse * " temperature, 


6, == the normal density corresponding to p, and t,, 
6 = the density corresponding to p and 7; 


Cn ee aemmmmn cmt cmtce nants tne one peeteame tutte eeenenenee hammond . eee 


* Fundamenta Astronomiz, p. 40. 
+ It should be observed that the assumed expression of the density (177) may 
represent various hypotheses, according to the form given to 3. Thus, if we put 


a 
a= 7 we have the form (172) which expresses the hypothesis of a uniform tem- 


perature. We may therefore readily examine how far that hypothesis is in error in 
the horizontal refraction; for by taking the reciprocal of (167) we have in this case 
8 =: 796.53, and hence with a = 0,000294211 we find, by taking fifteen terms of the 
series (193), 7) == 39’ 54”.6, which corresponds to Barom. 0”. 76, and Therm. 0° C. 
This is, 2’ 23”.5 greater than the value given by ARGELANDER’Ss Observations (p. 141). 
Our first hypothesis gave a result too small by more than 7’, and hence a true hypo- 
thesis must be intermediate between these, as we have already shown from:a con 
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then we have by (171) 


Pi en, 
lte(r—*) p, 


in which ¢ is the coefficient of expansion of atmospheric air, or 
the expansion for 1° of the thermometer. Jf the thermometer is 
Centigrade, we have, according to BessEL,* 


e = 0.0036458 


From (178) it follows that @ is sensibly proportional to the 
density, and hence if we put 


a, == the value of a for the normal density 4,, 
we have, for any given state of the air, 


oy oy iy Us a (205 ) 
eas | +e(t—) po 
in which for p and p, we may use the heights of the barometric 
volumn, provided these heights are reduced to the same tem- 
perature of the mercury and of the scales. 
Again, if 


/ 


l, = the height of a homogencous atmosphere of the temperature 
t,and any given pressure, 


then the height / for the same pressure, when the temperature 
is T, 18 


=1,[1 + e(r —7,)] (206) 


The normal state of the air adopted by Brsset in the determi- 
nation of the constants, so as to represent BRADLEY’s observa- 
tions, made at the Greenwich Observatory in the years 1750- 
1762, was a mean state corresponding to the barometer 29.6 
inches, and thermometer 50° Fahrenheit = 10° Centigrade; and 
tor this state he found 


a, = 0.000278953 


aa Temas ora See SS 


Saal EaaanEEEaE REE EReinadneaeneenandndnanhdnneaenedanemnadnenindnetemaen tannin aenemmemree nemmmmeenmmnmesmenmamnenmemendamnenemneemnenmmmenmmnemmetnennaanted 


sideration of the ldw of temperatures. At the same time, we see that the hypothesis 
of a uniform temperature is nearer to the truth than the first hypothesis, and we are 
so far justified in adhering to the form 6 =: d,e- 4 with the modification of substi- 
tuting a corrected value of 3G. 

* This value, determined by Besset, from the observations of stars, differs slightly 
from the value x4, more recently determinea by Runsexa and Reenavtr by direct 
experiments upon the refractive power of tlie air. 
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or, dividing by sin 1”, 
a, == 57.588 


and 
; h = 116865.8 toises = 227775.7 metres. 


For the constant /, at the normal temperature 50° F., Besse. 


employed 
l, = 4226.05 toises = 8236.73 metres.* 


Since the strata of the atmosphere are supposed to be parallel tc 
the earth’s surface, Besse, employed for a the radius of curva. 
ture of the meridian tor the latitude of Greenwich (the observa- 
tions of Bradley being taken in the meridian), and, in accordance 
with the compression of the earth assumed at the time when 
this investigation was made, he took 


a = 6372970 metres. 
llence we have 


h—l, a 
— -- 45. 4 
=p = 6.147 


These values of a, and f, being substituted for a and £ in 
(193), the horizontal refraction is found to be only about 1/ too 
great, which is hardly greater than the probable error of the 
observed horizontal refraction. At zenith distances less than 
85°, however, BEsSEL afterwards found that the refraction com- 
puted with these values of the constants required to be multi- 
plied by the factor 1.003282 in order to represent the Konigsberg 
observations. 


116. By the preceding formule, then, the values of the con- 
stants @ aud 8 can be found for any state of the air, as given by 
the barometer and thermometer at the place of observation, and 
then the true refraction might be directly computed by (191). 
But, as this computation would be too troublesome in practice, 
the mean refraction is computed for the assumed normal values 
of a and £, and given in the refraction tables. From this mean 


eee me Sean! + + = ae a or ary 


a mene pret 


* According to the later determination of Reanautt which we have used on p. 143, 
we should have /, = 8286.1 metres. The difference does not affect the value of 
Brssru’s tables, which are constructed to represent actual observations. 

Vou. Lell 
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refraction we must deduce the true refraction in any case by 
applying proper corrections depending upon the observed state 
of the barometer and thermometer. For tacility of logarithmic 
computation, BEssEL adopted the form 


aE) ligsecot on) 


in which 7, is the tabular refraction corresponding to p, and t,, 
and ris the refraction corresponding to the observed p and t. 
Let us see what interpretation must be given to the exponents 
A anda. Ifthe pressure remained p,, the refraction correspond- 
ing to the temperature z would be 


aon 


nt oan) t + &e. 


or, with sufficient precision, 


In like manner, if the temperature were constant, and the pres- 
sure 1s increased by the quantity p —- p,, the retraction would 


become nearly 
1 dr 
nit o- ip P P— Py) ) 
0 


Ilence, when both pressure and temperature vary, we shall have, 
very nearly, 


dr 1 dr 
ran{iti-Zo-m}bx{i+o-Zo—w} evs 


— Po 
Po 


Now, putting - in (207) under the form 1 -+ 7 , and develop- 


ing by the binomial theorem, we have 
A 
pedi aaa dae aaa \ x {1—te (4) + be} 


Therefore, neglecting the smaller terms, we must have 


T, dp er, dt 
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to determine which we are now to find the derivatives of (191) 
relatively top and z. Put 


= ae (216) 
Sin’ < 
and g, = (1), 9, == 2441(2), 9, = 344(3), &e., or in general 
jie: i y(n) (211) 


then, if we also put 


Fa 
QO=xre~"q,+ uy e784, eee Ta a as &e. (212) 
the foeniala (191) becomes 
5} 
es bards in? - = ' 213 
(1 — a) r= sin Ni Q (213) 


i which, since the variations of ; _ - in (191) are sensibly the 


same as those of a, we may regard 1 —a@ as constant. Differen- 
tiating this, observing that Q varies with both p and z, while £ 
varies only with 7, we have 


dr, 2 4Q 
(Ge) 5 = sinte fi 7p 
i : 10 a (214) 
eee 
a i aa 234 (he “59° a | 


In differentiating Q, it will be convenient to regard it as a func- 
‘ion of the two variables z and f, the quantities g,, ¢,, &c. vary- 
ng only with 8. We have, since # does not vary with p, 


dQ _ dQ dx (215) 


dp dx dp 


and since both x and 3 vary with r, 


qQ@_4Q dx | dQ. 48 (216) 


i 


dr dx dt dg dt 


From (212) we find 
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d l1—v 
of —= @' (217) 
in which 
, z x po a — 37 
Q a ee i+ zo? 2q, + 1.2.8 : 3g, + &e. (218) 
Also, 
Q =e aq, x — 2 dq, 4 
wee eed ae om eS 219 
ap da ' 12 ae + * ee 


in which we have generally, by (211), 


dq, mat dyn) dT 
dp aT dp 


But by (200), in which uv, = a(n), we have 


ze=t ay : an} 
—2?Tq — 2 
n at qd, n 
and by (187) 
dT T 
dp 2B 
whence 
In—1! 
94, = LS q, L n 3 
dp 8 28 
cot? z cot 2 


Substituting the values of this expression for n = 1, 2, 8, &c. in 
(219), we have 


dQ cot?z 
dp 2 


— mg er r 
(were at ny em Os + Ge te t be) 
ies ( x e7* ob went 2 yr a el, 
2Y22 ‘ 3 
The first series in this expression == @. The second, whe 
e-*,e-, &, are developed in series, becomes 


x 
— © 


a+ xt 4+ 2 + &e. = 5 
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and hence 

dQ cot?z cot 2 x 

eae Sh ee (a Seg 220° 
dp ee 2yY2f l—ex oo 


We have, further, from (210) and the values of a, J, and @ in the 
preceding article, 


dy da =o @ x 

dp a dp a p p 

dp dj al a } h 
i a le 
da _ F 

dr ss 

dx x do a df Ese: 

dta dt 2 dt h—l 


Substituting these values in (215) and (216), and then substituting 
in (214), we find* 


ON tig ry , l—2x 
(1 ~~ Vig = Sin’? 3° @ ° Dp 
eo 0) 9) erent 
(lies oF = -—esin?z Vee ‘Geni’ — x)+ aay ot | 
a/ cot 2 th 
pom De, 
te{ ayn 4 Ve ba (221) 


These formule are to be computed with the normal values of a, 
2, r, l, and p, and for the different zenith distances, after which 
A and 4 are eomputed by (209). The values of A and 2 thus 


found are given in Table I. 


117. Finally, in tabulating the formula (207), BEsseL puts 


rT, == a tan z (222) 
p 1 
=f y= 

Po 1 +e (t cs T)) 


(where a and # no longer nave the same signification as in the 
preceding articles). 


* BessEL, Fundamenta Astronomia, p. 24. 
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The true refraction then takes the form 


r= af4y tan z (228) 


The quantity here denoted by £ is the ratio of the observed and 
normal heights of the barometer, both being reduced to the same 
temperature of the mercury and of their scales. First, to correct 
for the temperature of the seale, let 6, 6, ov 6 denote the ob- 
served reading of the barometer scale according as it is graduated 
in Paris lines, English inches, or French metres. The standard 
temperatures of the Paris line is 18° Réeaumur, of the English inch 
62° Fahrenheit, and of the French metre 0° Centigrade; that is, 
the graduations of the several scales indicate true heights only 
when the attached thermometers indicate these temperatures 
respectively. The expansion of brass from the freezing point to 
the boiling point is .0018782 of its length at the freezing point. 
If then the reading of the attached thermometer is denoted 
either by 7”, f’, or c’, according as it is Reaumur’s, Fahrenheit’s, 
or the Centigrade, the true height observed will be (putting s = 
0.0018782) 


Daa SU — 32) 1+ oe’ 
a 80! soe T yg U oi, ee 7 
8 
142.18 14. 30 
or 
0 en i joes Se ays AE og 
80 ++ 18s 180 +. 80s 100 


where the multipliers 1 -+ ane &e. evidently reduce the reading 
to what it would have been if the observed temperature had been 
that of freezing, and the divisors 1 + rr - 13, &c. further reduce 


these to the respective temperatures of graduation, and conse- 
quently give the true heights. 

This true height of the mercury will be proportional to the 
pressure only when the temperature of the mercury is constant. 
We must, therefore, reduce the height to what it would be if the 
temperature were equal to the adopted normal temperature, which 
is in our table 8° Réaumur= 50° F.= 10° C. Now, mercury 


1 
expands ar of its volume at the freezing point of “water, when 
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its temperature ia raised from that point to the boiling point of 


a1 
water. Hence, putting g = = Pee 
to the normal temperature by multiplying them respectively by 


the factors 


, the above heights will be reduced 


80 + 89 180 + 184 100 + 10g 
80+ ry 180 +(f'—32)q¢ 100+ c’¢ 


The normal height of the barometer adopted by BEssEL was 29.6 
inches of Bradley’s instrument, or 333.28 Paris lines; but it after. 
wards appeared that this instrument gave the heights too small 
by $ a Paris line, so that the normal height in the tables is 333.78 
Paris lines, at the adopted normal temperature of 8° R. Reducing 
this to the standard temperature of the Paris line = 13° R., we 
have 


(225) 


80 + 8s 


po BRR ere 
80 + 13s 


(226) 
In comparing this with the observed heights, the 6 and 6™ must 
be reduced to lines by observing that one English inch = 11.2595 
Paris lines, and one metre = 443.296 Paris lines. Making this 


reduction, the value of 2 = i is found by dividing the product 
0 


of (224) and (225) by (226). The result may then be separated 
into two factors, one of which depends upon the observed height 
of the barometric column, and the other upon the attached ther- 
mometer; so that if we put 


9) 0 80 &q 
~ 333.78 80. + 88 


11.2595 80 4+ 18s 180 + 18q 


— pp. Sees Ae yl ee ea ee 
333.78 80+ 8s 180 + 30s 
__ yn) , 48.296 80 4 188 100 + 104 sig 
333.78 80 + 8s 100 
and 
Pisce ee ae 180 + (f' — 82)s _ 100 + c's 


SQ 4-r's 180 -+ (7 — 82)¢ 100 + e'g 
we shall have 3 == B7, or 
log 8 = log B + log T (228) 
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The quantity y would be computed directly under the form 

_ a 

— l+e(r— To) 

if t, were at once the freezing point and the normal temperature 
of the tables; for e is properly the expansion of the air for each 
degree of the thermometer above the freezing point, the density 
of the air at this point being taken as the unit of density. But 


if the normal temperature is denoted by 7,, that of the freezing 
point by z,, the observed by 7, we shall have 


— 1 + e(% — 1) 
a 1+e(rt —7,) 


rv 


r 


an expression which, if we neglect the square of e, will be reduced 
to the above more simple one by dividing the numerator and 
denominator by 1+ e(z,—1,). Besse adopted for zr, the value 
50° F. by BrapDLEy’s thermometer; but as this thermometer was 
found to give 1°.25 too much, the normal value of the tables is 
t, == 48°.75 F. Hence, if r, f, or ¢c denote the temperature indi- 
cated by the external thermometer, according as it is Réaumur, 
“ahr., or Cent., we have* 


__ 180 + 16.75 x 0.36438 ' 
«180 + 2r x 0.86438 


__ 180 + 16.75 x 0.36438 
~ 180 + (f — 82) x 0.36438 (229) 


_ 180 + 16.75 x 0.36488 
~ 180 + 8c X 0.36438 


The tables constructed according to these formule give the 
values of log B, log 7, and log 7, with the arguments barometer, 
attached thermometer, and external thermometer respectively, 
and the computation of the true refraction is rendered extremely. 
simple. An example has already been given in Art. 107. 


118. In the preceding discussion we have omitted any con- 
sideration of the hygrometric state of the atmosphere. The 


ae? Ene et 


* Tabule Regiomontans, p. LXII. 
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refractive power of aqueous vapor is greater than that of at- 
mospheric air of the same density, but under the same pressure 
its donsity is less than that of air; and Lapiace has shown that 
“the greater refractive power of vapor is in a great degree com- 
pensated by its diminished density.’’* 


119. Refraction table with the argument true zenith distance. —W hen 
the true zenith distance ¢ is given, we may still find the refrac- 
tion from the usual tables, or Col. A of Table II., where the 
apparent zenith distance z is the argument, by successive ap- 
proximations. For, entering the table with ¢ instead of z, we 
shall obtain an approximate value of r, which, subtracted from ¢, 
will give an approximate value of z; with this a more exact 
value of r can be found, and a second value of z, and so on, until 
the computed values of r and z exactly satisfy the equation z= 
¢- r. But it is more convenient to obtain the refraction directly 
with the argument ¢. For this purpose Col. B of Table II. gives 
the quantities a’, A’, 4’, which are entirely analogous to thea, A, 
and A, so that the refraction is computed under the form 


r==a B4’y* tan € (230) 


where 3 and 7 have the same values as before. 

The values of a’, A’, and 4’ are deduced from those of a, A, 
and A after the latter have been tabulated. They are to be so 
determined as to satisfy the equations 


aj‘4y tanz =: a! P4’y* tan € (281) 
=f — a B4’y* tan & (232) 


and this for any values of 8 and ;. Let (z) denote the value of z 
which corresponds to £ when 3=1, 7 =:1; that is, when the 
refraction is at its mean tabular value. The value of (z) may be 
found by successive approximations from Col. A.,as above ex- 
plained. Let (a), (A), (A), and (r) denote the corresponding 
values of a, A, A,r. We have 


(r) = (a) tan (¢) = a’ tan ¢ 
(2) == § —o’ tan¢é 


whence, by (282), 


ae, to orm ene recente eanmeeaseaac MAES eatin SPL Yeh AiR an Me 


* Méc. Cél. Book X. 
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z= (z) — o' tan (394'7" — 1) 
But, taking Napierian logarithms, we have 
L(BAy*) = ALB + ly 
and hence, e being the Napierian base, 
BA YX = eA Ny — 14 (AIG 4M 1y) + ke. 


where, as # and y differ but little from unity, the higher power 
of A’lB + A’ly may be omitted. Hence 


2 (2) —(r) (4718 + Vly] 
Now, taking the logarithm of (231), we have 
Tia tans) 4+. AlB + Aly = U(o' tan?) + AIA 4 My 


The first member is a function of z, which we may develop as a 
function of (2); for, denoting this first member by fz, and putting 


y= —(r) [ALB $217] 


we have z = (z) + y, and hence 


oe) y + &c., 


f22=F ((2) -- y] =f (2) + (2) 


where we may also neglect the higher powers of y. But since 
F(z) is what fz becomes when z == (2), and consequently A = (A), 
4 == (A), we have 


f (2) =1[(e) tan (2)] + (4) 18 + ( ly 
d df(z) (z) dl[(a) tan (z)] d[(a) tan (2)] 1 a(r) 


coenreen ene —omeamrest Pr 
a Da ASDA a rt PEL cS eed  emepemaioi 


d(z) d (2) ~~ (a)tan(z)d(z)(r) dz) 
Hence we have 
= I[(e) tan (2)] + (A) 18 +) by = SB [ale + 27) 
=l[a’taun*?] + A’IP + aly 


or, since (a@) tun (2) = a’ tan £, 
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d(r) ; ee (r) 
ay 14 55 bis 4 aft To por = (ALA + Wr 
Since this is to be satisfied for indeterminate values of f and 7, 
the coefficients of (3 and ly in the two members must be equal; 
und therctore 
»_ (A) : 
A! === d(r) 


l+ 5 


y 
7 ar) (283) 
d(z) 


and also 


tan (2) 
tan ¢ 


a == (a) 


All the quantities in the second members of these formule may 
be found from Column A of Table I1., and thus Column B may 
be tormed.* 
If we put 
k’ prio a Ayr’ 


we shall now find the refraction under the form 


rW—k'tan’ 


120. To find the refraction of a star in right ascension and deeli- 
nation. 

The declination dé and hour angle ¢ of the star being given, 
together with the latitude g of the place of observation, we first 
compute the true zenith distance % and the parallactic angle q¢ 
by (20). The refraction will be expressed under the form 


r=k'tan’ 
in which 
| ad — a, BA’ yr’ 


The latitude and azimuth being here constant (since refrac- 
tion acts only in the vertical circle), we have from (50), by put- 


* See also Besser, Astronomische Untersuchunyen, Vol I p 159 


172 REFRACTION, 


ting dp=0,dA=0,de--r ik’ tan 2, dt = — da, (a = star's 
right ascension), 
ee ¥ 
dé = sel > COB g (284) 
cos éda =. — k’ tan & sin q 


which are readily computed, since the logarithms of tan ¢ cos 4 
and tan £ sin g will already have been found in computing ¢ by 
20). The value of log &’ will be found from Table II. Column 
B, with the argument ¢. 

The values of dd and da thus found are those which are to be 
algebraically added to the apparent declination and right ascen- 
sion to free them from the eftect of refraction. 

The mean value of k’ is about 57’, which may be employed 
when a very precise result is not required. 
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121. The dip of the horizon is the angle of depression of the 
visible sea horizon below the true horizon, arising from the ele- 
vation of the eye of the observer above the level of the sea. 

Let CZ, Fig. 17, be the vertical line of an observer at A, 

whose height above the level of the 
meets seais AB. The plane of the true ho- 
rizon of the observer at A is a plane 
at right angles to the vertical line 
(Art. 3). Let a vertical plane be 
passed through CZ, and let BTD be 
the intersection of this plane with the 
earth’s surface regarded as a sphere, 
Aff its intersection with the horizon- 
tal plane. Draw ATH’ in this plane, 
tangent to the circular section of the 
earth at 7. Disregarding for the pre- 
sent the effect of the atmosphere, 7’ will 
be the most distant point of the surface visible from A. If we 
uow conceive the vertical plane to revolve about CZ as an axis, 
AH will generate the plane of the celestial horizon, while A’ 
will generate the surface of a cone touching the earth in the 
small circle called the visible horizon; and the angle HAT’ 
will be the dip of the horizon. 


D 
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122. To find the dip of the horizon, neglecting the atmospheric refrac- 
tion. Let 


uv == the height of the eye = AB, 
a =the radius of the earth, 
D = the dip of the horizon. 


We have in the triangle CA7, ACT = HAH’ = D, and hence 


AT 
pas 
o OT 


By geometry, we have 


AT=VAB X AD=V2(2a+2) 
whence 
> picts “ Dm {a \? 
tan D _V2ar + a a = = V224(=) 
a a a 
As x 1s always very small compared with a, the square of the 
fraction ‘- is altogether inappreciable: so that we may take 


simply 


tan D = Ppl (235) 


123. To find the dip of the horizon, having regard to the atmospheric 
refraction. 

The curved path of a ray of light from the point 7, Fig. 18, 
to the eye at A, is the same as that 


of a ray from A to 7; and this is a 

portion of the whole path of a | 

ray (as from a star S) which passes 8 
through the point A, and is tangent , 

to the earth’s surface at 7. The B 


direction in which the observer at a’ % 

A sees the point 7' is that of the 

tangent to the curved path at A, or 

AH’: the true dip is therefore the ‘J 

ungle HAH’, and is less than that found in the preceding article. 
It is also evident that the most distant visible point of the earth's 
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surface is more remote from the observer than it would be if 
the earth had no atmosphere. 

Now, recurring to the investigation of the refraction in Art. 
108, we observe that the angle HAH’ is the complement of 
the angle of incidence of the ray at the point A, there denoted 
by i; and it was there shown that if q, #, and 7 are respectively 
the normal, the index of refraction, and the angle of incidence 
for a point elevated above the earth’s surface, while a, 4, and z 
are the same quantities at the surface, we have 


gu sini = a py Bin Z 
But in the present case we have z = 90°; and hence, putting — 


D’ = the true dip = 90° — 2 


q =a+e 
we have 
. a x \~7! 
sin i= cos D's," _ = (1 4 2) 
eh aterx pt a 


Developing and neglecting the square of = as before, 


COs p= *(1—=| (236) 
fe a 


which would suffice to determine D’ when yp, and p have been 
obtained from the observed densities of the air at the observer 
and at the level of the sea. But, as D’ 1s small, it is more con- 
venient to determine it from its sine; and we may also intro- 
duce the density of the air directly into the formula by putting 
(Art. 110), 


Ce ceeaemenenem emeeeenec aed 


Halt 4ko, 
ow N1+ 4k 


Substituting the value of a from (178), namely, 


2k dy 
—(60aRnmanaU=e—mnmn" 
1 + 4k, 


we may give this the form 
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le _ ——— |? 
fe 1—24(1—5) 


=f{i-ma— lo! 


bo 


which, by neglecting the square of the second term, gives, 
js 0) 


x 3 
Hence, still neglecting the higher powers of @ and 7 38 weil ad 


their product, we have 


sin D=yT— ee D =,|{-?—20(1—-5)} (237) 


which agrees with the formula given by Lapuace, Méc Ca. 
Book X. 

For an altitude of a few feet, the difference of pressure will 
not sensibly affect the value of D’, and may be disregarded, 
especially since a very precise determination of the dip is not 
possible unless we know the density of the air ai the visible hori- 
zon, Which cannot usually be observed. We may, however, 
assume the temperature of the water to be that of the lowest 
stratum of the air, and, denoting this by z,, while z denotes the 
temperature of the air at the height of the eye, we have [mak- 
Ing p = p, in (171)], approximately, 


= 1 
ae er ae == 1—e(t — t%) 
in which for Fahrenheit’s thermometer ¢ = 0.002024. ITLence 
$ 
Sa fiz{1—s —ae(t —- “=) } 
nee Tous eee) \ 
\ sin? D 


where D is the dip, computed by (285), when the refraction is 
neglected, the sine of so small an angle being put for its tan- 
gent. If we substitute the values a = 00027895, sin D = 
D sin 1’, and ¢ = 0.002024, this formula becomes 
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240? —_ * 
P2Vpa2 2s Ss) 
D 
in which D is in seconds. If D is expressed in minutes in the 
last term, it will be sufficiently accurate to take 


b' -- D —400 x —— (288) 


This will give D’ = D when <¢ == 1, as it should do, since in 
that case the atmosphere is supposed to be of uniform density 
from the level of the sea to the height of the observer. If 
7 < ty, we have D’ > D. In extreme cases, where rz is much 
greater than z,, we may have D’ < 0, or negative, and the visible 
horizon will appear above the Jevel of the eye, a phenomenon 
oveasionally observed. I know of no observations sufliciently 
precise to determine whether this simple formula, deduced fron: 
theoretical considerations, accurately represents the observed 


dip in every case. 


124. If, however, we wish to compute the value of D’ for a 
mean state of the atmosphere without reference to the actually 
observed temperatures, we may proceed as follows: In the equa- 
tion above found, 

ft, a 


cos D’ = —. 
p ateZ 


we may substitute the value 


ers’ 
He a+x 


which is our first hypothesis as to the law of decrease of density 
of the strata of the atmosphere, Art. 109. This hypothesis will 
serve our present purpose, provided n is so determined as to 
represent the actually observed mean horizontal retraction. We 
have, then, 


cos D’ = ] oa Z| a 


° . : ~ 
and developing, neglecting the higher powers of 7? 
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606 Di 2 eet 


n+ 


Mt i 
a 


: a nm 2x4 | ne 
sin D = ye = tan Dy 


| D'=DYV--5 


To determine n, we have by (160), reducing r, to seconds, 


a hh 
= (7, sin 1”)? 


where, for Barom. 0".76, Therm. 10°C., which nearly represent 
the mean state of the atmosphere at the surface of the earth, we 
have 44h0, = 0.00056795, and r, = 34/ 30” (which is about the 
mean of the determinations of the horizontal refraction by dif 
ferent astronomers); and hence we find 


r= 5.639, V4 — VU. = —- UU, 
eri 0.9216 —1 — 0.0784 


D’ = D — .0784D (289) 


The coefficient .0784 agrees very nearly with DELAMBRE’s value 

.07876, which was derived from a large number of observations 

upon the terrestrial refraction at different seasons of the year 
To compute D’ directly, we have 


096 12 Ve 
sin 1” a 


If x is in feet, we must take a in feet. Taking the mean value 
a == 20888625 feet, and reducing the constant coefficient of 4/z, 
we have | 

D! = 58".82 j/a in foot. (240) 


Table XI., Vol. U., is computed by this formula. 
Von. I.—12 
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125. To find the distance of the sea horizon, and the distance of an 
object of known height just visible in the horizon.—The small portion 
TA, Fig. 19, of the curved path of a ray of 
light, may be regarded as the arc of a circle; 
and then the refraction elevates A as seen 
from 7 as much as it elevates 7’ as seen 
from A. Drawing the tangent 7'P, the ob- 
server at T would see the point A at P; 
and if the chord 7'A were drawn, the angle 
PTA would be the refraction of A. This 
refraction, being the same as that of 7' as 
seen from A, is, by (239), equal to .0784.D. In the triangle 
TPA, TAP is so nearly a right angle (with the small elevations 
of the eye here considered) that if we put 


Fig. 19. 


t=] AP 
we may take as a sufficient approximation 
“L,= TA X tan PTA =a tanD X .0784 tan D 
But we have a tan? _D == 27, and hence 


XL, == .1568 2 
Putting 
d = the distance of the sea horizon, 
we have 


PT = /(2CB + PB) x PB 
or, nearly, : 
d=V2a(r+2,) = /2.8186 ax 


If x is given in feet, we shall find d in statute miles by dividing 


this value by 5280. Taking a as in the preceding article, we 
find 


V231864 4 iy 
5280 
and, therefore, 
d (in statute miles) = 1.317 1/2 in feet (241) 


If an observer at A’ at the height A’B’ = 2’ sees the object 
A, whose height is z, in the horizon, he must be in the curve de. 
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scribed by the ray from A which touches the earth’s surface at 
T. The distance of A’ from 7 will be = 1.817 /z’, and hence 


the whole distance from A to A’ will be = 1.817 (Vz+V 7’). 
The above is a rather rough approximation, but yet quite as 
accurate as the nature of the problem requires; for the anoma- 
lous variations of the horizontal refraction produce greater 
errors than those resulting from the formula. By means of this 
formula the navigator approaching the land may take advantage 
of the first appearance of a mountain of known height, to deter- 
mine the position of the ship. For this purpose the formula 
(241) is tabulated with the argument “height of the object or 
eye;’’ and the sum of the two distances given in the table, cor- 
responding to the height of the object and of the eye respect- 
ively, is the required distance of the object from the observer. 


126. To find the dip of the sea at a given distance from the observer. 
—By the dip of the sea is here understood the apparent depres- 
sion of any point of the surface of the water nearer than the 
visible horizon. Let 7, Fig. 20, be such a 
point, and A the position of the observer. % 
Let 7A’ be a ray of light from 7, tangent , 
to the earth’s surface at 7, meeting the ver- TT ——: 
tical line of the observer in A’. Put 


Fig. 20. 


D" = the dip of T as seen from A, 


d=: the distance of 7’ in statute miles, 
x == the height of the observer's eye in feet = AB, 
x! = A’B. 


We have, by (241), 
e pitas ) 
a 1.317 
and the dip of 7, as seen from A’, is, therefore, by (240), 
= §8".82 y/x" = 44.66 d. 


Now, supposing the chords 7A, 7A’ to be drawn, the dip of 7 
at A exceeds that at A’ by the angle A7’A’, very nearly; and 
we have nearly 
angle 4 7A! = ce ima 


TA’ sin 1” 5280 d sin 1” 
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whence 


, . are. 
D" = 44".66 d +--——____—__ 
5280 d sin 1” 


Substituting the value of x’ in terms of d, 


D” = 22”.14d + 39".07 7 (x being in feet and d in statute 
¢ 
miles). (242) 


If d is given in sea miles, we find, by exchanging d for —d, 


D" == 25.65 d + 33”.73 = (2 being in feet and d in sea 
miles). (243, 


The value of D” is given in nautical works in a small table 
with the arguments ry and d. The formula (248) is very nearly 
the same as that adopted by Bownrrcu in the Practical Navigator. 


127. At sea the altitude of a star is obtained by measuring its 
angular distance above the visible horizon, which generally 
appears as a well-defined line. The observed altitude then 
exceeds the apparent altitude by the dip, remembering that by 
apparent altitude we mean the altitude referred to the true 
horizon, or the complement of the apparent zenith distance. 
Thus, h’ being the observed altitude, A the apparent altitude, 


A=h’— DI’ 


or, when the star has been referred to a point nearer than the 
visible horizon, 


h=h’ — D” 


SEMIDIAMETERS OF CELESTIAL BODIES. 


128. In order to obtain by observation the position of the 
centre of a celestial body which has a well-defined disc, we 
observe the position of some point of the limb and deduce that 
of the centre by a suitable application of the angular semi- 
diameter of the body. 

I shall here consider only the case of a spherical body. The 
apparent outline of a planet, whether spherical or spheroidal, 
and whether fully or partially illuminated by the sun, will be 
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iliscussed in connection with the theory of occultations in 
Chapter X. 

The angular semidiameter of a spherical body is the angle 
subtended at the place of observation by the radius of the disc. 
I shall here call it simply the semidiameter, and distinguish the 
linear semidiameter as the radius. 

Let O, Fig. 21, be the centre of Fig. 21. 
the earth, A the position of an ob- 
server on its surface, M the centre » 
of the observed body; OB, AB’, 
tangents to its surface, drawn from 
O and A. The triangle OBM re- 
volved about OV as an axis will de- 
scribe a cone touching the spherical A 
body in the small circle described 
by the point B, and this circle 1s the 
dise whose angular. semidiameter at 


Ois MOB. Put 


S = the geocentric semidiameter, WOB, 
S’ = the apparent semidiameter, WA B’, 
J, J’ = the distances of the centre of the body from the centre of 
the earth and the place of observation respectively, 
a = the equatorial radius of the earth, 
@ = the radius of the body, 


then the right triangles OMB, AMB’ give 


, , 
sin S = = sin gee (244) 
J rd 
But if 
x == the equatorial horizontal parallax of the body, 
we have, Art. 89, 
a 
sn z= — 
iJ 
and hence 
: a’, ey jd. 
sin S = — sinz sin S' — — sin § (245) 
a J’ 
or, With sufficient precision in most cases, 


S=—1: Gia (246) 
a a’ 
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The geocentric semidiameter and the horizontal parallax have 


a’ 
therefore a constant ratio == = For the moon, we have 


/, 


= 0.272956 (247) 
a 


as derived from the Greenwich observations and adopted by 
Hansen (Tables de la Tune, yp. 39). 

If the body is in the horizon of the observer, its distance from 
him is nearly the same as from the centre of the earth, and hence 
the geocentric is frequently called the horizontal semidiameter ; 
but this designation is not exact, as the latter is somewhat greater 
than the former. In the case of the moon the difference is 
between 0/’.1 and 0.2. See Table XII. 

If the body is in the zenith, its distance from the observer 1s 
less than its geocentric distance by a radius of the earth, and the 
apparent semidiameter has then its greatest value. 

The apparent semidiameter at a given place on the earth’s 
surface is ai ae by the second equation of (245) or (246), in 


which the value of < — is that found by (104); so that, putting z = 


the true eee zenith distance of the body, ¢’ = the appa- 
rent zenith distance (affected by parallax), A = its azimuth, 
y — g’ the reduction of the latitude, we have, (by (111) and (104), 


y= (e—¢')cosA 
_ wh 
sin S’ = sin S sin (3 — 7) (248) 
sin (s —y) 


129. This last formula is rigorous, but an approximate formula 
for computing the difference S’ — S will sometimes be convenient. 
In (103) we may put 


SC die 2) 
cos y cos 3 (¢’ — £) 


without sensible error in computing the very small difference in 
question; we thus obtain 


< =1— pein x cos Ge +9—7 
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Putting 
: m =p sin x cos [4(2’ + 2)—y] (249) 

we have : 

J 1 

—s i = 1im+m + &e. 

ee) 


and hence, since the third power of m is evidently insensible, 
S’ — S= Sm +- Sm (250) 


which is practically as exact as (248). The value of 2’ required 
in (249) will be found with sufficient accuracy by (114), or 


s'—§ = prsin(t’ — y) 


The quantity S’—S is usually called the augmentation of the 
semidiameter. It is appreciable only in the case of the moon. 


130. If we neglect the compression of the earth, which will 
not involve an error of more than 0’’.05 even for the moon,* we 
may develop (250) as follows. Putting p = 1 and 7 = 0 in (249), 
we may take 


m = sin x cos $ (%’ + 0) 
== sin x cos [£’ — 4 (¢’ — 2)] 
= sin z cos ¢’ + $s8in zsin (f’ — £) sin 
== sin z cos ¢’ + 4 sin’ x sin? 2’ 


which substituted in (250) gives, by neglecting powers of sin x 


above the second, 


S’— S = Ssinzcos ¢’+ $Ssin?z sin? s’+ S sin?x cos?e’ 
= Ssin x cos f’ + ¢Ssin?a + 4S sin?z cos? ¢’ 


But we have 


* The greatest declination of the moon being less than 80°, it can reach great 
altitudes, only in low latitudes, where the compression is less sensible. A rigorous 
investigation of the error produced by neglecting the compression shows that the 
maximum error is less than 0”.06. 
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and if we put 
— < sin 1”, log h = 5.2495 
we have sin z = AS, which substituted above gives the follow- 


ing formula for computing the angmentation of the moon's 
semidiameter: 


S'’ — S = hS*cos 6’ + 3h? S? + 3 hh? S* cos? e’ (251) 


EXAMPLE.—Find the augmentation for ¢’ = 40°, S = 16’ 0” 
== 960”. 


log S? 5.9645 log S* 8.947 Ist term = 127.54 
log A 5.2495 log 4 A? 0.198 2d “« = 0.14 
log cos £' «9.8843 log 2d term 9.145 3d «== «COO. (08 
log Ist term 1.0983 log cos?’ = 9.769 S'— S = 12 .76 


log 3d term 8.914 


The value of S’ — S may be taken directly from Table XII. with 
the atgument apparent altitude = 90° — ¢’. 


131. If the geocentric hour angle (¢) and declination (6) are 
given, we have, by substituting (137) in (245), 


sin (6’ — y) 


sin S’ = sin S ain Gp) 


(252) 


for which y and 0’ are to be determined by (184) and (186), or 
with sufficient accuracy for the present purpose by the formule 


tan ¢’ 
a hao cos t 
Fo 3 — 2zsin ¢’ sin (8 —7) 


sin y 


132. To find the contraction of the vertical semidiameter of the sun 
nr moon produced by atmospheric refraction. 

Since the refraction increases with the zenith distance, the 
refraction for the centre of the sun or the moon will be greater 
than that for the upper limb, and that for the lower limb will be 
vreater than that for the centre. The apparent distance of the 
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limbs is therefore diminished, and the whole disc, instead of 
being circular, presents an oval figure, the vertical diameter of 
which is the least, and the horizontal diameter the greatest. 
The refraction increasing more and more rapidly as the zenith 
distance increases, the lower half of the disc is somewhat more 
contracted than the upper half. 

The contraction of the vertical semidiameter may be found 
directly from the refraction table, by taking the difference of 
the refractions for the centre and the limb. 


EXAMPLE.—The true semidiameter of the moon being 16’ 0”, 
and the apparent zenith distance of the centre 84°, find the con- 
traction of the upper and lower semidiameters in a mean state 
of the atmosphere (Barom. 30 inches, Therm. 50° F.). We tind 
from Table I. 


For apparent zen. dist. of centre, 84° 0’ Refr. —= 8’ 28”.0 

“ approx. a upper limb, 83 44 “« =8 9.4 

“ . ee lower “ 84 16 “¢  6==8 48 1 
Hence, 


Approx. contraction upper semid. = 8’ 28”.0 — 8’ 9.4 = 18.6 
a fe lower “ -==8 48 .1—8 28 0— 20.1 


These results are but approximate, since we have supposed the 
apparent zenith distance of the limb to differ from that of the 
centre by the true semidiameter, whereas they differ only by the 
apparent or contracted semidiameter. Hence we must repeat as 
tollows: 


oP: zen. dist. upper limb == 83° 44’ 18’.6 Refr. == 8’ 9.7 
se lower “ == 84 15 39 .9 “== 8 47.7 


Contraction of upper semid. = 8’ 28”.0 — 8’ 9”.7 = 18".8 
“ lower “ =8 47 .7 —8 28 0='19 .7 


Observations at great zenith distances, where this contraction 
is most sensible, do not usually admit of great precision, on 
account of the imperfect definition of the limbs and the uncer- 
tainty of the refraction itself. It is, therefore, sufficiently exact 
to assume the cor ‘raction of either the upper or lower semi- 
diameter to be equal to the mean of the two. In the above 
example, which offers an extreme case, if we take the mean 
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19’ 0 as the contraction for either semidiameter, the error will 
be only 0’..7, which is quite within the limit of error of observa- 


tions at such zenith distances. 


133. To find the contraction of any inclined semidiameter, produced 
by refraction. 

Let M, Fig. 22, be the apparent place of the sun’s or the 
moon's centre; ACBD, a circle described 
with a radius 7A equal to the true semi- 
diameter, will represent the disc as it would 
appear if the refraction were the same at 
all points of the limb. The point A, how- 
ever, being less refracted than M, will ap- 
pear at A’, P at P’, &.; while B, being 
more refracted than JM, appears at B’. The 
contraction 1s sensible only at great zenith 
distances, where we may assume that AM 
and PP’ EH, small portions of vertical circles drawn through A 
and P, are sensibly parallel. If then we put 


S = the truce vertical semidiameter = AM, 
S,== the contracted vert. semid. == A’M, 
S, == the contracted inclined semid. = IP’, which makes an 
angle q with the vertical circle, 
4S, == the contraction of the vertical semid. = S — 8S, 
AS, =: the contraction of the inclined semid. = S— 8, 


we shall have 


S, cos g = P'E -= the difference of the apparent zenith distances 
of Mand P’, 
S, == the difference of the app. zen. dist. of Mf and A’. 


Now, the difference of the refractions at Jf and A’ is AA’, and 
the difference of the refractions at JZ and P’ is PP’; and, since 
these small differences are nearly proportional to the differences 
of zenith distance, we have 


S,: S, cos q == AA’: PP’ 


y < 
S08 9 
<q 


PP' -- AS, 
S, 
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The small triangle PF’P’ may be regarded as rectilinear and 
right-angled at -’; whence 


FP’ = PP' X cosgq 
or 


If we put S, for S, in the second member, the resulting value of 
48, will never be in error 0’’.2 for zenith distances less than 85° 
and it suflices to take 


48, = 48, cos? q (253) 


This tormula is sufficiently exact for all purposes to which we 
shall have occasion to apply it. 


134. To find the contraction of the horizontal semidiameter.—The 
formula (253) for g = 90° makes the contraction of the hori- 
zontal semidiameter = 0. This results from our having assumed 
that the portions of vertical circles drawn through the several 
points of the limb are parallel, and this assumption de- 
parts most from the truth in the case of the two ver- 
tical circles drawn through the extremities of the 
horizontal diameter. To investigate the error in this 
ease, let ZM, Fig. 28, be the vertical circle drawn 
through the centre of the body, ZM’ that drawn 
through the extremity of the horizontal semidiameter 
MM’. In consequence of the refraction, the points M 
and JM’ appear at Nand N’. If we denote the zenith ¥ 
distanecs of Mand N by ¢ and z, those of M’ and N’ 
yy & and 2’, the refraction ZN may be expressed as a func- 
tion cither of z or of ¢, Art. 107, and we shall have 


Fig. 23. 
Z 


7 
mM 


r=ktanz—k'tane 


where k and k’ are given by the refraction table with the argu- 
ments zand ¢. The zenith distance of the point M’ differs so 
little from that of M that the values of k and k’ will be sensibly 
the same for both points, and we shall have for the refraction 
M'N', 


r'=k tan 2’ = k’ tan ¢° 
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These two equations give 


tan 2 _ tan ¢ 
tan’ tan ¢° 


But if the triangle ZNN’ is right-angled at NV, we have 


cos Z2= en7Z 
tan 2 
and hence, also, 
cos Z = fan ¢ 
tan ¢’ 


Therefore the triangle ZMM' is also right-angled, and it gives 


tanS __ tanS’ 
sin(z+r) sing 


in Which S = MM’ and S’= NN’. Hence 


tan S  sin(z+1r) 


— : == COS Tr sin r cotz 
tan S’ sin 2 zi 


or, very nearly, 

% =1+rsin 1” cotz=1-+ sin 1” 
Hence the contraction of the horizontal semidiameter fa ex- 

pressed by the following formula: 


S— S' = S’k sin 1” 


In the zenith, the mean value of log k is 1.76156; at the zenith 
distance 85°,it is 1.71020. For S’ = 16’, therefore, the contrac- 
tion found by this formula is 0.27 in the zenith, and 0/’.24 for 
85°. Thus, for all zenith distances less than 85° the contraction of 
the horizontal semiutiameter is very nearly constant and equal to one. 
fourth of a second. 

When the body is in the horizon, we have k = rcot z= 0, 
and hence § — S’ == 0, which follows also from the sensible 
parallelism of the vertical circles at the horizon. 
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REDUCTION OF OBSERVED ZENITH DISTANCES TO THE CENTRE OF 
THE EARTH. 


135. It is important to observe a proper order in the applica- 
tion of the several corrections which have been treated of in thir 
chapter. 

The zenith distance of any point of the heavens observed with 
any instrument is generally affected with the index error and 
other instrumental errors. These errors will be treated of in 
the second volume; here we assume that they have been duly 
allowed for, and we shall call “observed” zenith distance that 
which would be obtained with a perfect instrument, and shall 
denote it by z. 

In all cases the first step in the reduction is to find the refrac 
tion r (=af4y* tan z) with the argument z, and then z+ 7 is the 
zenith distance freed from refraction. 

Ist. In the case of a fixed star, 


Se tT 


is at once the required geocentric zen. dist. 

2d. In the case of the moon, the zenith distance observed is 
that of the upper or lower limb. If S is the geocentric and S’ 
the augmented semidiameter found by Art. 128, 129, or 130, 


ese trt J 


is the apparent zenith distance of the moon's centre freed from 
refraction, and affected only by parallax, and, consequently, it is 
that which has been denoted by the same symbol in the discus- 
sion of the parallax. With this, therefore, we compute the 
parallax in zenith distance, ¢’ — ¢, by Art. 95, and then 


C= 6'—(2'— 6) 


is the required geocentric zenith distance of the moon’s centre. 
To compute S’ by (248), (250), or (251), we must first know €'; 
but it will suffice to employ in these formule the approximate 
value f’=z+rts. 
We can, however, avoid the computation of S’, when extreme 
precision is not required, by computing the parallax for the 
zenith distance of the limb. Thus, putting ¢’ = z+ 17, and 


190 REDUCTION OF ZENITH DISTANCES. 


computing C’ — ¢ by Art. 95, the quantity ¢ = t’ — (¢’ — C) is 
the geocentric zenith distance of the limb; and therefore, ap- 
plying the geocentric semidiameter, € + S is the required geo- 
centric zenith distance of the moon's centre. This process 
involves the error of assuming the horizontal parallax for the 
limb to be the same as that for the moon’s centre. It can easily 
be shown, however, that the error in the result will never amount 
to 0’’.2, which in most cases in practice is nnimportant. The 
exact amount will be investigated in the next article. 

8d. In the case of the sun or a planet, when the limb has been 
observed, the process of reduction is, theoretically, the same as 
for the moon; but the parallax is so small that the augmentation 
of the semidiameter is insensible. We therefore take 


feo ztrt8 


and then, computing the parallax by Art. 96, or even by Art. 90, 
© =f!’ — (£/— £) is the truce geocentric zenith distance. 

If a point has been referred to the sea horizon and the 
measured altitude is H, then, D being the dip of the horizon, 
h’ == HE! — Dis properly the observed altitude, and z= 90° — h’ 
the observed zenith distance, with which we proceed as above. 


136. The process above given for reducing the observed zenith 
distance of the moon’s limb to the geocentric zenith distance of 
the moon’s centre, is that which is usually employed; but the 
whole reduction, exclusive of refraction, may be directly and 
rigorously computed as follows. Putting 


¢'’=- z+ r= the apparent zenith distance of the moon’s limb 
corrected for refraction, 
£ == the geocentric zenith distance of the moon’s centre, 


then, S’ being the augmented semidiameter, we must substitute 
c’ + S’ for ¢’ in the formule for parallax, and, by (101), we 
have 


f sin (¢’ + S’) = sin § — p sin = cos (g — ¢’) tany 
f cog (¢' + S’) = cos % — p sin z cos (yg — ¢’) 


Multiplying the first of these by cos ¢’, the second by sin ¢’, and 
subtracting, we have 
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p sin z Cos yg — 9’) 
|, psn x 608 (@ — #1) 
COs x 


+ f sin S’ — — sin Ce — >) sin (f' —y) 


. . A’ Z 
in which f -= z By (245) we have also 


f sin Ss’ == sin S 


and hence the rigorous formula . 


COS — g! : 
) ee) += sin § 
CO 7 


sin (7'— 2) = p sin x sin (%’ — 


for which, however, we may employ with equal accuracy in 
practice 
sin (5' — %) =p sine sin (f’-- ~) = sin 8S (204) 
in which, A being the moon’s azimuth, we have 
—= (¢ — yg’) cos A 


If we put (Art. 128) 


we have sin S==k sin z, and (25+) may be written as follows: 
sin (2’ —- €) = [p sin (2’ -—7) = Aj sin= (255) 


For convenience in computation, however, it will be better to 
make the following transformation. Put 


sin p == p sin x sin (7' — 7) (256) 
then (254) becomes 


sin (¢’— €) = sin p = sin S 
= sin (p = S) + sin p (1 — cos 8S) = sin S (1 — cos p\ 
== sin (p += S) + 2 sin p sin? ¢ S = 2 sin S sin? p 


where the last two terms never amount to 0’’.2, and therefore the 
formula may be considered exact under the form 


ad 


sin (2’ — 7) = sin (p = S) = 4(p = S) sin 1" sin p sin § 


Since (’— ¢ and p= S differ by so small a quantity, there will 
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be no appreciable error in regarding them as proportional te 
their sines; and hence we have 


'— 2% = pF SF 4(p =F S)sinpsin § (257) 


the upper signs being used for the upper limb and the lower 
signs tor the lower limb. 

In this formula, p is the parallax computed for the zenith: 
distance of the limb, and the small term 3(p = S)sin p sin S may 
be regarded as the correction tor the error of assuming the 
parallax of the limb to be the same as that of the centre. 


KXAMPLE.—In latitude g = 38° 59’ N., given the observed zenith 
distance of the moon's lower limb, z = 47° 29’ 58”, the azimuth 
A -- 33° 0’, Barom. 30.25 inches, At. Therm. 65° F., Ext. Therm 
64° F., Eq. hor. par. z = 59’ 10.20; tind the geocentric zenith 
distance of the moon’s centre: 


(‘Table III.) (9 — g’) = 11’ 15" z = 47° 29'58".00 
log (0 — 9’) == 2.8293 (Table I.) r= 1 2.27 
log cos A 9.9236 C'= 47 31 0.27 
log y 2.7529 y= 926. 
(Table III.) log p 9.999428 Cf—y = 47 2134. 
log sin + 8.235806 ‘ 
log sin (’ — y) 9.866652 
log sin p 8.101886 p= 48 28.09 
log sin 7 8.235806 S= 16 9.00 
(Art. 128) log (0.272956) 9.436093 p+S-== 59 87.09 
log sin S 7.671899  }(p + S)sin p sin S= 0.11 
log sin p sin S 5.7739 cy—C — 59 87 .20 
log (p + 8) 3.55385 
log 4 9.6990) C == 46° 81’ 23”.07 


log $(~ + S) sin p sin S 9.0264 


It is hardly necessary to observe that if the geocentric zenith 
distance of the centre of the moon or other body is given, the 
apparent zenith distance of the limb affected by parallax -and 
refraction will be deduced by reversing the order of the steps 
above explained. 

If altitudes are given, we may employ altitudes throughout 
the computation, putting everywhere 90° — h, &c. for z, &c., and 
making the necessary obvious moditications in the formule. 


TIME BY OBSERVATIONS. 193 


CHAPTER V. 
FINDING THE TIME BY ASTRONOMICAL OBSERVATIONS. 


187. Wes have seen, Art. 55, that the local time at any place 
is readily found when the hour angle of any known heavenly 
body is given. This hour angle is obtained by observation, but, 
a direct measure of it being in general impracticable, we must 
have recourse to observations from which it can be deduced. 

The observer is supposed to be provided with a clock, chro- 
nometer, or watch, which is required to show the time, mean or 
sidereal, either at his own or at some assumed meridian, such as 
that of Greenwich. 

The clock correction* is the quantity which must be added alge- 
braically to the time shown by the clock to obtain the correct 
time at the meridian for which the clock is regulated. If we put 


T = the clock time, 
JT’ = the true time, 
AT = the clock correction, 
we have 
Pe 7] + aT 
or AT = T'— T (258) 


and the clock correction will be positive or negative, according as 
the clock is slow or fust. It is generally the immediate object of 
an observation for time to determine this correction. At the 
instant of the observation, the time 7’ is noted by the clock, 
and if this time agrees with the time 7” computed from the 
observation, the clock is correct; otherwise the clock is in error, 
and its correction is found by the equation aT = T’ — T. 

The clock rate is the daily or hourly increase of the clock cor- 
rection. Thus, if 


a 


* For brevity, I shall use clock to denote any time-keeper, 
Vo.. L—18 
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4T, = the clock correction at a time T,, 

AT — 66 3 rT T, 

é7T = the clock rate ina unit of time, 
we have 


aT=4T, + 6T(T— T) (259) 


where 7 — 7, must be expressed in days, hours, &c., according 
as OT is the rate in one day, one hour, &c. 

When, therefore, the clock correction and rate have been 
found at a certain instant 7), we can deduce the true time from 
the clock indication 7 (or ‘clock face,” as it is often called) 
at any other instant, by the equation 


T=T+ T,4+é6T(T—T) (260) 


If the clock correction has been determined at two different 
times 7, and 7, the rate is inferred by the equation 


AT — aT, 


éT =. 261 


But these equations are to be used only so long as we can 
regard the rate as constant. 

Since such uniformity of rate cannot be assumed for any great 
length of time, even with the best clocks (although the perform- 
ance of some of them is really surprising), it is proper to make 
the interval between the observations for time so small that the 
rate may be taken as constant for that interval. The length of 
the interval will depend upon the character of the clock and the 
degree of accuracy required. 


ExamMpLe.—At noon, May 5, the correction of a mean time 
clock is — 16" 47°.380; at noon, May 12, it is — 16" 13°.50; what is 
the mean time on May 25, when the clock face is 11” 48” 12°.6, 
supposing the rate to be uniform ? 


May 5,corr. = — 16" 47*.30 
“ 12, © =—16 18.50 
Rate in 7 days=: -+ 33.80 


ST =- + 4.829 


Taking, then, as our starting point 7, — May 12, 0*, we have 
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for the interval to JT = May 25, 11* 13” 12°.6, T —- 7, = 184 11' 
18” 12°.6 = 187.467. Hence we have 


AT, = — 16” 18*.50 
sT(T—T,)=+ 1 5.08 
AT=— 15 8.A47 


T = 11418" 124.60 
T’=10 58 4.13 


But in this example the rate is obtained for one true mean 
day, while the unit of the interval 13°.467 is a mean day as 
shown by the clock. The proper interval with which to com- 
pute the rate in this case is 13% 10° 58” 4°.13 = 134457 with 
which we find 


aT. = — 16" 18°50 
TX 18.457 == 4+ 1 4.98 
aT =.— 15 8.52 


T == 11* 13" 12+.60 
T’= 10 58 4.08 


This repetition will be rendered unnecessary by always giving 
the rate in a unit of the clock. Thus, suppose that on June 3, 
at 4” 11" 12°.35 by the clock, we have found the correction 
-+- 2” 10°14; and on June 4, at 14* 17” 49°.82, we have found 
the correction -+ 2” 19.89; the rate in one hour of the clock will be 


oT ae TO _ 4 0.2858 
34.1104 


For practical details respecting the care of clocks and other 
time-keepers, the methods of comparing their indications, &c., 
see Vol. IT.; see also Chapter VIL, ‘Longitude by Chronometer.” 
{ shall here confine myself to the methods of determining their 
correction by astronomical observation. 

Those methods, however, which involve details depending 
upon the peculiar nature of the instrument with which the ob- 
servation is made, will be treated very briefly in this chapter, 
and their full discussion will be reserved for Vol. IL. 
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FIRST METHOD.——-BY TRANSITS. 


188. At the instant of a star's passage over the meridian, note 
the time Z' by the clock. The star’s hour angle at that instant 
ig = 0*, whence the local sidereal time 7” ts (Art. 55) 


T’ -= a == the star’s right ascension. 


If the clock is regulated to the local sidereal time, we have, 
therefore, 


aT -=a—-T 


But if the clock is regulated to the local mean time, we first con- 
vert the sidereal time @ into the corresponding mean time 7” 
(Art. 52), and then we have 


aT= T'—T 


This, then, is in theory the simplest and most direct method 
possible. It is also practically the most precise when properly 
carried out with the transit instrument. But, as the transit in- 
strument is seldom, if ever, precisely adjusted in the meridian, 
the clock time 7’ of the true meridian transit of a star is itself 
deduced from. the observed time of the transit over the instru- 
ment by applying proper corrections, the theory of which will 
be fully discussed in Vol. II. 

It will there be seen, also, that the time may be found from 
transits over any vertical circle. 


SECOND METHOD.—BY EQUAL ALTITUDES. 


139. (A.) Equal altitudes of a fixed star—The time of the meri- 
dian transit of a fixed star is the mean between the two times 
when it is at the same altitude east and west of the meridian; so 
that the observation of these two times is a convenient substi- 
tute for that of the meridian passage when a transit instrument 
is not available. The observation is most frequently made with 
the sextant and artificial horizon; but any instrument adapted to 
the measurement of altitudes may be employed. It is, however, 
not required that the instrument should indicate the true alti- 
tude; it is sufficient if the altitude is the same at both observa- 
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tions. If we use the same instrument, and take care not to 
change any of its adjustments between the two observations, we 
may generally assume that the same readings of its graduated 
arc represent the same altitude. Small inequalities, however, 
may still exist, which will be considered hereafter.* 

The clock correction will be found directly by subtracting 
the mean of the two clock times of observation from the con- 
puted time of the star’s transit. 


EXAMPLE 1.—March 19, 1856; an altitude of Arcturus east 
of the meridian was noted at 11* 4” 51°.5 by a sidereal clock, 
and the same altitude west of the meridian at 17* 21” 30°.0; find 
the clock correction. 

East 1 4" 515.5 
West 17 21 30.0 
Merid. transit by clock == T —14 18 10.75 
March 19, ArcturusR.A =o =14 9 7.11 
Clock correction =AT=— 4 38.64 


This is the clock correction at the sidereal time 14* 9” 7.11 or 
at the clock time 14" 138” 10°.75. 


EXAMPLE 2.—March 15, 1856, at the Cape of Good Hope, 
Latitude 33° 56’ 8., Longitude 1" 18" 56° E.; equal altitudes of 
Spica are observed with the sextant as below, the times being 
noted by a chronometer regulated to mean Greenwich time. 
The artificial horizon being employed, the altitudes recorded are 
double altitudes. 


East. 2 Alt. Spica. West. 

10* 20" 0°.5 104° 0’ 2 40" 38°, 

“« 20 28. “« 10 “ 40 10.5 

« 20 = «25D. “620 “ 39 42. 
Means 10 20 27.83 240 10.17 
10 20 27.83 


Merid. Transit. by Chronom. = 7’ = 12 30 19.00 


The chronometer being regulated to Greenwich time, we 
must compute the Greenwich mean time of the star’s transit at 
the Cape (Art. 52). We have 


rere nee eet renee caren 


Ls ae aE ett of GRR ec gy stpeerettwyncprach SER ene ye rr PP PrP REPOS 


* For the method of observing equal altitudes with the sextant, see Vol. II., 
* Sextant.”’ 
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Local sidereal time of transit a= 13 17" 87¢.92 
' Longitude =— 118 56. 


Greenwich sidereal time — 12 8 41.92 
March 15, sid. time of mean noon = 28 33 6.87 
Sid. interval from mean noon = 12 80 36.55 
Reduction to mean time = — 2 2.97 
Mean (ir. time of star's i - , 
local transit \ —= i= 12 25 88.58 
Chronometer time of doo. = 7 = #£«12 30 19.00 
Chronometer correction =AT-=- — 1 45,42 


140. (B). Equal altitudes of the sun before and after noon.—If the 
declination of the sun were the sume at both observations, the 
hour angles reckoned from the meridian east and west would be 
equal when the altitudes were equal, and the mean of the two 
clock times of observation would be the time by the clock at 
the instant of apparent noon, and we should tind the clock cor- 
rection as in the case of a fixed star. To find the correction 
for the change of declination, let 


gy == the latitude of the place of observation, 
6 = the sun’s declination at apparent (local) noon, 
Sd = the increase of declination from the meridian to the west 
observation, or the decrease to the cast observation, 
A = the sun’s true altitude at cach observation, 
T, = the mean of the clock times A.M. and P.M., 
47, = the correction of this mean to reduce to the clock time 
of apparent noon, 
t = half the clapsed time between the observations. 


Then we have 


t + aT, =: the hour angle at the A.M. observation reckoned 
towards the east, 

t — aT, = the hour angle at the P.M. observation, 

é6— A) -= the declination at the A.M. . 

d+ad = rt “« PM ‘“ 


and, by the first equation of (14) applied to each observation, 


sin h = sin g sin (6 — Ad) + cos g vos (d — Ad) cos (t + AT,) 
sin h = sin g sin (6 + ad) + cos ¢ cos (2 + Ad) cos (t — AT,) 
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If we substitute 


sin (6 + Ad) = sin écos 4d + cosdsin a3 
cos (5 + Ad) = cosécos Ad = sin Sain Ad 
cos ({ + 4T',) = cost cos AT, = sin ?¢ sin AT, 


and then subtract the first equation from the second, we shall 
find 
0 == 2 sin g cos 6 sin Ad — 2 cos ¢ sin 3 sin Ad cos t cos 47, 
-- 2 cos g cos Oo sin t cos Ad sin AT, 


whence, by transposing and dividing by the coefficient of sin a J, 


tain Ad. tan tan ad. tan od 
ae a er 


began 
sin 47), = : 


sin ¢t tan ¢ 


This is a rigorous expression of the required correction a7,, but 
the change of declination is so small that we may put ad for its 
tangent, a7, for its sine, and unity for cos 4%, without any 
appreciable error; and, since ad is expressed in seconds of are, 
we shall obtain a7, in seconds of time by dividing the second 
member by 15. We thus find the formula* 


ee Ad.tang  Ad.tand 
-o 15 sint 15 tant 


(262) 


The Ephemeris gives the hourly change of 6. If we take it for 
the Greenwich instant corresponding to the local noon, and call 
it 4/6, and if ¢ 1s reduced to hours, we have 


Ad = A'éd.t 
and our formula becomes 
A’é.ttang A’dS.¢ tan é Equation 
Tk i I el Sd q | 268 
15 sint 15 tan ¢ for noon. ee) 


To facilitate the computation in practice, we put 


Bs fs ee aes ore. 
15 sint ~ 15 tant 
a=zA.d’é.tan¢ b= B.a's.taneé (264) 
then we have 
° AT, =a+6 


remnant Re hb ae ren ee 


* As first given by Gauss, Monatliche Correspondenz, Vol. 238. 
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The correction a7, is called the equation of equal altitudes. The 
computation according to the above form is rendered extremely 
simple by the aid of our Table IV., which gives the values of 
log A and log B with the argument “elapsed time” (= 2¢). 
Then «@ and 6 are computed as above, the algebraic signs of the 
several factors being duly observed. When the sun is moving 
towards the north, give a’d the positire sign; and also when 
gy and 6 are north, give them the positive sign; in the opposite 
cases they take the negative sign. The signs of A and B are 
given ip the table; A being negative only when ¢< 12’ and B 
positive when ¢< 6" or > 18". 

When we have applied a7, to the mean of the clock times (or 
the ‘‘ middle time’), we have the time 


T=T,+ 4fT, 


as shown by the clock at the instant of the sun’s meridian transit. 
Then, computing the time 7”, whether mean or sidereal, which 
the clock is required to show at that instant, we have the clock 
correction, as before, 


AT= T' —T 


ExaMPLE.—March 5, 1856, at the U. S. Naval Academy, Lat. 
88° 59’ N., Long. 5* 5" 57*.5 W., the sun was observed at the 
same altitude, A.M. and P.M., by a chronometer regulated to 
mean Greenwich time; the mean of the A.M. times was 1" 8” 26°.6, 
and of the P.M. times 8* 45" 41°.7; find the chronometer cor- 
rection at noon. 


” 


We have first A.M. Chro. Time = 1* 8* 26°.6 
P.M. * “é ==8 45 41.7 


Elapsed time 2 =7 387 15.1 
Middle time JT, = 4 57 4.15 


From the Ephemeris we find for the local apparent noon of 
March 5, 1856, 


6 == — 5° 46’ 22".5 Equation of time = + 11* 35°11 
A’d = + 58.10 


For the utmost precision, we reduce a’d to the instant of local 
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noon. With these quantities and g = 88° 59’, we proceed as 
follows: 


Arg. 7°37" Table IV. log A = n9.4804 log B 9.2151 
log A’6 —s« 1.7642 = log a’é —s:1.7642 
log tan g 9.9081 log tan dé n9.0047 


loga 71.1527 logdb 79.9840 


a = — 14.21 b = — 0°.96 
Middle Chro. time 7, == 4°57" 4°15 
AT, =a+tb= —1517 


Chro. Time of app. noon T = 4 56 48.98 


This quantity is to be compared with the Greenwich time of the 
local apparent noon, since the chronometer is regulated to 
Greenwich time. We have 


Mean local time of app. noon = 0 11” 35.11 
Longitude = 5 57.50 
Mean Greenwich time “= T’=5 17 82.61 

ST == T'’ —T = + 20" 48°68 


If the correction of the chronometer to mean local time ts 
required, we have only to omit the application of the longitude. 
Thus, we should have 


Chro. time of app. noon == 4* 56" 48.98 
Equation of time =-—11 35.11 


Chro. time of mean noon == 4 45 18.87 


und since at mean noon a chronometer regulated to the loca! 
time should give 0* 0" 0*, it is here fast, and its correction to 
Jocal time 1s — 4* 45” 13°.87. 


141, (C.) Equal altitudes of the sun in the afternoon of one day and 
the morning of the next following duy ; i.e. before and after midnight.— 
It is evident that when equal zenith distances are observed in 
the latitude -++ 9, their supplement to 180° may be considered as 
equal zenith distances observed at the antipode in latitude — g 
on the same meridian. Hence the formula (268) will give the 
equation for noon at the antipode by substituting — g for + ¢, 
that is, by changing the sign of the first term; but this noon at 
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the antipode is the same absolute instant as the midnight of the 
observer, and hence 


x T __ 4’d.¢ tan ¢ A’é. ttano eae a (265) 


ov Ub sint |’ Idtant midnight. 


and this is computed with the aid of the logarithms of A and B 
in Table IV. precisely as in (264), only changing the sign of A. 
The sign for this case is given in the table.* 


142. To find the correction for small inequalities in the altitudes.— 
If from a change in the condition of the atmosphere the re- 
fraction is different at the two observations, equal apparent alti- 
tudes will not give equal true altitudes. To tind the change a/ 
in the hour angle ¢ produced by a change ah in the altitude A, 
we have only to differentiate the equation 


sin A = sin g sin 0 + cos ¢ cos 6 cost 
regarding g and 6 as constant; whence 


cos h. Ah = — cos ¢ cos 6 sin ¢t. 15at 


where ah is in seconds of are and a/ in seconds of time. 

If the altitude at the west observation is the greater by a/, the 
hour angle is increased by a/, and the middle time is increased by 
3at. The correction for the difference of altitudes is therefore 
~- } af, and, denoting it by a’ 7, we have, by the above equation, 


AT = 


— : : 266) 
° ~~ 30 COS ¢g cos 6 sin ¢ ( 


This correction is to be added algebraically to the middle clock 
time in any of the cases (A), (B), (C) of the preceding articles. 


EXAMPLE.—Suppose that in Example 2, Art. 189, there had 
been observed at the east observation Barom. 380.30 inches, 
Therm. 35° F., but at the west observation Barom. 29.55 inches, 
Therm. 52° F. We have for the altitude 52° 5’ or zenith dis- 
tance 87° 55’, by Table I., the mean refraction 45’.4. By Table 


* For an example and some practical remarks, see my ‘‘Improved method of 
finding the error and rate of a chronometer by equal altitudes,’? Appendix to the 
American Ephemeris for 1856 and 1867. 
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XIV.A and XIV.B, the corrections for the barometer and ther- 
mometer are as follows, taking for greater accuracy one-eighth 
of the corrections for 6’: 


East Obs. West Obs. 
Barom. 30.30 + 0.5 Barom. 29.55 — 0.6 
Therm. 35°. +14 Therm. 52°. os | 
419 07 


The difference of these numbers gives ah =. + 2/7.6 as the excess 
of the true altitude at the west observation. Tence, by the 
formula (266), 


dh -= + 2".6 log ah 0.415 

Azz 82° 3! log cosh 9.789 

g =: — 33 56 log sec g 0.081 

. d= —10 25 log sec 60.007 
t = $ elapsed time -~ 2*9" OL. log cosect 0.270 
log 5, 8.523 

a’T, =. + 09.12 log a'T, 9.085 


When, however, several altitudes have been observed, as in 
this example, we may obtain this correction from the ‘observa- 
tions themselves; for we see that ue donble altitude of Spica 
changed 20’ ==1200” in about 55, and hence we have the 


proportion 
1200” : 27.6 2 d5*: a’ T, 


which gives a’ 7, == + 0°.12 as before. By taking the change in 
the double annide; the fourth term is the value of } al, or a’ 7}, 

If this correction be applied, we tind the corrected. time of 
transit = 12’ 30” 19.12, and consequently the chronometer cor- 
rection a7’= — 1" 45".54. 

The altitudes may differ from other causes besides a change in 
the refraction; for instance, the second observation may be in- 
terrupted by passing clouds, so that the precisely corresponding 
altitude cannot be taken; but, rather than lose the whole ob- 
servation, if we can observe an altitude differing but little from 
the first, we may use it as an equal altitude, and compute the 
correction for the difference by the formula (266). 


148. Hffeet of errors in the latitude, declination, and altitude upon 
the time found by equal altitudes. —The time found by equal altitudes 
of a tixed star is wholly independent of errors in the latitude 
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and declination, since these quantities do not enter into the com- 
putation. In observations of the sun, an error in the latitude 


aftects the term 
a= Aas tan ¢ 


by differentiating which we find that an error dy produces in a 
the error da = Aa’d. sec’ g . dg, or, putting sin dy tor dg, 


da = Aa’d sec’¢ sindy 


In the same manner, we find that an error dé in the declination 
preduces in 6 the error 


db = Ba's sec? é sin dé 
| 


In the example of Art. 140, suppose the latitude and declina- 
tion were each in error 1’. We have 


log Aa’d nl.2446 log Ba’é 9.9793 
log sec? ¢ 0.2188 log sec? 6 0.0044 
log sin 1’ 6.4637 log sin 1’ 6.4637 
logda = n7.9271 log db 7.4474 

da = — 0°.008 db = -- 0*.003 


If dy and dé had opposite signs, the whole error in this case would 
be 0°.008 + 0°.003 = 0.011. As the observer can always easily 
obtain his latitude within 1’ and the declination (even when the 
longitude is somewhat uncertain) within a few seconds, we may 
regard the method as practically free from the effects of any 
errors in these quantities. The accuracy of the result will there- 
fore depend wholly upon the accuracy of the observations. 

The accuracy of the observations depends in a measure upon 
the constancy of the instrument, but chiefly upon the skill of the 
observer. Each observer may determine the probable error of 
his observations by discussing them by the method of least 
squares. An example of such a discussion will be given in the 
fullowing article. 

The effect of an error in the altitude is given by (266). Since 
we have, A being the azimuth of the object, 


cos é sint 


3in A = 
cos A 
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the formula may also be written 


ah 


, 
A'T, = a 


= 30 cos yg sin A 


which will be least when the denominator is greatest, i.e. when 
A = 90° or 270°, or when the object is near the prime vertical. 
From this we deduce the practical precept to take the observations 
when the object is nearly east or west. This rule, however, must not 
be carried so far as to include observations at very low altitudes, 
where anomalies in the refraction may produce unknown dif- 
ferences in the altitudes. If the star’s declination is very nearly 
equal to the latitude, it will be in the prime vertical only when 
quite near to the meridian, and then both observations may be 
obtained within a brief interval of time; and this circumstance 
is favorable to accuracy, inasmuch as the instrument will be less 
liable to changes in this short time. 


144. Probable error of observation.—The error of observation is 
composed of two errors, one arising from imperfect setting of 
the index of the sextant, the other from imperfect noting of the 
time; but these are inseparable, and can only be discussed as a 
single error in the observed time. The individual observations 
are also affected by any irregularity of graduation of the sextant, 
but this error does not affect the mean of a pair of observations 
on opposite sides of the meridian; and therefore the error of 
observation proper will be shown by comparing the mean of 
the several pairs with the mean of these means. If, then, the 
mean of a pair of observed times be called a, the mean of all 
these means a,, the probable error of a single pair, supposing all 
to be of the same weight, is* 


_ “(a—a,)? 
ra a,/ n—l1 


in which n = the number of pairs, and g = 0.6745 is the factor 
to reduce mean to probable errors. The probable error of the 
final mean a, is 


— 


* See Appendix, Leuat Squares. 
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ExaMPLE.—At the U. 8S. Naval Academy, June 18, 1849, the 
following series of equal altitudes of the sun was observed. 


Chro. A.M. Chro. P.M. a a— A (a — a)® 

OF 43m 538, 44m 39.5 5A 13™ 58.25 -+ OF.12 0.0144 
44 19. 48 38. 58 .50 + 0.37 1869 
44 45. 43 11.5 58 .25 + 0.12 .0144 
45 11 42 46.3 58 .65 + 0.52 2704 
45 37. 42 19.7 58 .35 + 0.22 0484 
46 1.7 41 63.5 57 .60 — 0.58 .2809 
46 28.5 41 27. 57.79 ~- 0.38 1444 
46 55. 41 0.4 o7 75 -- 0.88 1444 
47 19.7 40 36.5 58 .10 -—— 0.038 0009 
i= = 5 13 58 13 zr (a— = 1.0551 

n== 9 2 (a — ay)? 
n—1=8 ane oe ee 07245 
=: 0*082 

= Fi 


A similar discussion of a number of sets of equal altitudes of 
the sun taken by the same observer gave 0*.23 as the probable 
error of a single pair for that observer, and consequently the 
probable error of the result of six observations on each side of 
the meridian would be only 0°.23 + 176 = 0.094. This, how- 
ever, expresses only the accidental error of observation, and does 
not include the effect of changes in the state of the sextant be- 
tween the morning and afternoon observations. Such changes 
are not unfrequently produced by the changes of temperature to 
which it is exposed in observations of the sun; it is important, 
therefore, to guard the instrument from the sun’s rays as much 
as possible, and to expose it only during the few minutes 
required for each observation. The determination of the time 
by stars is mostly free from difficulties of this kind, but the 
observation is not otherwise so accurate as that of the sun, ex- 
cept in the hands of very skilful observers. 


THIRD METHOD.—BY A SINGLE ALTITUDE, OR ZENITH DISTANCE. 


145. Let the altitude of any celestial body be observed with 
the sextant or any altitude instrument, and the time noted by 
the clock. For greater precision, observe several altitudes in 
quick succession, noting the time of cach, and take the mean of 
the altitudes as corresponding to the ‘mean of the times. But 
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in taking the mean of several observations in this way, it must 
not be forgotten that we assume that the altitude varies in pro- 
portion to the time, which is theoretically true only in the 
exceptional case where the observer is on the equator and the 
star’s declination is zero. It is, however, practically true for an 
interval of a few minutes when the star is not too near the 
meridian. The observations themselves will generally show the 
limit beyond which it will not be safe to apply this rule. When 
the observations have been extended beyond this limit, a cor- 
rection for the unequal change in altitude (i.e. for second differ- 
ences) can be applied, which will be treated of below. 

With the altitude and azimuth instrument we generally ob- 
tain zenith distances directly. In all cases, however, we may 
suppose the observation toe. give the zenith distance. Having 
then corrected the alsertation for instrumental errors, for re- 
fraction, &c., Arts. 185, 136, let € be the resulting true or geo- 
centric zenith distance. Let g be the latitude of the place of 
observation, d the star’s declination, ¢ the star’s hour angle. 
The three sides of the spherical triangle formed by the zenith, 
the pole, and the star may be denoted by a = 90° — 9, b=, e =: 
90° -— 6, and the angle at the pole by B = ¢, and hence, Art. 22. 
we deduce 


sin } ee V(" Y [¢ -}- (y ae, 3)] sin $[¢ —(¢ prae é)] (267) 


COS ¢ COs 6 


which gives ¢ by a very simple logarithmic computation. From 
t we deduce, by Art. 55, the local time, which compared with 
the observed clock time gives the clock correction required. 

It is to be observed that the double sign belonging to the 
radical in (267) gives two values of sin3¢, the positive corre- 
sponding to a west and the negative to an east hour angle; since 
any given zenith distance may be observed on either side of the 
meridian. To distingyish the true solution, the observer must 
of course note on which side of the meridian he has observed. 

If the object observed is the sun, the moon, or a planet, its 
declination is to be taken from the Ephemeris, for the time of 
the observation (referred to the meridian of the Ephemeris); but, 
as this time is itself to be found from the observation, we must 
at first assume an approximate value of it, with wlneh an approxi- 
mate declination is found. With this declination a first compu- 
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tation by the formula gives an approximate value of ¢, and hence 
a more accurate value of the time, and a new value of the decli- 
nation, with which a second computation by the formula gives a 
still more accurate value of ¢. Thus it appears that the solution 
of our problem is really indirect, and theoretically involves an 
infinite series of successive approximations; in practice, how- 
ever, the observer generally possesses a sufficiently precise value 
of his clock correction for the purpose of taking out the declina- 
tion of the sun or planets. The moon is never employed for 
determining the local time except at sca, and when no other 
object is available.* 


ExamMPLe.—At the U.S. Naval Academy, in Latitude g = 38° 
58’ 53” N., Longitude 5* 5" 57.5 W., December 9, 1851, the fol- 
lowing double altitudes of the sun west of the meridian were 
observed with a sextant and artificial horizon, the times being 
noted by a Greenwich mean time chronometer: 


Chronometer. 2@t 
7* 35" 149.5 38° 30’ Barom. 30.28 inches. 
35 55. “« 20 Att. Therm. 55° F. 
36 35.5 “« 10 Ext. Therm. 50° F. 
387 15.5 “« 0 Index correction of the 
87 55. 82 50 sextant = — 1’ 10” 
Means 7 36 35.1 83 10 


The approximate correction of the chronometer was assumed to 
be + 9" 40". Find its true correction. 

With the assumed chronometer correction we obtain the ap 
proximate Greenwich time = 7* 46" 15°, with which we take 
trom the Ephemeris 


é = — 22° 50’ 27” Sun’s semidiameter S = 16 17” 
Eq. of time = — 7" 25°80 “ hor.parallax «= « 8”.7 


We have then 


* But the moon’s altitude and the hour angle deduced from it may be used in 
finding the observer's longitude, as will be shown in the Chapter on Longitude. 

+ The symbol © is used for + observed altitude of the sun's lower limb,” and 2 G\ 
for the double altitude from the artificial horizon. In a similar manner we use 


©. 2 D- 


BY A SINGLE ALTITUDE. 209 


Observed 2@ = 38° 10’ 0” 


Index corr. =— 1 10 
88 8 50 

App. altitude =- 16 34 25 
(Table II.)r=-+ 3 16 
gin z= p == — 8 
S=— 16 17 

—— 73 12 25 


The computation by (267) is then as follows: 


g= 38° 58’ 53” log sec ¢ 0.109883 

é == — 22 50 27 log sec é 0.085464 
g—é= 61 49 20 log sin + sum 9.965661 
= 73 12 25 log sin 3 diff. 8.996455 
¢eum== 67 30 52.5 19.106963 
$ diff, — § 41 32.5 log sin } ¢ 9.553482 


4 t = 20° 57’ 257.6 
Apparent time — t = 2° 47" 39°.4 


Kg. of time =— 7 25.8 
Local mean time == 2 40 18.6 
Longitude =5 5 57.5 
TrueGr. Time= 7’ =7 46 11.1 

T=7 86 35.1 


aT=+ 9 36.0 
agreeing so nearly with the assumed correction that a repetition 


of the computation is unnecessary. 


146. If it is preferred to use the altitude instead of the zenith 
distance, put the true altitude h = 90° — ¢, and the polar distance 
of the star P = 90° — 6, then we have, in (267), 


sin $[¢ — (¢ — ¢)] =sin $ (90° —h — ¢ + 90°— P)= cos $ (A+ 9+ P) 
sing [6 -+ ¢ — ¢]=sin 3 (90° —h-+ ¢ —90° + P)=sin 3(9-+ P—h) 


If then we put 


s=3(h+¢-+ P) 
the formula becomes 
| _ jfcosssin (@ —h, : 
ee aero re a cos y sin P | (268), 


Vou. I.—14 
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In this form we may always take P = the distance from the ele- 
vated pole, and regard the latitude as always positive, and then 
no attention to the algebraic signs of the quantities in the second 
member is required. Thus, in the preceding example, we should 
proceed as follows: 


App. alt. = 16° 34’ 25” 


,—-p= 3 7 
S = 16 17 
h= 16 47 35 
g= 88 58 53. ..... log sec 0.109383 
P=112 50 27. ..... log cosec 0.035464 


2s = 168 36 55 
s= 84 18 27 .5..... log cos 8.996-455 
s—h= 67 30 52 5..... log sin 9.965661 


19.106963 
and the computation is finished as in the preceding article. 


147. If we aim at the greatest degree of precision which the 
logarithmic tables can afford, we should find the angle }¢ by its 
tangent, since the logarithms of the tangent always vary more 
rapidly than those of the other functions. For this purpose we 
deduce 


s=3(€ + ¢ + 9) | 
tan }t — (Peo eo) (269) 


cos s cos (s — ¢) ) 


or, if the altitude is used, 


s=3(h +94 P) 
_ cos $ sin (s — A) (270) 
ten dt 4]| sin rae or se A 


148. If a number of observations of the same star at the same 
place are to be individually computed, it will be most readily 
done by the fundamental equation 


cos € — sin g sin 0 


cos ¢ = 
cos g cos 6 
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for the logarithms of sin ¢ sin d and cos ¢ cos é will be constant, 
and for each observation we shall only have to take from the 
trigonometric table the log. of vos €; the logarithm of the nume- 
rator will then be found by the aid of Zecu’s Addition or Sub- 
traction Table, which is included in Ilijussz’s edition of Vraa’s 
Tables. The addition or the subtraction table will be used ac- 
cording as sin ¢g sin d is positive or negative. 


149. Hifect of errors in the data upon the time computed from an 
altitude—We have from the differential equation (51), Art. 35, 
multiplying dé by 15 to reduce it to seconds of arc, 


sin ¢ cos d (15 dt) = dz — cos Ady + cos qdé 


where dg, dy, dd, may denote small errors of ¢, y, 4, and dé the 
corresponding error of {; A is the star’s azimuth, q the parallactic 
angle, or angle at the star. 

If the zenith distance alone is erroneous, we have, by putting 
dp = 0, and dé = 0, 


dg dg 


15dt = 


sing cosé cosgsinA 


from which it follows that a given error in the zenith distance 
will have the least effect upon the computed time when the 
azimuth is 90° or 270°; that is, when the star is on the prime 
vertical; for we then have sin A = + 1, and the denominator 
of this expression obtains its maximum numerical value. Also, 
since cos g is &@ maximum for g == 0, it follows that observa- 
tions of zenith distances for determining the time give the 
most accurate results when the place is on the equator. On the 
other hand, the least favorable position of the star is when it is 
on the meridian, and the least favorable position of the observer 
is at the pole. 

By putting dz = 0, dd = 0, sin q cos 6 = cos g sin A we have 
dy 


15dt = — —-— 
cos ¢ tan A 


by which we see that an error in the latitude also produces the 
least effect when the star is on the prime vertical, or when the 
observer is on the equator. Indeed, when the star is exactly in 
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the prime vertical, a small error in g has no appreciable effect: 
since, then, tan A = oo, and hence when the latitude is uncertain, 
we may still obtain good results by observing only stars near the 
prime vertical. 

By putting dg = 0, dp = 0, we have 


dé 


15 dt == —____—__ 
cos é tang 


which shows that the error in the declination of a given star 
produces the least effect when the star is on the prime vertical ;* 
and of different stars the most eligible is that which is nearest 
to the equator. 

As very great zenith distances (greater than 80°) are, if pos. 
sible, to be avoided on account of the uncertainty in the refraction, 
the observer’ will often be obliged, especially in high latitudes, 
to take his observations at some distance from the prime vertical, 
in which case small errors of zenith distance, latitude, or declina- 
tion may have an important effect upon the computed clock cor- 
rection. Nevertheless, constant errors in these quantities will 
have no sensible eftect upon the rate of the clock deduced from 
zenith distances of the same star on different days, if the star is 
observed at the same or nearly the same azimuth, on the same 
side of the meridian; for all the clock corrections will be in- 
creased or diminished by the same quantities, so that their 
differences, and consequently the rate, will be the same as if 
these errors did not exist. The errors of eccentricity and 
graduation of the instrument are among the constant errors 
which may thus be eliminated. 

But if the same star is observed both east and west of the 
meridian, and at the same distance from it, sin A or tan A, and 
tan q, will be positive at one observation and negative at the 
other, and, having the same numerical value, constant errors 
dy, dé, and dg will give the same numerical value of dt with 
opposite signs. IZence, while one of the deduced clock correc- 
tions will be too great, the other will be too small, and their 
mean will be the true correction at the time of the star’s transit 


A cineca net een ewe tee nrenrer: 


Pheer te bate at 


* From the equation sin g = —— sin A, it follows that sin g is a maximum 
0 


(for constant values of o and d) when sin 4 = 1, and tan g isa maximum in the 
vame case. 


CORRECTION. FOR SECOND DIFFERENCES. 2138 


over the meridian. Hence, it follows again, as in Art. 148, that 
small errors in the latitude and declination have no sensible 
effect upon the time computed from equal altitudes. 


150. To find the change of zenith distance of a star in a given in- 
terval of time, having regard to second differences. 
The formula 
d& == cos g sin A dt 


is strictly true only when dz and di are infinitesimals. But the 
complete expression of the finite difference of in terms of the 
finite difference at involves the square and higher powers of at. 
Let ¢ be expressed as a function of ¢ of the form 


c—ft 


then, to find any zenith distance € + af corresponding to the 
hour angle ¢ + at, we have, by TayLor’s Theorem, 


aft aft at® 
cHaca=se+ at set Fat +52 
dt? 2 
or, taking only second differences, 
| eo dz ae at® 
a. ery Rote Sy ey 
dt dt? 2 


We have already found 


» 


d® : 
— = cos g sin A 
dt 


which gives, since A varies with ¢, but ¢g is constant, 


Ch dA 
—- == Cos g cos A- — 
dt? dt 


But from the second of equations (51) we have, since dé and d¢ 
ure here zero, 


dA cosqceosé cosqsinA 


en ee 
meen 


dt Sin ¢ sin t 
whence 


a cos ¢ sin A cos A cos ¢ 
dt sin ¢ 
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and the expression for af becomes 


cos gy sin A cosA cosg At? 


Of = cos g sin A. At + 
sin t Z 


Since af and af are here supposed to be expressed in parts of 
the radius, if we wish to express them in seconds of are and of 
time respectively, we must substitute for them af sin 1/’ and 
15ai sin 1’’, and the formula becomes 


cos g sin A cos Acosg (15 4t)?sin 1” 
sin ¢ 2 


af = cos¢gsin A (ld at) + (271) 


But in so small a term as the last we may put 


(15at)? sin 1” ~— 2 sin? gat . 
2 sin 1” 


the value of which is given in our Table V., and its logarithm 
in Table VI.; so that if we put also 


a = COS g sin A, | Rei a Need | 
sin ¢ 
we shall have 
Ay = ldaat + akm (272) 


- 151. A number of zenith distances being observed at given clock 
times, to correct the mean of the zenith distances or of the clock times 
for second differences.—The first term of the above value of ag 
varies in proportion to at, but the second term varies in propor- 
tion to a@; and hence, when the interval is sufficiently great to 
render this second term sensible, equal intervals of time corre- 
spond to unequal differences of zenith distance, and rice rersa: 
in other words, we shall have second differences either of the 
zenith distance or of the time. Two methods of correction 
present themselves. 

Ist. Reduction of the mean of the zenith distances to the mean of the 
times.—Let T,, T,, T;, &c. be the observed clock times; C,, C.) C5, 
&c. the corresponding observed zenith distances; 7’ the mean ot 
the times; ¢, the mean of the zenith distances; ¢ the zenith 
distance corresponding to 7. The change ¢, — ¢ corresponds to 
the interval 7, — 7, ¢,-—¢ to T7,— 7, &c.; so that if we put 


TT, — is oe T,-- T = t,, ke. 
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we have, by (272), 
‘F — f= l5arz, + akm, 
€,— €= lbar, + akm, 
¢,—¢= ldar, + akm, 


&e. &e. 
m2 n2 
in which m, = ans, = aoe) &e., are found by Tab. V. 


with the arguments ¢,, 7,, &c. The mean of these equations, 
observing that 


t +7,+7, + &. = 0 


gives 

C= 6, — ak. Mt Met et E 
in which n =the number of observations. Or, denoting the mean 
of the values of m from the table by m,, that is, putting 


__ mM +m, +m, + &e. 


m 
o n 


we have 
e= Go — akn, (2738) 
2d. Reduction of the mean of the times to the mean of the zenith 
distances.—Let T, be the clock time corresponding to the mean 
of the zenith distances, then ¢, — ¢ is the change of zenith dis- 
tance in the interval 7, — T, and, since this interval is very small, 
we shall have sensibly 
15a(T, — T) =, — ¢ =akm, 
whence 


T, = T + »; km, (274) 
We have,then, only to compute the true time 7,’ from the mean 


of the zenith distances in the usual manner, and the clock cor- 
rection will then be found, as in other cases, by the formula 


aT = T/T, 


To compute 4, we must either first find g and A, or, which is 
preferable, express it by the known quantities. We have 


cos g cos.A = cost — sin g sin A cos ¢ 
in2 


sin? ¢ 
= cos t — — cos g cos 6 cos ¢ 
sin? € 
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whence 


f ae T + ys m, cot t — jk m, 


TIME. 


sin ¢ cos g cos é 
sin € tan ¢ 


(275) 


in which we employ for ¢ and ¢ the mean ‘zenith distance and 
the computed hour angle. 
This mode of correction is evidently more simple and direct 


than the first. 


ExamPLe.—In St. Louis, Lat. 38° 38’ 15’’ N., Long. 6* 1" 7 W., 
tne following double altitudes of the sun were observed with a 
Pistor and Martin prismatic sextant, the index correction of 
The assumed correction of the chronometer 


which was -++ 20”. 


to mean local time was -+ 2” 12°. Barom. 30.25 inches, Att. 
Therm. 80°, Ext. Therm. 81°. 


20 


St. Louis, June 24, 1861. 


125° 15’ 10”. 


125 


Obs’d © 68 


(*)r = 


App. time= 22 
Eq. of time = 


49 


2 
7 
46 .3 
8 
2 


57 
88 
23 


21 


10 


15. 
49 .8 


== —~ 24° 43’ 48".4 
== —- 14 88" 55.23 


4.77 


4+ 2 18.17 


T! = 22 28 22,94 


T= 22 21 


Correction for = 


second diff. 


T, == 22 21 
Ty == 22 28 ; 
AT = + 2 


Chronom. 
22) 14" 30°.5 


12.46 


r m 
6™ 429 88”.14 
6 5 60 .78 
8 26 28 .14 
2 38 12 .76 
0 6 0 .02 
1 10 2 .67 
2 21 10 .84 
8 49 28 .60 
4 389 42 .45 
5 51 67 .19 

m = 82 .65 
log m, 1.5189 
log. ys 8.8239 
log cot ¢ 20.3367 
— 4.73 0.6745 
log ym, 0.8878 
log sing 9.6215 
log cosg 9.8927 
logcosd 9.9627 


log cosec (, 0.8588 
log cot ¢, 0.8125 


— 8.06 n0.4860 
— 1.67 


*The refraction should here be the mean of the refractions computed for the 
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The ccrrection for second differences is particularly useful in 
reducing series of altitudes observed with the repeating circle ;* 
for with this instrument we do not obtain the several altitudes, 
but only their mean. (See Vol. II.) When the several altitudes 
are known, we can avoid the correction by computing each 
observation, or by dividing the whole series into groups of such 
extent that within the limits of each the second differences will 
be insensible, and computing the time from the mean of each 
group. 


FOURTH METHOD.-—-BY THE DISAPPEARANCE OF A STAR BEHIND A 
TERRESTRIAL OBJECT. 


152. The rate of the clock may be found by this method with 
considerable accuracy without the aid of astronomical instru- 
ments. The terrestrial object should have a sharply defined 
vertical edge, behind which the disappearance is to be observed, 
and the position of the eye of the observer should be precisely 
the same at all the observations. If the star’s right ascension 
and declination are constant, the difference between the sidereal 
clock times 7, and T, of two disappearances is the rate 67’ in the 


interval, or 
é7T — T, — T, 


but if the right ascension a has increased in the interval by aa, 
then the rate is 
éT — T, —_ T; + Aa 


To find the correction for a small change of declination = ad, 


Pe 


pA PR Srf e PS > 


several altitudes or zenith distances, but for small zenith distances the difference 
will be insensible. At great zenith distances we should compute the several refrac- 
tions, but under 80° we may take the refraction r for the mean apparent zenith 
distance z,, and correct it as follows: Take the difference between 2, and each z, and 
the mean m, of the values of 
m xz 2 Sin? § (2 — 29) 
sin 1” 


from Table V. (converting the argument z — z, into time); then the mean of the 
refractions will be found by the formula 
To = 7 + 2m, sin r sec? zy 


The difference z — z, should not much exceed 1°. 
* This method was frequently practised in the geodetic survey of France. See 
Nouvelle Description Géométrique de la France (Puissant), Vol. I. p. 96. 
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we have, by the second equation of (51), since the azimuth is here 
constant as well as the latitude, so that dA = 0 and dg = 0, 


Ad tan g¢ 
15 cos 3 


At = 


and hence the rate in the interval will be 


4é tan ¢ 


éT = T.— T Aa — 
: oe 15 cos 6 


(276) 


The angle gq will be found with sufficient precision from an 
approximate value of ¢ by (19) or (20). 

If we know the absolute azimuth of the object, we can find 
the hour angle by Art. 12, and hence also the clock correction. 


TIME OF RISING AND SETTING OF THE STARS. 


158. To find the time of true rising or setting,—that is, the instant 
when the star is in the true horizon,—we have only to compute 
the hour angle by the formula (28) 


cos ¢ == — tan ¢ tan é 


and then deduce the local time by Art. 55. 


154. To find the time of apparent rising or setting,—that is, the 
instant when the star appears on the horizon of the observer,—we 
must allow for the horizontal refraction. Denoting this refraction 
by 7,, the true zenith distance of the star at the time of apparent 
rising or setting is 90° + 7,, and, employing this value for ¢, we 
compute the hour angle by (267). 

Since the altitude 4 = 90° — ¢, we have in this case h = — r,, 
with which we can compute the hour angle by the formula (268). 

In common life, by the time of sunrise or sunset is meant the 
instant when the sun’s upper limb appears in the horizon. The 
true zenith distance of the centre is, then, € = 90° +7r,—z+S8 
(where z = the horizontal parallax and S = the semidiameter), 
with which we compute the hour angle as before. The same 
form is to be used for the moon. 


TIME OF THE BEGINNING AND ENDING OF TWILIGHT. 


155. Twilight begins in the morning or ends in the evening 
when the sun is 18° below the horizon, and consequently the 
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zenith distance is then ¢ = 90° + 18°, or A = -- 18°, with which 
we can find the hour angle by (267) or (268). 


Notr.—Methods of finding at once both the time and the latitude from observed 
altitudes will be treated of under Latitude, in the next chapter. 


FINDING THE TIME AT SEA. 
First Method.—By a Single Altitude. 


156. This is the most common method among navigators, as 
altitudes from the sea horizon are observed with the greatest 
facility with the sextant. Denoting the observed altitude cor- 
rected for the index error of the sextant by H, the dip of the 
horizon by D, we have the apparent altitude h’ = H — D; then, 
taking the refraction r for the argument h’, the true altitude of a 
star is A=h’ —r. A planet is observed by bringing the esti- 
mated centre of its reflected image upon the horizon, so that no 
correction for the semidiameter is employed; the parallax is com- 
puted by the simple formula (z being the horizontal parallax) 


p= cosh’ 
and hence for a planet 
h=h —r+-zrcosh’ 


The moon and sun are observed by bringing the reflected 
image of either the upper or the lower limb to touch the horizon. 
As very great precision is neither possible nor necessary in these 
observations, the compression of the earth is neglected, and the 
parallax is computed by the formula 


p= x7 cos (’ —r) 
and then, S being the semidiameter, 
h=W—r+rcos(—r)+S8 


In nautical works, the whole correction of the moon’s altitude 
for parallax and refraction = z cos (A’ — r) — ris given in a table 
with the arguments apparent altitude (A’) and horizontal parallax 
(z). In the construction of this table the mean refraction is used, 
but the corrections for the barometer and thermometer are given 
in a very simple table, although they are not usually of sufficient 
importance to be regarded in correcting altitudes of the moon 
which are taken to determine the local time. 
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The hour angle is usually found by (268). 

It is important at sea, where the latitude is always in some 
degree uncertain, to find the time by altitudes near the prime 
vertical, where the error of Jatitude has little or no effect 
(Art. 149). 


157. The instant when the sun’s limb touches the sea horizon 
may be observed, instead of measuring an altitude with the sex- 
tant. In this case the refraction should be taken for the zenith 
distance 90° -+ D, but, on account of the uncertainty in the hori- 
zontal refraction, great precision is not to be expected, and the 
mean horizontal refraction r, may be used. We then have 
ry =90°+ D+r,—2+8, with which we proceed by (267). In 
so rude a method, z may be neglected, and we may take 16’ as 
the mean value of S, 36’ as the value of 7,, 4’ as the average 
value of D from the deck of most vessels; then for the lower 
limb we have ¢ = 90° 56’, and for the upper limb ¢ =- 90° 24’. If 
both limbs have been observed and the mean of the times is 
taken, the corresponding hour angle will be found by taking 
& = 90° 40’. 


Second Method.—By Kqual Altitudes. 


158. The method of equal altitudes as explained in Arts. 139 
and 140 may be applied at sea by introducing a correction for 
the ship’s change of place between the two observations. If, 
however, the ship sails due east or west between the observa- 
tions, and thus without changing her latitude, no correction for 
her change of place is necessary, for the middle time will evi- 
dently correspond to the instant of transit of the star over the 
middle meridian between the two meridians on which the equal 
altitudes are observed. But, if the ship changes her latitude, 
let 


Ag == the mcrease of latitude at the second observation; 


then (Art. 149) the effect upon the second hour angle is 


At eee __ 4? 
15 cos g tan A 

which is the correction subtractive from the second o)hserved 

time to reduce it to that which would have been observed if the 
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ship had not changed her latitude or had run upon a parallel. 
Hence 3 af is to be subtracted from the mean of the chrono- 
meter times to obtain the chronometer time of the star’s transit 
over the middle meridian. 

In this formula we must observe the sign of tan A. It will 
be more convenient in practice to disregard the signs, and to 
apply the numerical value of the correction to the middle time 
according to the following simple rule :—add the correction when 
the ship has receded from the sun; subtract it when the ship has 
approached the sun. 

The azimuth may be found by the formula 


sin f cos 3 
cos h 


sin A = 


in which for ¢ we take one-half the elapsed time. 


The sun being the only object which is employed in this way, 
we should also apply the equation of equal altitudes, Art. 140; 
but, as the greatest change of the sun’s declination in one hour 
is about 1’, and the change of the ship’s latitude is generally 
much greater, the equation is commonly neglected as relatively 
unimportant in a method which at sea is necessarily but ap- 
proximate. But, if required, the equation may be computed 
and applied precisely as if the ship had been at rest. 


EXaMPLE.—At sea, March 20, 1856, the latitude at noon being 
39° N., the same altitude was observed A.M. and P.M. as fol. 
lows, by a chronometer regulated to mean Greenwich time: 


Obsd. © 30° 0’ A.M. Chro. time = 11* 39" 33 


Index corr. — 2 PM. * “« = 6 20 17 
Dip — 4 Elapsed time = 2t= 6 40 44 
Refraction — 2  Middletime = 2 59 55 
Semidiam. +. 16 Chron.correction = —~ 2 12 
h=80 8 Green. time of} 2 57 48 
noon 


The ship changed her latitude between the two observations 
by ag = — 20’ = — 1200’. For the Greenwich date March 
20, 2.58", the Ephemeris gives d = + 0° 4’, and we have ¢ = 
3 20" 22" = 50° 5’ 80’, y = 39° 0’. Hence 
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log sin ¢ 9.8848 log 345 8.5229 
log cos é 0.0000 log ag 3.0792 
log sec h 0.0631 log sec g 0.1095 
log sin A 9.9479 log cot A 9.7165 


log 26.8 1.4281 


The ship has approached the sun, and hence 26°.8 must be sub- 
tracted from the middle time. 

If we wish to apply the equation of equal altitudes, we have 
further from the Ephemeris a’d = + 59’, and hence, by Art. 
140, 


log A n9.4628 log B 9.2698 
log a’6 —s-:1.7709 log a’6 ~—s-:1.7709 
log tan ¢g 9.9084 log tan 6 7.0658 
a = — 13.9 loga n1.1421 b= + 00 log b 8.1065 
Hence we have 
Chro. middle time == 2) 59” 55*. 
Corr. for change of lat. =- — 26.8 
Equation of eq. alts. = — 13.9 
Chro. time app. noon =2 59 14.3 


At sea, instead of using the observation to find the chrono- 
meter correction, we use it to determine the ship’s longitude (as 
will be fully shown hereafter); and therefore, to carry the opera- 
tion out to the end, we shall have 

Chro. time app. noon == 2459 14° 


Corr. of chronom. =— 2 12 
Green. mean time noon = 2 57 2 
Equation of time =— 7 48 
Greenwich app. time at the local noon = 2 49 14 


which is the longitude of the middle meridian, or the longitude 
of the ship at noon. 


159. In low latitudes (as within the tropics) observations for 
the time may be taken when the sun is very near the meridian, 
for the condition that the sun should be near the prime vertical 
may then be satisfied within a few minutes of noon; and in case 
the ship’s latitude is exactly equal to the declination, it will be 
satisfied only when the sun is on the meridian in the zenith. In 
such cases the two equal altitudes may be observed within a few 
minutes of each other, and all corrections, whether for change 
of latitude or change of declination, may be disregarded. 
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CHAPTER VI. 


FINDING THE LATITUDE BY ASTRONOMICAL OBSERVATIONS. 


160. By the definition, Art. 7, the latitude of a place on the 
surface of the earth is the declination of the zenith. It was also 
shown in Art. 8 to be equal to the altitude of the north pole above 
the horizon of the place. In adopting the latter definition, it is 
to be remembered that a depression below the horizon is a 
negative altitude, and that south latitude is negative. The 
south latitude of a place, considered numerically, or without 
regard to its algebraic sign, is equal to the elevation of the 
south pole. 

It is to be remembered, also, that the latitude thus defined is 
not an angle at the centre of the earth measured by an arc of 
the meridian, as it would be if the earth were a sphere; but it 
is the angle which the vertical line at the place makes with the 
plane of the equator, Art. 81. 

We have seen, Art. 86, that there are abnormal deviations of 
the plumb line, which make it necessary to distinguish between 
the geodetic and the astronomical latitude. We shall here treat ex- 
clusively of the methods of determining the astronomical lati- 
tude; for this depends only upon the actual position of the 
plumb line, and is merely the declination of that point of the 
heavens towards which the plumb line is directed. 


FIRST METHOD.—BY MERIDIAN ALTITUDES OR ZENITH DISTANCES. 


161. Let the altitude or zenith distance of a star of known 
declination be observed at the instant when it is on the meridian. 
Deduce the true geocentric zenith distance ¢, and let d be the 
geocentric declination, g the astronomical latitude. 

Let the celestial sphere be projected on the plane of the 
meridian, and let ZNZ’, Fig. 24, be the celestial meridian: C 
the centre of the sphere coincident with that of the earth; PCP’ 
the axis of the sphere; P the north pole; and ECQ the projection 
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of the plane of the equinoctial. Let CZ be parallel to the 
vertical line of the observer; then the point Z of the celestial 
sphere, being the vanishing point of all 
lines parallel to CZ, is the astronomical 
zenith of the observer, and Z.E — the astro- 
nomical latitude = gy. If, then, A is the 
position of the star on the meridian, north 
of the equator but south of the zenith, we 
have ZA = (, AH = 0, and hence 


Fig. 24. 


g=b+e (277) 


Tis equation may be treated as entirely general by attending 
to the signs of 0d and ¢. Since in deducing it we supposed the 
star to be north of the equator, it holds for the case where it is 
south by giving the declination in that case the negative sign, 
according to the established practice; and, since we supposed 
the star to be south of the zenith, the equation will hold for the 
case where it is north of the zenith by giving ¢ in that case the 
negative sign. If the star is so far north of the zenith as to be 
below the pole, or at its lower culmination, the equation will 
still hold, provided we still understand by ¢ the star’s distance 
north of the equator, measured from # through the zenith and 
elevated pole, or the arc HA’. This are is the supplement of the 
declination; and we may here remark that, in general, any 
formula deduced tor the case of a star above the pole will 
apply to the case where it is below the pole by employing the 
supplement of the declination instead of the declination itself; 
that is, by reckoning the declination over the pole. 

The case of a star below the pole ix, however, usually con- 
sidered under the following simple form. Put 


P= PA’ —: the star's polar distance, 
hi se NA “true altitude, 


then 
g — P+h (278 ) 


in which for south latitude P must be the star’s south polar dis- 
tance, and the sum of P and A is only the numerical value of g. 
The declination is to be found for the instant of the meridian 
trans t by Art. 60 or 62. 
In the observatory, instruments are employed which. give 
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directly the zenith distance, or its supplement, the nadir distance. 
With a meridian circle perfectly adjusted in the meridian, the 
instant of transit would be known without reference to the 
clock, and the observation would be made at the instant the 
stur passed the middle thread of the reticule; but when the in- 
strument is not exactly in the meridian, or when the observation 
is not made on the middle thread, the observed zenith distance 
must be reduced to the meridian, for which see Vol. II., Meridian 
Circle. 

With the sextant or other portable instruments the meridian 
altitude of «a fixed star may be distinguished as the greatest 
altitude, and no reference to the time is necessary. But, as the 
sun, moon, and planets constantly change their declination, 
their greatest altitudes may be reached eithor before or after the 
meridian passage ;* and in ordcr to observe a strictly meridian 
altitude the clock time of transit must be previously computed 
and the altitude observed at that time. 


EXAMPLE 1.—On March 1, 1856, in Long. 10" 5” 32° E., suppose 
the apparent meridian altitude of the sun’s lower limb, north of 
the zenith, is 63° 49’ 50’, Barom. 30. in., Ext. Therm. 50°; what 
is the latitude ? 


App. zen. dist.© = 26% 10’ 10” 
r= + 28 .7 
Ss: +16 10 3 
¢ = —26 26 45 2 
6=— 7 383 58 
y = — 33 59 51.0 


EXAMPLE 2.—July 20, 1856, suppose that at a certain place 
the true zenith distances of @ Aquile south of the zeiith, and 
a Cephei north of the zenith, have been obtained as follows: 


a Aguile a Cephei 
eu: + 26° BL 275 y == — 26° 54! 283 
er ~ + & 29 22.7 ee + 61 & 58 21 .J 
gg: 435 8 50 2 p= +85 3 52.8 


The mean latitude obtained by the two stars is, therefore, 
yg == 4- 85° 3’ 51/5. In this example, the stars pemg 8 at nearly 


* See Art. 172 for the method of finding the time of the sun's greatest altitude, 
which may also be used for the moun or a planet. 
Vou. [.—15 
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the same Zenith distance, but on opposite sides of the zenith, any 
vonstant though unknown error of the instrument, peculiar to 
that zenith distance, is eliminated in taking the mean. Thus, 
if the zenith distance in both cases had been 10’ greater, we 
should have found from a Aguile y = 35° 4’ 0/7.2, but from 
a Cephei yp = 35° 3’ 42’'.8, but the mean would still ve y == 85° 3! 
51/’.5. 

It is evident, also, that errors in the refraction, whether due to 
the tables or to constant errors of the barometer and thermo. 
meter, or to any peculiar state of the air common to the two 
observations, are nearly or quite eliminated by thns combining a 
pair of stars the mean of whose declinations is nearly ee aale to 
the declination of the zenith. The advantages of such a com- 
bination do not end here. If we select the two stars so that the 
difference of their zenith distances is so small that it may be 
measured with a micrometer attached to a telescope which is so 
mounted that it may be successively directed upon the two stars 
without disturbing the angle which it makes with the vertical 
line, we can dispense altogether with a graduated circle, or, at 
least, the result obtained will be altogether independent of its 
indications. For, let € and 2’ be the zenith distances, ¢6 and d/ 
the declinations of the two stars, the second of which 1s north of 
the zenith; then, if ¢’ denotes only the numerical value of the 
zenith distance, we have 


g=O+e 
g = a — x! 
the mean of which is 
=—$(64 0) +40 — 2%’ (279) 


so that the result depends only upon the given declinations and 
the observed difference of zenith distance which is measured with 
the micrometer. Such is the simple principle of the method first 
introduced by Captain Tatcorr, and now extensively used in this 
country. To give it full effect, the instrument formerly known 
as the Zenith Telescope in England has received several important 
modifications from our Coast Survey. It will be fully treated of, 
in its present improved form, in Vol. IL., where also will be 
found a discussion of TaLcotr’s method in all its details. 


162. Meridian altitudes of a cireumpolar star observed both above 
and below the pole-—Every star whose. distance from the elevated 


MERIDIAN ALTITUDES. 2207 


pole’ is less than the latitude may be observed at both its upper 
and lower culminations. I[f we put 


A == the true altitude at the upper culmination. 

few et «lower m 

p -~ the star’s polar distance at the upper culmination, 
DP a 7] ‘a 66 66 lower sé 


we have, evidently, 


gh mae oe 
at ee g=h+p, 
the mean of which is 
g=4(h+h,) + 3(y,—?P) (280) 


whence it appears that by this method the absolute values of p 
and p, are not required, but only their difference p,—p. The 
change of a star’s declination by precession and nutation is so 
small in 12" as usually to be neglected, but for extreme precision 
ought to be allowed for. This method, then, is free from any 
error in the declination of the star, and is, therefore, emploved 
in all fixed observatories. 


EXxaMPLE.— With the meridian circle of the Naval Academy 
the upper and lower transits of Polaris were observed in 1853 
Sept. 15 and 16, and the altitudes deduced were as below: 


Upper Transit. Lower Transit. 
Sept. 15, App. alt. 40° 28’ 25.42 = Sept. 16, 87° 31’ 39.76 
Barom. 30.005 Barom. 30.146 
Att. Therm. 65°.2 | net 1 6.84 Att. Therm. 75° | net 1 12 .46 
Ext. « 63 .8 Ext. « 74 .6 
h-=:40 27 19 08 h, = 87 80 27 31 
p= 1 28 26) .04 Py == J BR 24 86 
¢ = 88 58 58-0. @ == 88 58 53.17 
66 BB 04 


Mean o = 88 58 58 .11 


In order to compare the results, each observation is carried 
out separately. By (280) we should have 
$(h +- h,) == 88° 58’ 53”.20 
0 ara eae a 
y 88 58 53.11 


This method is still subject to the whole error in the refraction, 
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which, however, in the resent state of the tables, will usually be 
very small. 

If the latitude is greater than 45°, and the star’s declination 
less than 45°, the upper transit occurs on the opposite side of the 
zenith from the pole. In that case A must still represent the 
distance of the star from the point of the horizon below the pole, 
and will exceed 90°. Thus, among the Greenwich observations 
we find 

18387 June 14, Capella fh, == 7° 18 7.94 
h = 95 39 7 .91 
y = 51 28 37 98 


163. Meridian zenith distances of the sun observed near the summer 
and winter solstices.—When the place of observation is near the 
equator, the lower culminations of stars can no longer be ob- 
served, and, consequently, the method of the preceding article 
cannot be used. The latitude found from stars observed at their 
upper culminations only is dependent upon the tabular declina. 
tion, and is, therefore, subject to the error of this declination. If, 
therefore, an observatory is established on or near the equator. 
and its latitude is to he fixed independently of observations made 
at other places, the meridian zenith distances of stars cannot be 
employed. The only independent method is then by meridian 
observations of the sun near the solstices. 

Let us at first suppose that the observations can be obtained 
exactly at the solstice, and the obliquity (e) of the ecliptic is 
constant. The declination of the sun at the summer solstice is 
--- + ¢, and at the winter solstice it is — —e; hence, from the 
meridian zenith distances £ and ¢’ observed at these times, we 
should have 


————ee 
—— 
— 
—— 


¥y 
? 

the mean of which is 
g=4(7 +2’) 


a result dependent only upon the data furnished by the observa- 
tions. 

Now, the sun will not, in general, pass the meridian of the 
observer at the instant of the solstice, or when the declination is 
at its maximum value ¢; nor is the obliquity of the ecliptic con- 
stant. But the changes of the declination near the solstices are 
very small, and hence are very accurately obtained from the 
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solar tables (or from the Ephemeris which is based on these 
tables), notwithstanding small errors in the absolute value of the 
obliquity. The small change in the obliquity between two 
solstices is also very accurately known. If then ae is the un- 
known correction of the tabular obliquity, and the tabular values 
ut the two solstices are ¢ and ¢’, the true values are e+ ae and 
se’ + as; and if the tabular declinations at two observations near 
the solstices are e— x and — (e’ — x’), the true declinations will 
be d = ¢ 4- ae— zx and 0’ = — (e’ + ae — 2’), and by the formula 
gy -=€-+ 0 we shall have for the two observations 


gang + ¢ + As —- 2X 
g=—t'—/— ae t+ a 


the mean of which is 
g=4(F8 + 0!) + $e — 2) -— 3 (rv —2’) 


a result which depends upon the small changes ¢« — e’ and z— 7’, 
both of which are accurately known. 

It is plain that, instead of computing these changes directly, it 
suffices to deduce the latitude from a number of observations 
near each solstice by employing tlic apparent declinations of the 
solar tables or the Ephemeris; then, if g’ is the mean value of 
the latitude found from all the observations at the northern 
solstice, and y’’ the mean from all at the southern solstice, the 
true latitude will be 


g=1(¢'+ ¢”) 


Every observation should be the mean of the observed zenith 
distances of both the upper and the lower limb of the sun, in 
order to be independent of the tabular semidiameter and to 
eliminate errors of observation as far as possible. 


SECOND METHOD.——-BY A SINGLE ALTITUDE AT A GIVEN TIME. 


164, At the instant when the altitude is observed, the time is 
noted by the clock. The clock correction being known, we find 
the true local time, and hence the star’s hour angle, by the 
formula 

t= 0 —a 


in which © is the sidereal time and @ the star’s right ascension. 
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Tf the sun is observed, ¢ is simply the apparent solar time. We 
have, then, by the first equation of (14), ; 


_ sin ¢ sin 6 + cos ¢ cos 6 cost = sinh 


in which g is the only unknown quantity. ‘To determine it, 
ussume d and J to satisfy the conditions 


d sin D = sin é 
d cos D == cos 6 cos t 
then the above equation becomes 
d Cos iC — D) = sink 


which determines g — D, and hence also gy. For practical eon-. 
venience, however, put 


g—D=+y7 


then, by eliminating d, the solution may be put under the follow. 
ing form: 
tan D =: tun dO sect 


cos y= sin A sin D cosec 3 (281) 
— D ey 


The first of these equations fully determines D, which will be 
taken numerically less than 90°, positive or negative according 
to the sign of its tangent. As ¢ should always be less than 90°, 
or 6", D will have the same sign as 0. 

The second equation is indeterminate as to the sign of 7. 
since the cosine of +7 and —j7 are the same. Hence we 
obtain by the third equation two values of the latitude. Only 
one of these values, however, is admissible when the other is 
numerically greater than 90°, which is the maximum limit of 
latitudes. When both values are within the limits + 90° and 
— 90°, the true solution is to be distinguished as that which 
agrees best with the approximate latitude, which is always sufli- 
ciently well known for this purpose, except in some peculiar 
cases at sea. 


EXAMPLE 1.—1856 March 27, in the assumed latitude 28° S. 
aud longitude 43° 14' W., the double altitude of the sun’s lower 
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‘limb. observed with the sextant and artificial horizon was 114° 
‘40''30” at 4* 21" 15* by a Greenwich Chronometer, which was 
fast 2" 30°. Index Correction of Sextant = — 1’ 12’’, Barom. 
29.72 inches, Att. Therm. 61° F., Ext. Therm. 61° F. Required 
the true latitude. 


Sextant reading == 114° 40’ 30” Chronometer 4* 21” 15° 
Index corr. = — IL Correction — 2 30 
114 39 18 = Gr. date, March 27, 4 18 45 

App. alt. © = 457 19 39 Longitude == 2 52 56 
Semidiameter = |} 16 3 Local mean t. —: 1 25 49. 
Ref.and par. == - 3] Ihq. of time -. — 9 19 
h-. 57 35 11° App. time,f = 120 30 

6-7 +2 51 30 == 20° 7’ 80” 


log sect 0.027860 
log tan) = 8.698351 


log tan DD &.725711 log cosec 3 1.302190 

log sin D_ 8.725098 

Daz + 8° 2’ 38” log sink 9.926445 

y= 2558 49 log cosy = 9. 9.958733 
D—y=: 9 = — 22 56 11 


KXAMPLE 2.—1856 Ang. 22; suppose the true altitude of 
Fomathaut is found to be 29° 10’ 0/7 when the local sidereal time 
is 21" 49” 44°; what is the latitude ? 


We have a = 22" 49" 44", whencet = - - 140" 0*; 6 =. — 380° 22’ 47"5; 
D == — 31° 15’ 18”, y — - 60° 0’ 6", g == +4 28° 44' 53”. The nega- 
tive value of y here gives ¢ = — 91° 15’ 19”; which is inadmissible. 


165. The observation of equal altitudes east and west of the 
meridian may be used not only for determining the time (Art. 
139), but also the latitude. For the half clapsed sidereal time 
between two such altitudes of a fixed star is at once the hour 
angle required in the method of the preceding article. When 
the sun is used in this way, the half difference between the 
apparent times of the observations is the hour angle, and the 
declination must be taken for noon, or more strictly for the 
mean of the times of observation. By thus employing the 
mean of the A.M. and P.M. hour angles and the mean of the 
corresponding declinations, we obtain sensibly the same result 
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as by computing each observation separately with its proper 
hour angle and declination and then taking the mean of the 
two resulting latitudes; and an error in the clock correction 
does not affect the final result. The clock rate, however, must 
be known, as it affects the elapsed interval. See also Art. 182. 


166. Effect of errors in the data upon the latitude computed from an 
observed altitude.—From the first of the equations (51) we find 


he sin g cos d COBY 5, 
i ae cosA = cus abet cos A a 
or, since h = 90° — ¢, dh = -- dZ, and sin q cos 8 =: cos g sin A, 
dg == — sec .{.dh — cos ¢ tan .1. dt + cos gq sec A. dé 


whence it appears that errors of altitude and time will have the 
least effect when A = 0 or 180°, that is, when the observation is 
in the meridian, and the greatest effect when the observation is 
on the prime vertical. If the same star is observed on both 
sides of the meridian and at equal distances from it, the coefti- 
cient of dt will have opposite signs at the two observations, and 
hence a small error in the time will be wholly eliminated by 
taking the mean of the values of the latitude found from twa 
such observations. It is advisable, therefore, in taking a series 
of observations, to distribute them symmetrically with respect to 
the meridian. When they are all taken very near to the meri- 
dian, a special method of reduction is used, which will be 
treated of below as our Third Method of finding the latitude. 
The sign of sec A is different for stars north and south of 
the zenith: hence errors of altitude will be at least partially 
eliminated by taking the mean of the results found from stars 
near the meridian, both north and south of the zenith A 
constant error of the instrument may thus be wholly eliminated. 
As for the effect of the error dd, its coefficient is zero only 
when q = 90° and sec A is not infinite. This occurs when a 
circumpolar star is observed at its elongation, where we have, 
Art. 18, 
COs ¢ 


V [sin (6 + ¢) sin (6 — ¢)] 


which shows that sec A diminishes as ¢d increases. In order, 
therefore, to reduce the effect of an error in the decliaation 


sec A — 
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at the same time with that of errors of altitude and time, we 
should select a star as near the pole as possible, and observe it 
at or near its greatest elongation, on either side of the meridian. 
The proximity of the star to the pole enables us to facilitate the 
reduction of a series of observations, and we shall therefore 
treat specially of this case as our Fourth Method below. 


167. When several altitudes not very far from the meridian are 
observed in succession, if we wish to use their mean as a single 
altitude, the correction for second differences (Art. 151) must be 
applied. It is, however, preferable to incur the labor of a sepa- 
rate reduction of each altitude, as we shall then be able to com- 
pare the several results, and to discuss the probable errors of the 
observations and of the final mean. When the observations are 
very near to the meridian, this separate reduction 1s readily 
effected, with but little additional labor, by the following method; 


THIRD METHOD.—-BY REDUCTION TO THE MERIDIAN WHEN THE 
TIME [IS GIVEN. 


168. 7o reduce an altitude, observed at a given time, to the meridian. — 
This is done in various ways. 
(A.) If in the formula, employed in Art. 164, 
sin gy sin 5 + cos ¢ cos 6 cost = sinh 
we substitute 
cos t == 1 — 2 sin? 4$?t 


it becomes 


sin g sin é + cos g cos § — 2 cos g cos 3 sin’ $ t = sin h 
But 
sin g sin 3 + cos ¢ cos é = cos (g — 8) or cos (6 — ¢) 
YWence, if we put 
tog—-3 ori4=té—¢ 
the above equation may be written 


cos =, == sin h + cos ¢ cos 6 (2 sin? } 2) (282) 


If the star does not change its declination, ¢, is the zenith 
(istunce of the star at its meridian passage ; and, being found by 


234 LATITUDE. 


this equation, we then have the latitude as from a meridian 
observation by the formula 


g== 6+ 6, or g=9d9— 7} 


according as the zenith is north or south of the star. 

When the star changes its declination, this method still holds 
if we take 0 for the time of observation, as is evident from our 
formule, in which d is the declination at the instant when the 
true altitude is A. 

To compute the second member, a previous knowledge of the 
latitude is necessary. As the term cos ¢ cos d (2 sin? $2) de- 
creases with ¢, if the observations are not too far from the 
meridian, the error produced by using an approximate value of 
g will be relatively small, so that the latitude found will be a 
closer approximation than the assumed one; and if the computa. 
tion be repeated with the new value, a still closer approximation 
may be made, and so on until the exact value is found. 

This method is only convenient where the computer is pro- 
vided with a table of natural sines and cosines, as well as a table 
of log. versed sines, or the logarithmic values of 2 sin? $ 7. 


EXAMPLE.—Same as Example 1, Art. 164. A — 57° 35’ 11”, 
d== } 2°51'380",/ = 1 20" 30°". Approximate value of g = — 28°. 


log (2 sin? 3 t) 8.785726 
log cos ¢ 9.964026 


nat. sin A 0.844201 log cos 6 9.999459 
nat.no. 0.056182 . . . . . . . . log 8.749211 
nat. cos £, 0.900333 

o, ce 20° 47" OF" (zenith south of sun.) 

6=—=+ 2 51 30 

y =<: — 22 56 24 


differing but 13’ from the true value, although the assumed 
latitude was in error nearly 4’. Repeating the computation witli 
— 22° 56’ 24/’ as the approximate latitude, we find g== — 22° 56/11”, 
exactly as in Art. 164. 


169. (B.) We may also compute directly the reduction of the 
observed altitude to the meridian altitude. Putting 


h, emer meridian altitude —— 90° — ws 
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the forn nla (282) gives Page ae 
sin 4, — sin A = 2 cos ¢ cos é sin? $ ¢ 
But we have 
sin t,- sinh =: 2 con (hk, + h) sin (hk, — A) 


and hence ; a Lees 

: 08 3 sin? 

sin 4(h, - Ah) == ee eee (283) 

cos 3 (A, + A) 

which gives the difference h, --- 1, or the correction of h to reduce 
it to A,; but it requires in the second member ‘an approximate 
value both of g and of f,, the latter being obtained from the 
assumed value of g by the equation h, = 90° — (g —'é); dr, if 
the zenith is south of the star, by the equation h, = 90° — (¢é—¢). 


EXAMPLE.—Saie as the above. 


oo. 2° 51’ 80” log sin? $¢ 8.484696 
Approx. y =- — 23 00 00 log cos ¢ 9.964026 
v“ 7, = 25 51 30 log cos d 9.999459 
: h,=- 64 8 30 log sec 3 (h, + h) 0.812573 
« 4, +h)= 60 51 50 log sin 4 (A, — h) 8.760754 
hA—A = 6 36 33 
h= 57 35 11 oa 2° 51’ 80” 
h= 64 11 44 t,-= — 25 48 16 
yg ~-— 22 56 46 


This method docs not approximate so rapidly as the preceding, 
but the objection is of little weight when the observations are 
very near the meridian. On the other hand, it has the great 
advantage of not requiring the use of the table of natural sines. 


170. (C.) Corcummeridian altitudes. —When a number of altitudes 
are observed very near the meridian,* they are called cireum- 
meriden altitudes. Each altitude reduced to the meridian gives 
nearly as accurate a result as if the observation were taken on the 
meridian. 

An approximate method of reducing such observations with 
the greatest case is found by regarding the small are 4(h, — A) 
as sensibly equal to its sine; that is, by putting 


sin $(h, -— h) =: §(h, — A) sin 1” 


eee ee | eee eee RR Oa eR ee ee Een eee EWP teen eee ne nn et Lee 


een 2 ee 


* JJow near to the meridian will be determined in Art. 175. 
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and taking A, for 4 (4, ~- 4), trom which it differs ver y little, so 
that (283) may be put under the form 


cos g COS 6 2 sin? $¢ 


crear Y Wer S si 
The value in seconds of 
_ 2 sin! a 
sin 1” 


is given in Table V. with the argument ¢. If h’, h’’, h’”’, &c. are 
the observed altitudes (corrected for refraction, etc.); (’, t/’, ’”, 
&e., the hour angles deduced from the, observed clock times; 
m’,m’’, m’"’, &., the values of m from the table; and we put the 
constant factor 


Bee: cosgcosd cos ¢gcosd 
oes NaN Bea ale aaa td 
cos h, sin ¢, 


we have h, = W + Am’ Rr 
hs hk" 4+ Am" a 
h, ee hit’ 4 Am" 
&C. 


and the mean of all these equations vives 


—_ N+ ha" + Oh” + ete. 4 m' +m" +. mi” + &e. 


; Leena 
n n 


in which n is the number of observations; or 
h,=h, + Am, (286) 


m which h, denotes the mean of the observed altitudes corrected 
for refraction, &c., and m, the mean of the values of m. 

When fh, has been thus found, the latitude is deduced as from 
any meridian altitude, only observing that for the sun the de- 
clination to be used is that which corresponds to the mean of 
the times of observation, as has already been remarked in Art. 
168. 


ExampLe.—At the U. 8. Naval Academy, 1849 June 22, cir- 
ecummeridian altitudes of 3 Ursae Minoris were observed with 
Troughton sextant from an artificial horizon, as in the following 
table. The times were noted by a sidereal chronometer which’ 


was fast 1” 


— 14/ 


Ont. 


CIRCUMMERIDIAN- ALTITUDES. 


237 


The index correction of the sextant was 
58’, Barometer, 80.81 inches, Att. Therm. 65° F., Ext. 
Therm. 64° F. 


The right ascension of the star was 14° 51" 14°.0 
Chronometer fast 


Chronometer time of star’s transit 


+1 45.7 


eevee oy ee ee 


14 52 59.7 


The hour angles in the column ¢ are found by taking the differ 
ence between each observed chronometer time and this chro- 
nometer time of transit. 


Mean 108 
Ind. corr. 


2 Alt. o 
108° 89” 40” 


39 50 
40 40 
41 0 
41 0 
40 
40 
40 0 
40 0 
39 


40 14 
— 14 68 


tenement Ab ee ae de 


108 25 16 


oe arte 


A4 12 38 


hd 


- — 34 


12 17 5 
47 42 .5 


74 46 36 .9 


38 


58 64 .4 


Chronom. t 

144 45™ 47:9, 7™ 12¢.7 
47 1. 6 68.7 

48 54.5 4 6.2 

51 29.6 1 80.2 

54 36.5 1 36.8 

56 22. 3 22.3 

57 48. 4 48.3 

58 47.5 h 47.8 

15 O 17.5 7 17.8 
2 10. 9 10.3 


Assumed @ == 88° 59’ 0” 


d= ha 46 36. 
Approx. Ps Bh 47 36. 


m 
102.1 
10.2 
32.8 
4.4 
5.1 
22.3 
43.8 
66.0 
104.5 
165.1 
m, = 61.68 
log cos @ = 9.8906 
log cos 6 = 9.4198 
logcosec{, 1.2329, 
log A 9.5428 
log m, 1.7898 
log Am, 1.8826 


Remark 1.—The reduction h, — A increases as the denominator 
of A decreases, that is, as the meridian zenith distance decreases. 
The preceding method, therefore, as it supposes the reduction to 
be small, should not be employed when the star paases very near 
the zenith, unless at the same time the observations are restricted 


to very small hour angles. 


Tt ean be shown, however, from the 


more complete formule to be given arescatly. that so long as 
the zenith distance is not less than 10°, the reduction computed 
by this method may amount to 4’ 30’ without being in error 
more than 1”; and this degree of accuracy suffices for even the 
best observations made with the sextant. 
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Remar 2.—If in (28+) we put sing¢= ¥ sin 1’. ¢(¢ being .in 
seconds of time), we have 


COs g COS 6 225 


h—h= 
cos A, 2 


sin 1”. ¢? = af? (287) 


in which a denotes the product of all the constant factors. It 
follows from this formula that near the meridian the altitude varies 
as the square of the hour angle, and not simply in proportion to the 
time. Hence it is that near the meridian we cannot reduce a 
number of altitudes by taking their mean to correspond to the 
mean of the times, as is done (in most cases without sensible 
error) when the observations are remote from the meridian. 
The method of reduction above exemplified amounts to sepa- 
rately reducing each altitude and then taking the mean of all 
the results. 


171. (D.) Cireummeridian altitudes more accurately reduced.—The 
small correction which the preceding method requires will be 
obtained by developing into series the rigorous equation (282). 
This equation, when we put = 90° — A == true zenith distance 
deduced from the observation, may be put under the form 


cos 5 == cos 5, — 2 cos ¢ cos 4 sin? } ¢ 


which developed in series* gives, neglecting sixth and higher 
powers of sin $1, 


ne ee aera 


* If we put y = 2 cos ¢ cos 6 sin? } ¢, the equation to be developed is 
cos ¢ = cos (, — y (a) 


in which ¢, is constant and ¢ may be regarded as a function of y; so that by Mac- 
LAURIN’8S Theorem 


ay 
c= fy =(S) + (ay )y + a( Fa) 7 + & (6) 


in which (f (2 4 &c. denote the values of fy and its differential coefficients when 


y= 0. The equation (a) gives. by differentiation, 


C dl 1 
sin ¢ — = woe 
dy dy  sin¢ 
dz cos ¢ = = cot ¢ 


nee 8 
— nme 5 . 
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ae 
See 


OS Qe ee TO 


cos ¢ cos 6 2 sin? j ¢ cos g cos 3\? 2 cot %, sint § ¢ 
ee) et 288) 

sin %, sin 1” sin %, sin 1” : 
By this formula, first given by DreLamsre, the reduction to 
the meridian consists of two terms, the first of which is the same 
as that employed in the preceding method, and the second is the 
small correction which that method requires. These two terme 
will be designated as the “ Ist Reduction” and “ 2d Reduction.” 


Putting 


2 sin? ¢¢ 2 sint $¢ 
te DS ae 
sin 1” sin 1” 

: 08 6 ; 
Y esi B= A’ cot, 

sin 3, 
we have 
7,22 %— Am-+ Bn (289) 


If a number of observations are taken, we have a number of 
equations of this form, the mean of which will be 


eo H. Ff 
F177 %& Naar Am, + Bn, 


in which ¢, is the arithmetical mean of the observed zenith dis- 
tances, m, and 7, the arithmetical means of the values of m and 
n corresponding to the values of ¢. The values of » are also 
given in Table V. 

Having found £,, we have the latitude, as before, by the formula 


god + %, 


in which we must give Z, the negative sign when the zenith is 
south of the star, and it must be remembered that for the sun 
(or any object whose proper motion is sensible) d must be the 
mean of the declinations belonging to the several observations, 


PPR mere neem 


were ee = _-_ ~— + mane oe tees saa ne ate ey ee a eee ete 


But when y = 0 we have, by (a), © -= ¢,, so that (6) becomes 


y y* cot ¢, 


— 


gm + +4(1-+ 8 cot? g,)  — &e (e) 


sing, 2 sin?’ sin’ Z, 


Restoring the value of y. this gives the development used in the text, observing that 
as ¢ and ¢, are supposed to be in seconds of arc, the terms of the series are divided 
by sin 1” to reduce them to the same unit. 
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or, which is the same, the declination corresponding to the mean 
of the times of observation.” 

Finally, if the star is near the meridian below the pole, the 
hour angles should be reckoned from the instant of the lower 
transit. Recurring to the formula 


COS F .- sin ¢ sin } + cos ¢ cos 6 cost 


in which fis the hour angle reckoned from the upper transit, 
we observe that if this angle 1s reckoned from the lower tranait 
we must put 180° ~ ¢ instead of 4, or — cos ¢ for + cos 4, and then 


we have 
Cos { == sin ¢ sin d — cos g cos é cost 


and, substituting as before, 
cos t=: 1 ~- 2 sin? }t 
this gives 
cos § == — cos (¢g + 0) + 2 cos ¢ cos 4d sin? 4¢ 


or, since for lower culminations we have ¢, == 180° — (g + 4 
and cos f, = — cos (g + 4), 


cos & == cos £, + 2 cos ¢ cos é sin? $t 


which developed gives 


ee cos¢gcosd 2 sin’ 4 ft (°° gy cos 6% 2 cot 7, sint }t 
aa sin ¢, sin 1” sin £, sin 1” 
or 

== ¢ + Am + Bn (sub polo) (290) 


which is computed by the same table, but both first and second 
reductions here have the same sign. 

If wu stur is observed with a sidereal chronometer the daily 
rate of which is so small as to be insensible during the time of 


* To show that the mean declination is to be used, we may observe that for each 
observation we have put ¢, == 9 — d, and that if 6’, 0”, &c., wie the several declina- 
tions, the several equations of the form (289) will give 


@=0'-+ ¢' - Am 4+ A®cot ¢,n' 
g = 6” + 6” — Am" + A? cot J, n” 
&e., 
the mean of which, if d — mean of 4’, 6”. &c.. will he 


@= 95 + oy — -Amy + A* cot S, Wg ~ 84 & 
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the observations, the hour angles ¢ are found by merely taking 
the difference between each noted time and the chronometer 
time of the star’s transit, as in the example of Article 170. But 
if we wish to take account of the rate of the chronometer, it can 
be done without separately correcting each hour angle, as fol 
lows: Let @7' be the rate of the chronometer in 24* (@7' being 
positive for losing rate, Art. 187); then, if ¢ is the hour angle 
given directly by the chronometer, and ?¢’ the true hour angle, 
we have 


t’ st = 24°: 24° — 37 — 86400": 86400° — a7 


whence 


Instead of sin $¢ we must use sin $¢’: for which we shal] have, 
with all requisite precision, 


: : t’ : ; t’\ 
sin +t = sin it. orsin' $Y =sint dt. (=) 
Hence, if we put 
3 
-|- =| =(F] 
1 22. t , 
86400 


we shall have 
C08 g Cos a 2 sin? $¢ 


Am —k SE aa REEE Eran 
sin &, sin 1” 


so that if we compute A by the formula 


d 
j . £08 ¥ 608 


Avice - 
sin ¢, 
2 sin® $¢ ; 
we can take m = a for the actual chronometer intervais, 


and no further attention to the rate is required. ; 
The factor k can be given in a small table with the argument 
‘“rate,’’ in connection with the table for m, as in our Table V. 
If a star is observed with a mean time chronometer, the inter- 
vals are not only to be corrected for rate, but also to be reduced 
Vou. I.—16 
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from mean to sidereal intervals by multiplying them by » = 
1.00273791 (Art. 49); so that for sin? $4 we must substitute & sin? 
(4. yt), or, with sufficient precision, ky? sin? 4 ¢. 

. If the sun is observed with a mean time chronometer, the in- 
tervals are both to be corrected for rate and reduced from mean 
solar to apparent solar intervals. The mean interval differs 
from the apparent only by the change in the equation of time 
during the interval, and this change may be combined with the 
rate of the chronometer. Denoting by ¢# the increase of the 
equation of time in 24* (remembering that # is to be regarded 
as positive when it is additive to apparent time), and by dT the 
rate of the chronometer on mean time, we may regard 67 — dF 
as the rate of the chronometer on apparent time. Instead of 
the factor k we shall then have a factor k’, which is to be found 


by the formula 
yf 7 
1 _ ora 
86400 


which may be taken from the table for k by taking 67’ — d£ as 


the argument. 
Finally, if the sun is observed with a sidereal chronometer. 


: 1 
we must multiply sin? 3 ¢ not only by 4’ but by 7 
Denoting 2 by ¢ and 5 by 7’, these rules may be collected, for 


the convenience of reference, as follows: 


; ,, COS gy COBs 
Star by siderealchron., <A =k. iti aatersd 
sin %, 
COs ¢ cos dé 


sin ¢, 


Star by mean time chron., A = kt- [log i = 0.002375] 


(291) 
Cos ¢ cos 0 
sin ¢,: 
COS ¢ Cos 6 
sin %, 


Sun by mean time chron., A =k’: 


Bun by sidereal chron, A=k7 [log 7?’ = 9.997625] 


for which log & will be taken from Table V. with the argument 
rate- of the chronometer = 87; and log i’ from the, same table 
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with the argument 67’ — dK = daily rate of the chronometer 
diminished by the daily increase of the equation of time. 


EXAMPLE.—1856 March 15, at a place assumed to be in lati- 
tude 37° 49’ N. and longitude 122° 24’ W., suppose the fol- 
lowing zenith distances of the sun’s lower limb to have been 
observed with an Ertel universal instrument,* Barom. 29.85 
inches, Att. Therm. 65° F., Ext. Therm. 63° F. The chrono- 
meter, regulated to the local mean time, was, at noon, slow 
11” 20°.8, with a daily losing rate of 6°.6. 


Obs’d zen. dist. Chronometer. t m n 
40° 8’ 40.7 238° 37" 35.5 — 19" 5&8 783”.3 1.49 
40 2 16.5 42 38. ~I15 380.8 472 A 0 .54 
39 57 28 .3 46 29.5 —11 4.3 240 6 0 .14 
39 54 17 .2 50 46.5 — 6 47.3 90 .5 0 .02 
89 52 33. 55 16. — 2 17.8 10 .4 0 .00 
39 52 34.5 0 0 37.54 3 3.7 18 .4 0 .00 
39 54 28 .6 5 18. 7 39.2 115 .0 0 .03 
39 58 98 9 49.5 12 15.7 295 .1 0 .21 
40 8 0. 148. 16 34.2 38 .9 0.7 
40 9 36. 18 31. 20 57.2 861 4 1 .80 
Means 39 59 18 .5 tfo== + 0 29.1 m=—=342 60 n,=0 49 


The equation of time at the local noon being + 8” 54°.6, we 
have 
Mean time of app. noon == 0* 8" 54°.6 
Chronometer slow = 11 208 
Chr. time of app. noon ==28 57 33.8 


The difference between this and the observed chronometer 
times gives the hour angles ¢ as above. . 

The mean of the hour angles being + 29.1, the declination is 
to be taken for the local apparent time 0* 0” 29°.1, or for the 
Greenwich mean time March 15, 8° 18” 59.7; whence 


6 =: — 1° 48’ 8.8 
(Approximate) g = + 37 490. 
ee 39 37 8 8 
The increase of the equation of time in 24’ is 0H = ~ 17°.4, 


Sh te neta nnd etter tre Re A 
* See Vol. II., Alatude and Azimuth Instrument, for the method of observing the 
zenith distances. 
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and, the chronometer rate being 07' = + 6'.6, we have 87’ — dE 
-- ++ 24.0, with which as the argument ‘“rate’’ in Table V. we 
find log i” = 0.00024. 


The computation of the latitude is now carried out as follows: 


log cos g 9.89761 Mean observed zen. dist. @ =: 39° 59” 18”.5 


log cos é =. 9.99979 r—p=: + 41 8 
log cosee 7, 0.19540 = log A? 0.1861 S= — 16 6.4 
log k’ 0.00024 log cot %, 0.0821 Am= — 7T 44 
log A 0.09804 log B 0.2682 Bn,= + 0 9 
log m, 58479 log nto 9.6902 r= 89 86 50 3 
log Am, 2.62788 = log Bn, ~—-9. 9584 d= —1 48 8.8 


y== 87 48 414 


The assumed value of ¢ heing in error, the value of A is not 
quite correct; but a repetition of the computation with the value 
of g just found does not in this case change the result so much 
as 0/’.1. 


1 172. (E.) Gauss’s method of reducing cireummeridian. altitudes of 
the sun.—The preceding method of reduction is both brief and 
accurate, and the latitude found is the mean of all the values 
that would be found by reducing each observation separately. 
This separate reduction, however, is often preferred, notwith- 
standing the increased labor, as it enables us to compare the 
observations with each other, and to discuss the probable error 
of the final result; and it is also a check against any gross error. 
But, if we separately reduce the observations by the preceding 
method, we must not only interpolate the refraction for each 
altitude, but also the declination for each hour angle. Gauss 
proposed a method by which the latter of these interpolations is 
avoided. He showed that if we reckon the hour angles, not 
from apparent noon, but from the instant when the sun reaches its 
maximum altitude, we can compute the reduction by the method 
above given, and use the meridian declination for all the observa- 
tions. This method is, indeed, not quite so exact as the preced- 
ing; but I shall show how it may be rendered quite perfect in 
practice by the introduction of a small correction. 
{n the rigorous formula 


cos 5 = sin ¢ sin 6 + cos ¢ cos 6 cost 
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# is the declination corresponding to the hour angle /. If then 


4é == the hourly increase of the declination, positive when 
the sun is moving northward, 
, = the declination at noon, 


and if ¢ is expressed in seconds of time, we have 


t.ad 
é=0 —— == 8 £ 
1+ 3600 ~ 8 T 
where, since ad never exceeds 60’’, x will not exceed 30’ so long 
ast < 30". Hence we may substitute, with great accuracy, 


sin ¢ = sin 6, + cos é, sinr 
cos 5 = cos 6, — sin 3, sing 


and the above formula becomes 


cos § = sin ¢g sin 3, + cos ¢ cos 0, cost + sin(g — @) sing 
+ 2 cos ¢ sind, sin? $¢ sin x 


~ 


The last term is extremely small, rarely affecting the value of ¢ 
by as much as 0’.1; and since x is proportional to the hour 
angle, and therefore has opposite signs for observations on differ- 
ent sides of the meridian, the effect of this term will nearly or 
quite disappear from the mean of a series of observations pro- 
perly distributed before and after the meridian passage. Now, 
we have 


tad sin 1” Ad 
peste! ng = 
oe 3600 an" 54000 


Let 

sin * = Ae sin (y — 3) 

54000 cos ¢ cos 0, 

then, taking 

15 ¢ sin 1” = sin ¢ + 3 sin’ ¢ 
we have 
COs ¢ cos 4, 
sin (py — 4) 


and the formula for cos £ becomes, by omitting the last term, 


sin x =(sin t + 3} sin’ ?) sin 4. 


cos * = sin gy sin 6, + Cos ¢ cos 3,(cost + sin f sin 9) 
+ § cos ¢ cos 4, sin*f sin 6 
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The last term involving sin’ ¢ multiplied by the small quantity 
sia # is even jess than the term above rejected. Like that, also, 
it has opposite signs for observations on different sides of the 
meridian, and will not affect the mean result of a properly 
arranged series of observations. Rejecting it, therefore, our for- 
mula becomes 


cos f = sin ¢ sin d, + cos ¢g cos 4, cos (¢ — 4) 
» ; in? 
-+ 2 cos ¢ cos 6, sin’ 3 # 


The last term here must also be rejected if we wish to obtain the 
method as proposed by Gauss ; but, as it is always a positive 
term and affects all the observations alike, I shall retain it, espe- 
cially as it can be taken into account in an extremely simple 
manner. ) 

The maximum value of cos ¢, which corresponds to the 
maximum altitude, is given immediately by the above formula 
by putting t= 0. Hence # is the hour angle of the maximum altitude. 
Putting 


U—t—s 
we have 
cos € = cos (g — d,) — 2 cos ¢ cos 4, sin? 4?’ 
+ 2 cos ¢ cos 6, sin? $8 
Let 


y—e cos ¢ cos 6, 2 sin? 38 


ee we eres eee 


sin (yg — ¢,) sin 1” 
then our formula becomes 
cos § = cos (gy — 3’) — 2 cos ¢ cos 4, sin? 3 ¢’ 


This equation is of the same form as that from which (288) was 
obtained, and therefore when developed gives 


a 


cos ¢ cos 6, 2 sin? 3?’ (= ¢ COB 6, ) 2 cot ¢, sint 4?’ 


sin 4 sin 1” sin . sin 1” 


in which (,=¢-— 0’. Putting then, as before, 


AOE! Pia AN ote: (292) 
sin ¢, 


and taking m and n from Table V., or their logarithms from 
Table VI., with the argument ¢’, which is the hour angle reckoned 
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from the instant the sun reaches its maximum altitude, we have 
f su 7— Am + Bu (293) 


Since £, differs from the latitude by the constant quantity 0’, its 
value found from each observation should be the same. Taking 
its mean value, we have 


g=F,4+0' 


The angle &, being very small, may be found with the utmost 
precision by the formula 


: 4° _ ¢9.40594] °° 


B= sai (#94) 
810000 sin 1” A A 

which gives #:in seconds of the chronometer when A has been 
computed by the formula (292). 

The most simple method of finding the corrected hour angles 
’ will be to add & to the chronometer time of apparent noon, 
and then take the difference between this corrected time and 
each observed time. 

If we put 0’ = 6, + y, we have 


2 sin? 4 3 


sin 1” 


which requires only one new logarithm to be taken, namely, the 
value of log m from Table VI. with the argument 3 We then 
have, finally, 


e=n+h+y (296) 


ExAMPLE.—The same as that of the preceding article. We 
have there employed the assumed latitude 37° 49’; but, since ever 
i rough computation of two or three observations will give a 
nearer value, let us suppose we have found as a first approxima- 
tion g -: 37° 48’ 45’. With this and the meridian declination 
6, = — 1° 48’ 9’’,2, and log k’ = 0.00024 as before, we now find, 
by (292), 

log A = 0.09810 log B = 0.2683 


We have also there found the chronometer time of apparent 
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noon = 28* 57" 33.8. We now take from the Ephemeris ad = 
+ 59’’.22, and hence, by (294), 


log a0 1.7725 


ar. co. log A 9.9069 
const. log 9.4059 
&= + 12°.2 log 4 1.0858 


Hence the chronometer time of the maximum altitude is 
23" 57” 38°.8 + 12°.2 = 23 57” 46", which gives the hour angles 
t’ as below: 


. log m log Am log log Bn 
- 20" 11°. 2.90274 2.99584 0.1900 0.4588 
15 48. 2.68558 2.77868 9.7557 0.0240 
11 16.5 2.39718 2.49028 9.1776 9.4459 
6 59.5 1.98216 2.07526 8.3487 8.6170 
—~ 2 30. 1.08891 1.18301 
4+ 2 51.5 1.20525 1.29835 
7 27. 2.03730 2.13040 8.4558 8.7286 
12 8: 2.45551 2.54861 9-2955 9.5688 
16 22. 2.72077 . 2.81887 9 8260 0.0943 
20 45. 2.92677 3.01987 0.2381 0.5064 


The refraction may be computed from the tables first for a mean 
zenith distance, and then with its variation in one minute (which 
will be found with sufficient accuracy from the table of mean 
refraction) its value for each zenith distance is readily found. 
The parallax, which is here sensibly the same (= 5/’.54) for all 
the observations, is subtracted from the refraction, and the results 
are given in the column r—p of the following computation. 
The numbers in the 3d and 4th columns are found from their 
logarithms above; and the last column contains the several 
values of the minimum zenith distance of the sun’s lower limb, 
formed by adding together the numbers of the preceding columns. 
To the mean of these we then apply the sun’s semidiameter, the 
meridian declination, and the correction y, which are all constant 
for the whole series of observations. 
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Obs’d ¢ r—~p Am Bn G 

40° 8407.7 = +4+42"1 —16'380".5 + 27.9 39° 52’ 55".2 
40 216 6 41 9 10 07 1.1 58 .8 
39 57 28 3 41 .8 5 9 2 0 8 61 .2 
89 5417 .2 41 .7 1 58 .9 0 .0 60 .0 
89 52 33. 41 6 015 2 0 0 59 4 
39 52 34 5 41 6 019 .9 0 .0 56 .2 
39 54 28 6 41 .7 215 .0 0.1 D5 .4 
39 58 9 8 41 8 5 53 .7 0 4 o8 .3 
40 38 0.3 41 9 10 51 4 1 2 52 .0 
40 9 36 42 .1 17 26 .8 8 .2 54 .5 
(Lower limb) Mean ¢, — 39 52 57 .10 

log 7 Sin’ 4 ® 8 9090 Semidiameter = — 16 6 .49 
n 1” 6.=—1 48 9 .20 

log A 0.0931 yout 0 .10 
log y 9.0021 g= 37 48 41 51 


This result agrees precisely with that found before. If we suppose 
all the observations to be of the same weight, we can now deter- 
mine the probable error of observation. Denoting the differenced 
between each value of ¢, and the mean of all by v, and the sum 
of the squares of v by [vv], according to the notation used in the 
method of least squares, we have 


o ov 
— 1" 9 8.61 
+1 .7 2.89 Mean error of a single observa- 
4 1 16.81 : [vv ys 
i 29 8.41 none y= co 
+2 3 5.29 Mean error of the final value of 
—0 9 81 2.89 ‘ 
ey 2.89 ap 
+1 2 1.44 
ees ee 26.01 
—2 6 6.76 


n = 10, [vv] = 74.92 


Probable error of a single obs. == 2.89 x 0.6745 = 1.95 
“6 “« of ¢ = 0 91 « 0.6745 — 0 .61 


It must not be forgotten that the probable error 1/’.95 here 
represents the probable error of observation only: a constant error 
of the. instrument, affecting all the observations, will form no 
part of this error; and the same is true of an error in the 
refraction. 
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173. For the most refined determinations of the latitude, 
standard stars are to be preferred to the sun. Their declinations 
are somewhat more precisely known; the instrument is in night 
observations less liable to the errors produced by changes of 
temperature during the observations; constant instrumental 
errors and errors of refraction may be eliminated to a great 
extent by combining north and south stars; or errors of declina- 
tion may be avoided by employing only circumpolar stars at or 
near their upper and lower culminations. In general, errors of 
circummeridian altitudes are eliminated under the same condi- 
tions as those of meridian observations, since the former are 
reduced to the meridian with the greatest precision. See the 
next following article. 

For a great number of nice determinations of the latitude by 
circummeridian altitudes of stars north and south of the zenith 
and of circumpolar stars, see Puissant, Nouvelle Description G'éo- 
métrique de la France. 


174. Effect of errors of zenith distance, declination, and time, upon 
the latitude found by circummeridian altitudes.—Differentiating (289), 
regarding A as constant, and neglecting the variations of the 
last term, which is too small to be sensibly affected by small 
errors of ¢, we have, since dy = d¢, + do, 


Asin t 


dy = dt + ds — 7 (15 dt) 


The errors df and dé affect the resulting latitude by their whote 
amount. The coefficient of di has opposite signs for east and 
west hour angles; and therefore, if the observations are so taken 
as to consist of a number of pairs of equal zenith distances east 
and west of the meridian, a small constant error in the hour 
angles, arising from an imperfect clock correction, will be elimt- 
nated in the mean. This condition is in practice nearly satistied 
when the same number of observations are taken on each. side 
of the meridian, the intervals of time between the successive 
observations being made as nearly equal as practicable. 

An error in the assumed latitude which affects A is eliminated 
by repeating the computation with the latitude found by the first 
computation. An error in the declination which would affect A 
is not to be supposed. 
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175. To determine the limits within which the preceding methods of 
reducing circummeridian altitudes are applicable—First. In the 
method of Art. 170 we employ only the “ first reduction” (= Am), 
which is the first term of the more complete reduction expressed 
by (288). The error of neglecting the “second reduction” (= Bn) 
increases with the hour angle, and if this method is to be used it 
becomes necessary to determine the value of the hour angle at 
which this reduction would be sensible. We have 


2 sint 4 ¢ 


Bn = A’ cot §, — 
sin 1” 


whence if we put 6 for Bn and 


F=—V } sin 1” tan - 
we derive 


sin?}¢ = = Vb (298) 


Since ¢,=g — 0, F and A are but functions of g and @; and 
therefore by this formula we can compute the values of ¢ for 
any assigned value of 6, and for a series of values of g and 0. 
Table VIT.A gives the values of ¢ in minutes computed by (298) 
when 6=1/. That is, calling ¢ the tabular hour angle and 2 
the hour angle for any assigned limit of error 6, we have 


sint 41, = sin?  ¢ == sin?}¢, bd 
As the limits are not required with great precision, we may sub- 
stitute for the last equation the following: 


t=—t, 7b 


If we take b = 0.1, we have ;'’b = 0.56, or nearly 4: hence the 
limiting hour angle at which the second reduction amounis to 0’’.1 is 
about 4 the angle given in Table VILA. 


ExaMPLe.—IIow far from the meridian may the observations 
in the example p. 237 be extended before the error of the 
method of reduction there employed amounts to 1’? With 
gy = + 39°, d= + 75°, Table VILA gives 4, = 30". Hence 
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the method is in that example correct within 1” if the observa- 
tions are taken within 30" of the meridian, and correct within 
0’’.1 if they are taken within 15" of the meridian. 


Second.—In the more exact methods of reduction given in 
Arts. 171 and 172, we have neglected the last term of the 
development given in the note on page 239, which may be called 
a ‘third reduction.”” Denoting it by c, we have 


t 
oe § (ESSE S) ae int at 
3 sin 1” 


whence, if we put 


8 Hsin IY ~~} sin 1” 
sia 1+ 8cot??, 4 
we deduce 
2 K 3 
sin? 4¢ == ri ie (299) 


Table VII.B gives the values of ¢, computed by this formula, for 
e=1/’, Denoting the tabular value oft by ¢,, we have 


sin? }t, = - sin? }¢ = sin? }t, j/c 


or, with sufficient accuracy in most cases, 
6 
t=, Vc 


For c = 0.1 we have c = 0.68, or nearly %; and hence the 
limiting hour angle at which the third reduction (omitted in our 
most exact methods) would amount to 0’’.1 is about 3 the angle 
given in Table VII.B. 


ExampLe.—How far from the meridian may the observations 
in the example p. 243 be extended before the error of the 
method of reduction there employed amounts to 0’.1? With 
y == 38°, d = — 2°, Table VIILB gives ¢, = 39", and 3 of this 
is ¢ = 26": so that the method is in that example correct within 
1’’ when the observations are taken within 39" of the meridian ; 
and it is correct within 0/".1 when the observations are taken 
within 26” of the meridian. 


The limiting hour angle for 4 given limit of error diminishes 
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rapidly with the zenith distance; and hence in general very small 
zenith distances are to be avoided. But the observations may be 
extended somewhat beyond the limits of our tables, since the 
errors which affect only the extreme observations are reduced in 
taking the mean of a series. 


FOURTH METHOD.——-BY THE POLE STAR. 


176. The latitude may be deduced with accuracy from an alti- 
tude of the pole star observed at any time whatever, when this 
time is known. The computation may be performed by (281); 
but when a number of successive observations are to be reduced, 
the following methods are to be preferred. If we put 


p = tke star's polar distance, 
we have, by (14), 


sin h = sin ¢ cos p + cos ¢ sin pcos t 


in which the hour angle ¢ and the altitude A are derived from 
observation and ¢ is the required latitude. Now, p being small 
(at present less than 1° 30’), we may develop g in a series of 
ascending powers of p, and then employ as many terms as we 
need to attain any given degree of precision. The altitude 
cannot differ from the latitude by more than p: if, then, we put 


g=h—vez 


yr will be a small correction of the same order of magnitude as p 
We have* 


sin g = sin (hk — x) = sinh — xcosh —4 x*sin h + } x cosh + &c. 


cos ¢ = cos (hk — x) = cosh -+arsinh — } x? cosh — i a*sinh + &c. 


sin p = p—- gp’? + &e. 
cos p= 1 — i p’+ &e. 


which substituted in the above formula for sin A give 
sinh = sinh — 1 cosh + pcoost cosh — } (x? — 2 xpcost + p*)sin h + &o. 


and from this we obtain the following genera] expression of the 
correction : 


eee me eos - wwe ae cen Ren, 


* Pl. Trig. (408) and (406). 
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x= pcos t —‘! (x1? — 2 xp cost + p*) tanh 
+ § (2? — 82° p cost + 3 xp?— pcos t) 
+ 3) (at — 4.25 p cost + 6 x p?— 4 rp* cost + p*) tan h 
— &e. (a) 


For a first approximation, we take 
x= pcost (6) 


and, substituting this in the second term of (a), we find for a 
second approximation, neglecting the third powers of p and 2, 


x == peost — {| p*sin’t tanh (c) 


Substituting this value in the second and third terms of (a), we 
find, as a third approximation, 


u== pcost — }p*sin?? tan h + 3} p* cost sin?t (ad) 


This value, substituted in the second, third, and fourth terms of 
(a), gives, as a fourth approximation, 


x= pcost — }p*sin?t tan h + 4 p*cos ¢ sin?t — } p‘sin‘t tanth 
+ 3, pi(4 — 9 sin??) sin?’ t tanh (e) 


In these formule, to obtain z in seconds when p is given in 
seconds, we must multiply the terms in p*, p*, and p* by sin 1”, 
sin? 1’, sin* 1’’, respectively. 

In order to determine the relative accuracy of these formule, 
let us examine the several terms of the last, which embraces all 
the others. The value of ¢, which makes the last term of (e) a 
maximum, will be found by putting the differential coefficient 
of (4 — 9 sin?¢) sin*? equal to zero; whence 


4 sin ¢ cos ¢ (2 — 9 sin? ?) = 0 


which is satisfied by ¢ = 0, ¢ = 90°, or sin? ¢ == 3, the last of which 
alone makes the second differential coefficient negative. The 
maximum value of the term is, then, ),; p‘ sin? 1’ tan A, which 
for p = 1° 30’ = 5400” is 0.0018 tan h. This can amount to 
0.01 only when A is nearly 80°,—that is, when the latitude is 
nearly 80°. This term, therefore, is wholly inappreciable in 
every practical case. 
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The term {p‘sin® 1” sin‘ ¢tan® Ais a maximum for sin? = 1, 
in which case, for p = 5400”, it is 0.0121 tan? A. This amounts 
to 0’’.1 when / == 64°, and to 1’. when / = 77°. 

For the maximum of the term } p> sin? 1/’ cos ¢ sin?¢ we have, 
by putting the differential coefficient of cos ¢ sin? ¢ equal to zero, 


sin ¢ (2 — 3 sin’ t) = 0 


which gives sin? ¢ = #, and consequently cos ¢ = 7/4; and hence 
the maximum value of this term is %p*sin? 1’ 17/4 = 0/.475. 
Since the maximum values of this and the following terms do 
not occur for the same value of ¢, their aggregate will evidently 
never amount to 1” in any practical case. 

Hence, to find the latitude by the pole stur within 1’, we have the 


formula 
g=h—peost + ip’sin 1” sin? t tan h (300) 


The hour angle ¢ is to be deduced from the sidereal time © 
of the observation and the star’s right ascension a, by the 


formula 
t=- ©O —a 


To facilitate the computation of the formula (800), tables are 
given in every volume of the British Nautical Almanac and the 
Berlin Jahrbuch; but the formula is so simple that a direct 
computation consumes very little more time than the use of 
these tables, and it is certainly more accurate. 


ExamMPLe.—(From the Nautical Almanac for 1861).—On March 
6, 1861, in Longitude 37° W., at 7" 48” 385° mean time, suppose 
the altitude of Polaris, when corrected for the error of the in- 
strument, refraction, and dip of the horizon, to be 46° 17’ 28”: 
required the latitude. 


Mean time 7? 43™ 35¢. 
Sid. time mean noon, March 6, 22 56 47.9 
Reduction for 7* 48" 35° 1 16.2 
Reduction for Long. 2 28" 24.8 
Sidereal time O= 642 34 
Marck 6, p = 1° 25' $2".7 a= 1 7 39.0 
t 5 34 24.4 


83°36" 6” 
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Hence, by formula (300), 


log p 3.71035 log p’? 7.4207 
log cos ¢ 9.04704 log sin? t 9.9946 
log Ist term 2.75739 log tanh 0.0196 
log $sin1” 4.3845 
h = 46° 17’ 28” log 2d term 1.8194 
Ist term = — 9 32 .0 
2d “ =+ 1 6.0 


a 


g= 16 9 2.0 
By the Tables in the Almanac, g = 46° 9’ 1” 


177. If we take all the terms of (e) except the last, which we 
have shown to be insignificant, we have the formula 


g == h — peost + fp' sin 1” sin*t tanh 
— 4p sin? 1” cost sin? ¢ + jptsin® 1” sin‘ ¢t tan? h (801) 


which is exact within 0/’.01 for all latitudes less than 75°, and 
serves for the reduction of the most refined observations with 
first-class instruments. 

If we have taken a number of altitudes in succession, the 
separate reduction of each by this formula will be very laborious. 
To facilitate the operation, PETERSEN has computed very con- 
venient tables, which are given in Scuumacuer’s Hiilfstafeln, 
edited by Warnstorrr. These tables give the values of the 
following quantities : 


a = p, cost + ip,* sin*1” cos ¢ sin’ ¢ 
f =p) sin 1” sin? ¢ 

A= 4p (p? —p,’) vin? 1” cost sin*t 
pp == 3 ptsin® 1” sin‘ t tan’ h 


in which p, = 1° 30’ = 5400”. Then, putting 


ye 
Po 


log A = log p — 8.7828988 


the formula (801) becomes 


g =h— (Aa + A) + A'S tanh + pg 
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Putting then 
x= Aa+h 
y= A's tanh+an 
we have (802) 
g=h—axr+y 
or, when the zenith distance ¢ is observed, 
r=Aao+A 
y = AS cot € + pz coe 
90° —g=C+ax—y 


The first table gives a with the argument ¢; the second, # with 
the argument ¢; the third, A with the arguments p and ¢; and 
the fourth, » with the arguments y and g, g being used for A in 
so small a term. 

To reduce a series of altitudes or zenith distances by these 
tables, we take for h or ¢ the mean of the true altitudes or 
zenith distances; for a@ and # the means of the tabular numbers 
corresponding to the several hour angles, with which we find 
Aa and A’? cot ¢. The mean values of the very small quanti- 
ties A and y are sensibly the same as the values corresponding te 
the mean of the hour angles; so that 4 is taken out but once for 
the arguments polar distance and mean hour angle, and yp is 
taken with the arguments g and the approximate value of y = 
A*3 cot ¢. Illustrative examples are given in connection with 
the tables. 


FIFTH METHOD.—BY TWO ALTITUDES OF THE SAME STAR, OR DIF. 
FERENT STARS, AND THE ELAPSED TIME BETWEEN THE OBSERVA- 
TIONS. 


178. Let S and S’, Fig. 25, be any two points of i 
the celestial sphere, Z the zenith of the observer, 
Pthe pole. Suppose that the altitudes of stars seen 
at Sand S’, either at the sume time or different 
times, are observed, and that the observer has the ,, 
means of determining the angle SPS’; also that > : 
the right ascensions and declinations of the stars 
are known. From these data we can find both the latitude and the 
local time. A graphic solution (upon an artificial globe) is indeed 
quite simple, and it will throw light upon the analytic solution. 
With the known polar distances of the stars and the angle SPS’, 

Vou. I.—17 


Ss 
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let the triangle SPS’ be constructed. From S and S’ as poles 
describe small circles whose radii (on the surface of the sphere) 
are the given zenith distances of Sand S’: these small circles inter- 
sect in the zenith Z of the observer, and, consequently, determine 
the distance PZ, or the co-latitude, and at the same time the hour 
angles ZPS and ZPS’, trom either of which with the star's right 
ascension we deduce the local time. This graphic solution shows 
clearly that the problem has, in general, two solutions; for the 
small circles described from S and S’ as poles intersect in two 
points, and thus determine the zenith of another observer who 
at the same instants of time might have observed the same alti- 
tudes of the same stars. The analytic solution will, therefore, 
also give two values of the latitude; but in practice the ob- 
server always has an approximate knowledge of the latjtude, 
which generally suffices to distinguish the true value, |:. 

Let us consider first the most general case. ee 

(A.) Zwo different stars observed at different times.—Let 


h, h’ = the true altitudes, corrected for refraction, &e., 
T, T' = the clock times of observation, 
aT,aT' = the corresponding corrections of the clock, 

a,a —= the right ascensions, and 

6, 0’ = the declinations of the stars at the times of the 
observations respectively, 

t, t’ = the hour angles of the stars at the times of the 
observations respectively, 
A= t’ —t = the difference of the hour angles, 
gy == the latitude of the observer : 


then we have, if the clock is sidereal, 


t—-T+aT—a 
t=— T’+aT'—a 
A= (T’— T) + (4T'— aT) — (a — a) (304) 


a formula which does not require a knowledge of the absolute 
values of aT and aT’, but only of their difference ; that is, of 
the rate of the clock in the interval between the two obser- 
vations. 

If the clock is regulated to mean time, the interval 7’ — 7+ 
aT’ — aT is to be converted into a sidereél interval by adding 
the acceleration, Art. 49. 

We have next to obtain formule for détermining g and ¢ or ? 
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from the data h, h’, 6, 0’, and 4. I shall give two general solu- 
tions, the first of which is the one commonly known. 


First ‘Solution.—Let the observed points S and S’ be joined 
by an arc of a great circle SS’. In the triangle PSS’ there are 
given the sides PS == 90° — 0, PS’ = 90° — 0’, and the angle SPS’ 
== 4, from which we find the third side SS’ = B, and the angle 
PS'S == P, by the formule [@ of Art. 10] 


cos B == sin 6’ sin 6 + cos 0’ cos 6 cos A 
sin B cos P == cos 6’ sin 6 — sin 6’ cos 6 cos A 
sin Bein P= cosod sind 


or, adapted for logarithmic computation, 


main J = sin é 
m cos M .~ cos 6 cos A 
cos B = m cos (M —~ 3’) » (805) 
sin B cos P = m sin (M — 6’) | 
sin Bsin P = cos dsina 


é 


In the triangle ZSS’ there are now known the three sides 
ZS = 90° ~ h, ZS’ = 90° — h’, SS’ -- B, and hence the angle 
ZS'S = Q, by the formula employed in Art. 22: 


ea, eee 2 . pe 
sin} Q = | con 2 (A + A + #8) sin AG — ht BY (306) 


cos fh’ sin B 


Now, putting 
(hee 


there are known in the triangle PZS’ the sides PS’ == 90° — 0’, 
Z8' == 90° — hh’, and the angle PS’Z==q, from which the side 
PZ = 90° — g, and the angle S’PZ=?, are found by the formule 


sin g == sin 0’ sin h’ + cos d’ cosh’ cos qg 
cos g cos -: cos 6’ sin hh’ ~- sin 6’ cos A’ cos q 
cos ¢ sin ¢’ == cos A’ sin ¢ 


or, adapted for logarithmic computation, 


n sin NV = sin h’ 
n cos NV == cos hh’ cos g | 
sin g = n cos (V — 0’) (307) 
cos gy cos == n sin ULV — 0’) 
cos gy sint’ == cos A’ sin g 
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The formule (805) and (807) leave no doubt as to the quadrant 
in which the unknown quantities are to be taken. But we may 
take the radical in (806) with either the positive or the negative 
sign, and 3 Q, therefore, cither in the first or fourth quadrant. 
If we take 4 Q always in the first quadrant, the values of q will be 


q=P+Q 


and either value may be used in (807); whence two values of ¢ 
and ¢’. That value of ¢, however, which agrees best with the 
known approximate latitude is to be taken us the true value. 
There is also another method of distinguishing which value of g 
will give the true solution; four, if A’ and A are the azimuths of 
S’ and S, we have in the Gaile ZSS' the angle SZS’ -= A’ — A, 


and 
cos A 


sin B 


sin Q = sin (A’ — A) 


in which cos A and sin B are always positive. Hence Q is posi- 
tive or negative according as A’ — A is less or greater than 180°. 
The observer will generally be able to decide this: the only cases 
of doubt will be those where A’ and A are very nearly equal or 
where A’ — A is very nearly 180°; but, as we shall see hereafter, 
these cases are very anh corele for the determination of the 
latitude, and are, therefore, always to be avoided in practice 

If the great circle SS’ passes north of the zenith, we shall have 
A’ — A negative, or greater than 180°: hence we have also this 
criterion: we must take g== P— Qorq-=P+ Q according as the 
great circle SS’ passes south or north of the zenith. 


Second Solution.—Bisect the are SS’, Fig. 25, in 7; join PTZ 
and Z7, and put 


C = ST— 8'T, 
D = the declination of T = 90° — PT, 
HT = the altitude of T = 90° — ZT, 

rt = the hour angle of T = sel 
P = the angle PTS, 

Q = the angle ZTS, 

q = the angle PTZ. 


We have in the triangle PSS’ [Sph. Trig. (25)] 


sin? ( = sin? $ (¢ — 8’) cos? } 1 +. cos?4 (d + 8’) sin*h A 
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cr, adapted for logarithmic computation, by introducing an 
auxiliary angle: £, 
sin Csin # = sin $ (8 — 8’) cos 44 308 
sin C cos # = cos } (é + 38’) sin 4A Ce) 


In the wriangle SPT we have the angle PTS = P, and there- 
tore in the triangle S’‘P7’ we have the angle PTS’ = 180° — P, 
the cosine of which will be = — cos P: hence, from these 
triangles we have the equations 


sin D cos C + cos D sin C cos P = sin 2 
sin D cos C — cos D sin C cos P = sin ¢’ 


whence 
2 sin D cos C = sin 6 + sin 0’ 
2 cos D sin C cos P = sin 6 — sin 0’ 
sin $(d + 0’) cos ¢ (6 — 4’) 


cos C 


sin D = 


(309) 
cos ¢ (6 + 0’) sin $ (d — 0’) 


cos D sin C 


cos P = 


which determine D and P after C has been found from (808). 


In precisely the same manner we derive from the triangles 
4TS and ZTS’ the equations 


an H— Seta t) cos 3 (Ah — h’) 
cos C 


(810) 
_ cos # (A + h’) sin 3 (h — P’) 


cos ; 
Q eos # sin C 


Then in the triangle PTZ we have the angle PTZ, by the 
formula 


q=P—Q 
and hence the equations 
sing = sin Dsin HT + cos D cos H cos ¢ 


‘cos ¢g cos t = cos D sin H -- sin D cos H cos q 
cos ¢ sin tT = cos Hf sin q 
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To adapt these for logarithmic computation, let # and y be deter 


mined by the conditions* 


cos § sin y = cos H cos q ) 
cos § cos y — sin H . (811) 
sin # = cos Hf sin g j 
then y and r are found by the equations 
sin y= cos f sin (D + 7) 
cos ¢ cos tr = cos § cos (D + 7) (312) 
cos ¢ sin tr — sin 8 
To find the hour angles ¢ and ?’, let 
xo=r—}( +) 
then, since $4 = }(¢t’— ¢), we have 
bA+e==T —t -the angle TPS, 
si —x=t —r-= the angle TPS’, 
and from the triangles P7'S and PTS’ we have 
sin(#A+w)  sinP sin(#4—2) sin P 
sin C cos é sin C ~~ cos df 
Whence 
sin(#A4-+ 2) — sin(4A—wv) __ cos 6’ — cosé 
sin(¢A2-+2)+sin(44—2)  cosd’ + cosd 
and, consequently, 
tan x = tan ¢ (6+ 0’) tan 3 (6 — 0’) tan ga (313) 
Hence, finally, 
—=t—zr— 4 A 
U—r—ax+hh } (314) 


As in the first solution, the value of g will become = P+ Q 


when the arc joining the observed places of the stars pass 
of the zenith. 


es north 


EXAMPLE.—1856 March 5, in the assumed Latitude 89° 17’ N. 
and Longitude 5* 6" 386° W., suppose the following altitudes 


Se emeaenmnamaniedined 


EE ire ees | 


* The equations (811) can always be satisfied, since the sum of their squares gives 


the identical equation 1 == 1. 
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already corrected for refraction) to have been obtained; the 
time being noted by a mean solar chronometer whose daily rate 
was 10°.32 losing. The star Arcturus was not far from the prime 
vertical east of the meridian; Spica was near the meridian. 


Arcturus, h =: 18° 6' 30” 
Spica, h'= 40 4 48 
6 = + 19° 55! 446 
é’ = — 10 24 389 5 
a 14* 9" 64.79 
a = i138 17 87.72 


Chronometer 7’ — 9* 40™ 24¢.8 
“6 T' -- 14 38 16.7 


T’— T=— 4 57 51.9 


According to our first solution, we obtain, 


by (3805), 
and, by (806), 
whence 


B= 91° 15’ 52”.5 


Then, by (307), we find 


Sidereal time of the observation of Spica == 13 
Sidereal time at mean Greenwich noon 


y = 89° 17’ 20" 


Acceleration for 14* 44" 9.89 — — 


Mean time of the observation of Spica 
Chronometer correction at that time, 4 7’ == +- 


&< 


Corr. for rate = + 2.1 
Red. to sid. time = + 48.9 
Sid. interval = 4 58 42.9 
a—a = 0 51 29.1 
A= 5 50 12.0 
== 87°33’ 0”. 
P = 69° 57’ 54.7 
Q=—64 51 24.8 
q = 5 6 29 9 
t' = 5° 3’ 0” = 020" 12°. 
a’ =13 17 37.72 
57 49.72 
= 22 53 39.838 
14 44 9.89 
2 24 .85 
longitude = — 50 .23 
—14 40 54.81 
4 2" 38411 


According to the second solution, we prepare the quantities 


4 A == 438° 4630” 


}(64.6’)=: 4$°45'32".6 
4(d—0’)=:15 10 12.1 


(h+h')== 29° 


with which we find, by (808), (309), and (310), 


log tan EH == 9.437854 
log sin C =: 9.854225 
log cos C == 9.844639 
log sin H =: 9.884176 
log cos H == 9.863785 


ye 6° 84’ 32”.0 
P= 68 27 22 2 
=: 108 385 12 .1 


do’ 36".5 


4(h—h’)=—10 59 6 5 
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(The auxiliaries Cand # are not themselves required: we take 
their cosines from the table, employing the sines as arguments. } 
We now find, by (311), (812), (818), and (S14). ~ 


log sin 5 = n9.673029 322° 30! 51” 3 


bal | 


log cos # = 9.945532 x= 1 4 21.3 
y == 39° 18’ 4.0 T — x = 321 16 30 
D+y=45 52 36 0 — 21 25" 6 
y= 39 17 20. sim 2 55 6 
t= 18 30 0 
= 0 20 12 


agreeing precisely with the results of the first solution. 


179. In the observation of lunar distances, as we shall see 
hereafter, the altitudes of the moon and a star are observed at 
the same instant with the distance of the objects. The ob- 
served distance is reduced to the true geocentric distance, which 
is the arc B of the above first solution, or 2 C of the second. The 
observation of a lunar distance with the altitudes of the objects 
furnishes, therefore, the data for finding the latitude, the local 
time, and the longitude. 


180. (B.) A fired star observed at two different times.—In thi8 case 
the declination is the same at both observations, and the general 
formule of the preceding articles take much more simple forms. 
The hour angle A is in this case merely the elapsed sidereal time 
between the observations, the formula (804), since a=a/, 
hecoming here 


A= (7’— T) + (4T'— aT) (315) 


Putting 0’ for d in (808) and (809), we find # = 0, cos P= 0, 
P= 90°; and Cand D are found by the equations 


sin é 


sinC=cosésin#%4, sin D= 
cos C 


, G16) 


Since we have g= P— Q= 90° — Q, the last two equations of 
(311) give 


sin 8 = cos HcosQ, cosy =: sin H sec 
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which, by (810), become* 


cos 4 (h + A’) sin $ (hk — A’) 


ia sin C 
: (817) 
eae es 4 (h + h’) cos 3 (h — hh’) ‘ 
cos 8 cos C 


Then ¢g and ¢ are found by (312), or rather by the following: 


sin g = cos # sin (D + 7) 


: 318 
tan rt Se ie eed (318) 


~ eos(D+7) C08 g 


The hour angles at the two observations are 


t =—-r—sa 
ford i } Gl) 


Here 7, being determined by its cosine, may be either a posi- 
tive or a negative angle, and we obtain two values of the latitude 
by taking either D+ 7 or D—y in (818). The first value will 
be taken when the great circle joining the two positions of the 
star passes north of the zenith; the second, when it passes south 
of the zenith. . 

The solution may be slightly varied by finding D by the 


formula 
tan 6 


cos 42 


tan D = 


(820, 


obtained directly from the triangle PTS (Fig. 25), which is right- 
angled at 7 when the declinations are equal. We can then dis- 
pense with C'by writing the formule (317) as follows: 


cos § (A + h’) sin ¢ (h — h’) 


sin # = 
cos é sin 32 
(321) 
sin $ (A -+ A’) cos § (h — hh’) bin D 
008 y = ——_—- 
cos # sin é 


* The formule (815), (816), and (817) are essentially the same as those first 
given for this case by M. Cariurrt in his Manuel du Navigateur, Nantes, 1818. 
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181. (C.) The sun observed at two different times.—In this case 
the hour angle 2 is the elapsed apparent solar time. If then the 
times 7'and 7” are observed by a mean solar chronometer, and 
the equation of time at the two observations is e and e’ (positive 
when additive to apparent time), we have 


A= (T'— T) 4+ (aT'— aT) — (e'—e) (822) 


Taking then the declinations d and 0’ for the two times of obser- 
vation, we can proceed by the general methods of Art. 178. 
But, as the declinations differ very little, we can assume their 
mean—i.e. the declination at the middle instant between the 
observations—as a constant declination, and compute at least an 
approximate value of the latitude by the simple formule for a 
fixed star in the preceding article. We can, however, readily. 
correct the resulting latitude for the error of this assumption. 
To obtain the correction, we recur to the rigorous formulee of our 
second solution in Art. 178. The change of the sun’s declination 
being never greater than 1’ per hour, we may put cos 4 (¢ — 0’) 
==1. Making this substitution in (808) and (309), and putting é 
for (6 + 6’) so that 6 will signify the mean of the declinations, 
and ad for $(0’ — 6) so that ad will signify one-half the imerease 
of the sun’s declination from the first to the second observation 
(positive when the sun is moving northward), we shall have 


Ad =- — 4 (3 —- 6’) 
gin Ad 


tan &F = — — 
cos 6 tan $4 


But ad diminishes with A, so that H always remains a small 
quantity of the same order as ad; and hence we may also put 
cos H=1. Thus the second equation of (3808) gives 


sin C = cos dsin $A 


and the first of (309) 


which are the same as (316), as given for the case where the 
declination is absolutely invariable. Pence no sensible error is 
produced,in the values of Cand D by the use of the mean de- 
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clination. But by the second equation of (809) P will no longer 
be exactly 90°: if then we put 


P= 90° + aP 
we have, by that equation, 


sin aP = © ésindd _—s sin Ad 
~ eos DsinC cos Dsinga 
or simply 
en Ad 
~ cos D sin $a 
Then, since g = P— Q, we have 
q= 9Q° — Q + oP 
The rigorous formula for the latitude is 
sin yg = sin D sin H + cos D cos H cos q¢ 


in which when we use the mean declination we take g = 90° — 
Q: therefore, to find the correction of g corresponding to a cor- 
rection of g = aP, we have by differentiating this equation, D 
and H being invariable, 


cos g.d¢ == -- cos D vos Hsin g.aF 


43 cos H cos Y 
sin $A 


ee 


We have found in the preceding article sin 2 = cos H cos Q; 
and hence 
Ao sin £ 
a . (828 
° cos ¢ sin dA a 
In the case of the sun, therefore, we compute the approximate 
latitude » by the formulee (816), (317), and (318), employing for d 
the mean declination. We then find ag by (323) (which in- 
volves very little additional labor, since the logarithms of sin 8 
and sin $4 have already occurred in the previous computation), 
and then we have the true latitude 


gy =¢-+ dag 


If we wish also to correct the hour angle r found by this 
method, we have, from the second equation of (47) applied to 
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the triangle PTZ (taking 6 and ¢ to denote the sides P7' and 


ZT, which are here constant), 
__ cos H cos A yp 


AT : 
cos ¢ 


in which A is the azimuth of the point 7. But we have in the 
triangle PTZ 


cos H cos A = sin y cos D cos r — cos g sin D 


Substituting this and the value of aP, we have 


0) 
+? (tan ¢ cos r — tan D) 


Ar = 


and, substituting the value of tan D (820), 


At 


tan 6 


(tan 9 cos + — 
COS 4 


~ sin 42 
When this correction is added to r, we have the value that would 
be found by the rigorous formule, and we have then to apply 
also the correction x according to (814). In the present case we 
have, by (313), 


Z == — Ad tan é tan $2 
and the complete formule for the hour angles ¢ and i’ become 


Cott Ate BA 
t=—rtar—wxe+h 
Putting 

y= ot —7 


we find, by substituting the above values of az and 2, 


tan ¢ Cost tan 6 
= aé. { ———_— — ——— 324 
om ( sin $A tan $2 en) 
and then we have 
¢=tr++y—ta \ (325) 
t=rty+h 


The corrections ag and y are computed with sufficient accu- 
racy with four-place logarithms, and, therefore, add but little to 
the labor of the computation. Nevertheless, when both latitude 
and time are required with the greatest precision, it will be pre- 
ferable to compute by the rigorous formule. 
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EXxaMPLE.—1856 March 10, in Lat. 24° N., Long. 30° W., 
suppose we obtain two altitudes of the sun as follows, all correc- 
tions being applied: find the latitude. 


Atapp.time 0* 30" Ah = 61° 11! 88".8 (¢)—= — 8° 51’ 52”.8 
6 4 300 hi’ =18 46 35 8 (’)=—3 47 57 4 
}<— Qe 2) 0" 3 (A+) =39 59 7.1 6=—8 49 55.1 

= 30° 0 4(h—W)=—21 12 81.3 od => + OY 577 


The following is the form of computation by the formule 
(816), (817), and (818), employed by Bownitcn in his Practical 
Navigator, the reciprocals of the equations (816) and of the 
second of (317) being used to avoid taking arithmetical comple- 
ments. This form is convenient when the ‘tables give the cecants 
and cosecants, as is usual in nautical works. 


cosec 4 A 0.301080 


sec J 0.000972 . . . . 2. 2 wee ee we) 6Cosee nl. 175024 

cosec C 0.802002 cos 9.987854 . . .. . . . +. 608 9. _ 9.937864 

cos $ (A + A’) 9.884347 cosec 0.192065 D— — 4° 25’ 21".38  cosec nl. ni.112878 
sin $(4 — h’) 9.558428 sec 0.030459 

sin 8 9.744777 cos 9.919829 .... .. . . cos 9.919829 

sec 0.080207 >=: 38 45 88 .0 
Dty= 29 2016.7 sin 9.690161 
g== 24° 2°98"2 sin 9.609990 


If the approximate latitude had not been given, we might also 
have taken D — ~ = — 88° 10’ 59’’.8, and then we should have 
had 

cos 8 9.919829 
sin (D — y) n9.791118 
g = — 80° 55’ 44"8 agin ¢ n9.719942 


To correct the first value of the latitude tor the change of 
declination, we have, by (323), 


log a5 —s. 2.0708 
sin 8 9.7448 
cosec $4 0.8010 
sec ¢ 0.0394 


ag = — 148".2 log ay n2.1560 
and hence the true latitude is 


y! == 24° 2 23.2 — 2 23.2 — 24° OF O” 
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which agrees exactly with the value computed by the rigorous 
formule. 

The approximate time is found by the last equation of (318) 
with but one new logarithm: we have 


sin 2 9.744777 
cos yg 9.960596 


t == 87° 28' 23” sin tr 9.784181 
By (824) and (325), we find 
log Ad =. 2.0708 log ad 2.0708 
cosee 44 0.3010 eot 44 0.23886 
tan ¢ 9.6494 tan 3 8.8259 
COS Tt 9.8996 -— 13.7 1.1853 


+ 837.3 1.9208 
y = + 83".B — (-- 13.7) == + 97” 


T+ Y = 37° B80’ OY” — 24 3O™ Or 
t-- 0 30” 0 t’ —- 4 30™ 0 


which are perfectly exact. 


182. (D.) Two equal altitudes of the same star, or of the sun.—This 
case is a very useful one in practice with the sextant when equal 
altitudes have been taken for determing the time by the method 
of Art. 140. By putting A’ — A in the formule (817), we find 
sin § = 0, cos 3 == 1, and hence (318) gives sin g==sin (D+ 7), or 
g=D-+y. We have, therefore, for this case, by (820) and (321), 
oe ae _tan 3 ee sin A sin D 


cos $A sin é (326) 


which is the method of Art. 164 applied as proposed in Art. 165. 
We give 7 the double sign, and obtain two values of the latitude, 
for the reasons already stated. 

The time will be most conveniently found by Art. 140. The 
method there given is, however, embraced in the solution of the 
present problem. For, sincc we here have sin £ = 0, we also 
have 7c = 0, and the hour angles given by (825) become 


t=—y—sta 
=: y+ 4A 
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the mean of which gives 


that is, — y is the correction of the mean of the times of obser- 
vation to obtain the time of apparent noon = 0". This correction 
was denoted in Art. 140 by a7); and since cos z = 0, the formula 
(824) gives, when divided by 15 to reduce it to seconds of time, 


A T, —_ — 46 tan ¢ 49 tan do 
15 sin 34 15 tan 32 
which is identical with (262). Thus it appears that (262) is but a 
particular case of the formula (824), which I suppose to be new. 
The latitude found by (326) will require no correction, since 
sin @ = 0, and therefore ag = 0. 


Notr.—The preceding solutions of the problem of finding the latitude and 
time by two altitudes leave nothing to be desired on the score of completeness and 
accuracy ; but some brief approximative methods, used only by navigators, will be 
treated of among the methods of finding the latitude at sea, and in Chapter VIII. 


183. I proceed to discuss the effect of errors in the data upon 
the latitude and time determined by two altitudes, and hence 
also the conditions most favorable to accuracy. 

Errors of altitude.—Since the hour angles ¢ and ¢/ are connected 
by the relation ¢’ = ¢- A, the errors of altitude produce the same 
errors in both; for, 4 being correct, we have dt! == dt; and for 
either of these we may also put dr, since we have, in the second 
general solution of Art. 178, c--x=4$(t+ 0’), and x is not 
affected by errors of altitude. Now, we have the general relations 


sinh = sing sind + cos ¢ cos 6 cost (827 
sin A’ — sin g sin 3’ + cos ¢ cos 3’ cos t’ ) 
which, by differentiation relatively to 4, y, and ¢, give [see 
equations (51) ] 

dh == — cos Ady — cos ¢ sinAdr 

dh’ = — cos A'dy — cos gy sin A’dr 


in which A and A’ denote the azimuths of the two stars, or. of 
the same star at the two observations. 
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Eliminating dr and dy successively, we find 


sin A’ sin A 
. sin (A’ — A) 7 sin (A’ — A) 
(328? 
cos A’ cos 4 
Weis Rene Nene ie ete a! 
ica sin (A’ — A) sin (A’ — A) 


These equations show that, in order to reduce the effect of errore 
of altitude as much as possible, we must make sin (A’ — A) as 
great as possible, and hence A’ — A, the difference of the azi- 
muths, should be as nearly 90° as possible. 

If we suppose A’ — A = 90°, we have 


dp = — sin A’dh + sin Adh’ 
cos gdr = cosA’dh — cosAdh’ 


and, under the same supposition, if one of the altitudes is near 
the meridian the other will be near the prime vertical. If, then, 
the altitude A is near the meridian, sin A will be small while 
sin A’ is nearly unity, and the error dy will depend chiefly on 
the term sin A’dh. At the same time, cos A will be nearly unity 
und cos A’ small, so that the error dz will depend chiefly on the 
term cos Adh’. Hence the accuracy of the resulting latitude will 
depend chiefly upon that of the altitude near the meridian; and 
the accuracy of the time chiefly upon that of the altitude near 
the prime vertical. 

If the observations are taken upon the same star observed at 
equal distances from the meridian. we have A’ =— A, and the 
general expressions (328) become 


Piston dh + dh’ 
iri 2 cos A 
dh — dh’ 

cos gdt = — ————_— 
2 sin A 


The most favorable condition for determining doth latitude 
and time from equal altitudes is sin A = cos A, or A = 45°. 

Errors in the observed clock times.—An error in the observed 
time may be resolved into an error of altitude; for if we say that 
dT is the error of 7' at the observation of the altitude A. it 
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amounts to saying either that the time 7’ — dT corresponds to 
the altitude A, or that 7’ corresponds to the altitude h + dh, dh 
being the increase of altitude in the interval d7. We may, 
therefore, consider the time 7' as correctly observed while h is in 
error by the quantity —dh. Conversely, we may assume that 
the altitudes are correct while the times are erroneous. The 
discussion of the errors under the latter form, while it can lead 
to no new results, is, nevertheless, sufficiently interesting. We 
have, from the formula (304), 


da == dT’ — dT 


The general equations (327), upon the supposition that h andh 
are correct, give 


0 = — cos Ady — cos ¢ sin Adt 
0 = — cos A’dy — cos ¢ sin A’ (dt + da) 


where we put dt + di for dt’, since ’ ==1+ 4. Eliminating dt, we 
find 


cos yg sin A’ sin A 


— (829) 
sin (A’ — A) 
Eliminating dg, 
sin (A’ — A) 
und similarly 
a ilies d 
sin (A’ — A) 


But we have from the formula rt — z = $(¢ + @) 


dp = 4 (dt + dt’) 
and hence 
Pen a Cio a (380) 
sin(A’— A) 2 


If we denote the clock correction at the time T' by 0, we shall 
have 
g=ot+ta— T 
and 
do — dt — dT 
Vou. 1.—18 
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or, If we deduce & from the second observation, the rate being 
supposed correct, 

d8 = di! — dT’ 
The mean is | 

di — dr — $(dT + dT") 


Substituting the value of dr and also dA = dT’ — dT, we find, 
after reduction, 

__ sin A cos A’ sin A’ cos A 
~ sin(A’—A) sin (A? — A) 


aT’ (381) 


The conclusions above obtained as to the conditions favorable to 
the accurate determination of either the latitude or the time are, 
evidently, confirmed by the equations (829) and (831). In addi- 
tion, we may observe that if d7’ = dT, we have dy = 0 and 
dé = dT: a constant error in noting the clock time produces no 
error in the latitude, but affects the clock correction by its whole 
amount, 

Errors of declination.—These errors may also be resolved into 
errors of altitude. By differentiating the equations (327) rela- 
cively to A and 0, we find 


dh == cosqdd, = dh’ = cos q' dd’ 


in which q and q’ are the parallactic angles at the two observa- 
tions respectively. If these values are substituted in (328), the 
resulting values of dg and dz will be the corrections required in 
the latitude and hour angle for the errors dé and dd’ ;* and, de- 
noting these corrections by ag and ar, we have 


sin A’ cos q sin A cos g/ 
= — > dé dé’ 
ar sin (A’ — A) or gin (A’ — —A) 
(882) 
cosgar—z £% 9s A’ CoB g 3 _ £98 A cos q’ da’ 
re ain (A' — A) sin (A’ — A) 


If the observation A is on the meridian, and h’ on the prime 
vertical, we have ag == — dd; and in the same case we have, by 


re ne ee er ee rr en em ee ee a - -_-—— aaa emnermme peimanetinereatetedinan er oe errata tee a een ae aT 


* The error of a quantity and the correction for this error are too frequently cen- 
founded. They are numerically equal, but have opposite signs. If @ should be 
a — x, it is too great by z; its error is + z; but the correction to reduce it to ita 
true value is — z. 
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(328), dy == + dh, and the total correction of the latitude 
- dh -~ dé, precisely the same as if the meridian observation 
were the only one. Hence there is no advantage in combining 
an observation on the meridian with another remote from it, in 
the determination of latitude: a simple meridian observation, 
or, still better, a series of cireummeridian observations, is always 
preferable if the time is approximately known. 

When the sun is observed and the mean declination is em- 
ployed, putting ad == 4 (d’ — d), we have dd =: ad, dd’ = — ad, 
and, by (382), 


sin A’ cos g + sin A cos q’ 


Ag baron - Ad 
sin (A’ — A) 
which, by substituting 
‘ in oy 4 
sin A’ -= chy’ aldcaie sin A = sin q cos38 
COS ¢ COS ¢ 
becomes 
pid aaa 
ao Gieceeeal a ee. Ad (333) 


sin (A’ — A) con ¢ 


This is but another expression of the correction (328). 

If, when the sun 1s observed, instead of employing the mean 
declination we employ the declination belonging to the greater 
altitude, which we may suppose to be fA, we shall have dé — 0, 
do! = — 240; and, denoting the correction of the latitude in 
this case by a’g, we have, by (882), 

pte OT sae Oe 

sin (A’ — A) sin (A’ — A) cong 
Under what conditions will a’g be numerically less than ag? 

First. If both observations are on the same side of the 
meridian, the condition a’g <. ag gives 


2 sing cosq’ < sin (q’ -}- @) 
or 
2 sing cosq’ < sing’ cosqg + cosy’ sing 
whence 
tang < tang’ 


which condition is always satisfied when / is the greater altitude 
Secondly. If the observations are on different sides of the 
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meridian, g and q’ will have opposite signs, and we shall have, 
numerically, sin (q’ — q) instead of sin (q’ +g). The condition 
a’y < ag, then, requires that 


2 sing cos q’ < sing’ cos gq — cosq’ sing 
or 
tan gq < } tanq’ 


Therefore ag’ will be greater than ag only when the observa- 
tions are on opposite sides of the meridian and tang > } tan q7’. 
In cases where an approximate result suffices, as at sea, and the 
correction ag is omitted to save computation, it will be expedient 
to employ the declination at the greater altitude, except in the 
single case just mentioned.* But to distinguish this case with 
accuracy we should have to compute the angles q and g’; and 
therefore an approximate criterion must suffice. Since the 
parallactic angles increase with the hour angles, we may substi- 
tute for the condition tang > 4tan q’ the more simple one 
{> 4’, which gives 


/ 
—t 
t>! 


aad 


or (¢ and ?’ being only the numerical values of the hour angles) 


t> Tt 


Hence we derive this very simple practical rnle: employ the sun’s 
declination at the greater altitude, except when the time of this altitude 
is further from noon than the middle time, in which cuse employ the 
mean declination. 

The greatest error committed under this rule is (nearly) the 
value of ag in (823), when t = ¢. But since in this case 3/ = 7’, 
and ¢-+ t/ =A, we have r= }A, and therefore sin 6= cos ¢ sinz 
= cosgsinféA This reduces (823) to ag = — }$ad sec }A. 
Since 4 will seldom exceed 6*, ad will not exceed 3’, and the 
maximum error will not exceed 1’.6. In most cases the error 
will be under 1’, a degree of approximation usually quite sufh- 
cient at sea. Nevertheless, the computation of the correction 
ay by our formula (823) is so simple that the careful navigator 


is TE 


ee 


* Bowpitcu and navigators generally employ in all cases the mean declination: 
but the above discussion proves that, if the cases are not to be distinguished, it will 
be better always to employ the declination at the greater altitude. 
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will prefer to employ the mean declination and to obtain the 
exact result by applying this correction in all cases. 


SIXTH METHOD.—-BY TWO ALTITUDES OF THE SAME OR DIFFERENT 
STARS, WITH THE DIFFERENCE OF THEIR AZIMUTHS. 


184. Instead of noting the times corresponding to the observed 
altitudes, we may observe the azimuths, both altitude and azi- 
muth being obtained at once by the Altitude and Azimuth 
Instrument or the Universal Instrument. The instrument gives 
the difference of azimuths = 4. The computation of the latitude 
and the absolute azimuth A of one of the stars may then be 
performed by the formule of the preceding method, only inter- 
changing altitudes and declinations and putting 180° — A for ¢. 
When A has been found, we may also find ¢ by the usual methods. 


SEVENTH METHOD.—BY TWO DIFFERENT STARS OBSERVED AT THE 
SAME ALTITUDE WHEN THE TIME IS GIVEN. 


185. By this method the latitude is found from the declinations 
of the two stars and their hour angles deduced from the times 
of observation, without employing the altitude itself, so that the result 
is free from constant errors (of graduation, &c.) of the instrument 
with which the altitude is observed. Let 


@, 0’ — the sidereal times of the observations, 


a, a = the right ascensions of the stars, 
6, 0’ = the declinations “6 rr 
t, t’ =the hour angles 66 66 


h = the altitude of either star, 
gy == the latitude; 


then, the hour angles being found by the equations 


t= O—a '--: @' — a’ 
we have 
sin A = sin g sind + cos g cosé cost 


sin h = sin ¢ sin 0’ + cos ¢ cos 0’ cos 
From the difference of these we deduce 


tan ’ (sin 6’ — sin 3) = cos 6 cos t — cos 0’ cos t’ 
3 (cos d — cos 6’) (cos t + cos fy 
rn ee é -+ cos 6’) (cos ¢ -— cos t’) 
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and, by resolving the quantities in parentheses into their factors, 


tan ¢ = tan 3(0’-+ ¢@) cos4(¢’ + t) cos} ( — ft) 
+ cot 4(é’ — 8) sin 4(v + t) sin $(t’ -— t) 


If now we put 


m sin M = sin a(t —-t) cot }(d’ — 8) \ 884) 
m cos J = cos 4(t' — t) tan} (é’ + 3) ( 
we have 
tan ¢ = m cos [} (’ + t) — M] (335) 


The equations (834) determine m and J, and then the latitude is 
found by (8385) in a very simple manner. 

It is important to determine the conditions which must govern 
the selection of the stars and the time at which they are to be 
observed. For this purpose we differentiate the above expres- 
sions for sin A relatively to g and ¢. The error in the hour angles 
is composed of the error of observation and the error of the clock 
correction. If we put 


T, T’ = the observed (sidereal) clock time, 
OT = the clock correction, 
dT = the rate of the clock in a unit of clock time, 


we shall have 
= T+ aT.--a, t= T’' + aT+ oT(T' — T)— a 


Differentiating these, assuming that the rate of the clock is sufli- 
ciently well known, we have 


dt=dT+daT, dt =dT’ + daT 


in which d7, d7” are the errors in the observed times, and 7. 7 
the error in the clock correction. The differential equations are 


then 
dh = — cos Ady —- cos ¢ sin AdT -— cos g sin A daT 
dh = — cos A’dy — cos g sin A’dT’ — cos gy sin A’daT 


in which A and A’ are the azimuths of the stars. The difference 
of these equations gives 


dg sin A sin A’ sin A’ —- sin A 


= — —__________. d T-+- —_____— dT" —dal 
COS ¢ vos A — cos A’ as A Goa! © con Al coal 
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The denominator cos A— cos A’ is a maximum when one of 
the azimuths is zero and the other 180°, that is, when one of the 
stars is south and the other north of the observer. To satisfy 
this condition as nearly as possible, two stars are to be selected 
the mean of whose declinations is nearly equal to the latitude, 
and the common altitude at which they are to be observed will 
be equal to or but little less than the meridian altitude of the 
star which culminates farthest from the zenith. It is desirable, 
also, thut the difference of right ascensions should not be great. 

The coefficient of daT is equal to — cot $(A’-+ A), which is 
zero when $(A’ + A) is 90° or 270°: hence, when the observa- 
tions are equally distant from the prime vertical, one north and 
the other south, small errors in the clock correction have no 
sensible effect. 

When the latitude has been found by this method, we may 
determine the whole error of the instrument with which the 
altitude is observed; for either of the fundamental equations 
will give the true altitude, which increased by the refraction will 
be that which a perfect instrument would give. 


186. With the zenith telescope (see Vol. II.) the two stars 
may be observed at nearly the same zenith distance, the small 
difference of zenith distance being determined by the level and 
the micrometer. The preceding method may still be used by 
correcting the time of one of the observations. If at the ob- 
served times 7, 7’ the zenith distances are ¢ and 0’, the times 
when the same altitudes would be observed are either 
»! 


T ead Toa 
cos g sin A 


or, 


pre 


ld 
_————— and J” 
cos ¢ sin A 


where ¢’ — & is given directly by the instrument. With the 
hour angles deduced from these times we may then proceed by 
(384) and (8385). 

But it will be still better to compute an approximate latitude 
by the formule (834) and (885), employing the actually observed 
times, and then to correct this latitude for the difference of 
zenith distance. 
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By differentiating the formula 
tan yg (sin 0’ — sin 6) = cos 4 cos t — cos 0’ cos 
relatively to g and ¢’,, we have 
sec? g (sin 3’ — sin 6) dg = cos 3’ sin ¢ dt’! = sin § sin A’ dt 


Hence, substituting 


¢—¢’ 
cos g sin A’ 


dt =—dT’ = 


we find 
_ 4 — &’) sin § cos ¢ 
? = gin 4 (8’ — 8) cos 3 (8’ + 8) 


and the true latitude will be g + dg. 


(836) 


EIGHTH METHOD.—BY THREE OR MORE DIFFERENT STARS OBSERVED 
AT THE SAME ALTITUDE WHEN THE TIME IS NOT GIVEN. 


187. To find both the latitude and the clock correction from the clock 
times when three different stars arrive at the same altitude. 

As in the preceding method, we do not employ the common 
altitude itself; and, as we have one more observation, we can de- 
termine the time as well as the latitude. 

Let S, S’, 8”, Fig. 26, be the three points of the celestial 

sphere, equidistant from the zenith Z, at which 


i a the stars are observed. Let 
T, T’, T” = the clock times of the observations, 
a 4 T = the clock correction to sidereal time at 
the time 7, 
= ST = the rate of the clock in a unit of 
a clock time, 
a,a,a -. the right ascensions of the stars, 
6, 0', 0’ == the declinations a a 
8 t,t’, f” == the hour angles ne se 
h = the altitude, 
y = the latitude. 
Also, let 


l= —t= SPs’, 
4 = t'—t = SPS"; 


then, since the sidereal times of the observations are 
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0=-—T -- AT 

Oo = 7T’ +aT+ 6T(T' —T) 
= T+ aT + 8T(T"—T) 

and the hour angles are 


t= O—a ¢=O/—a, ft’ = O"~— <a", 
we have 

A= T'— T+ 5T (T' — T) — (oe — a) 

LS PD BOT TDs ala) 


The angles 4 and 2’ are thus found from the observed clock 
times, the clock rate, and the right ascensions of the stars. The 
hour angles of the stars being ¢, ¢ + A, and ¢ + J’, we have 


sinh = sing sinéd + cos¢gcosd cost 
sin h = sin g sin 6’ + cos ¢ cos 6’ cos (¢t + A) 
sin A =. sin g sin 6” + cos ¢ cos 6” cos (t + 2’) 


Subtracting the first of these from the second, we have an equa- 
tion of the same form as that treated in Art. 185, only here we 
have ¢ + A instead of t’; and hence, by (334), we have 


msin M = sin 32 cot $(6’ — 6) 
mcos M = cos}A tan }(6’+ 3) \ (387) 


and putting Pe ae (388 
ee ) 


we have, by (835), 
tan ¢ = m cos (t + WV) (389) 


In the same manner, from the first and third observations we 
have 


m' sin’ sin 42’ cot 48" — 3) 840 
m’ cos M’ = cos $i’ tan $(8” + 38) } (340) 
WN’ = 4 — M (841) 

tan g = m' cos (t + NV’) (842) 


The problem is then reduced to the solution of the two equa- 
tions (839) and (842), involving the two unknown quantities 
pand?.. If we put 

1 


1CO8 Oa aN 
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there follows also 


k cos (t+ N)=+ 
m 


and these two equations are of the form treated of in Pl. Trig. 
Art. 179, according to which, if the auxiliary 3 is determined by 
the condition 


, 


tana — (348) 
m 
we shall have 


tan [t+ 4(N-+ .V")] = tan (45° — 9) cot $(W’— NM) (844) 


which determines 4, from which the clock correction is found by 
the formula 
AT = 4 +- fies 7 


The latitude is then found from cither (339) or (342).* 
To determine the conditions which shall govern the selection 
of the stars, we have, as in Art. 185, 


dh = — cos A dg —cosgsin A dT ~cosgsin A daT 
dh == — cos A’ dg — cos g sin A’ dT’ — cos g sin A' daT 
dh = — cos A” dy — cos g sin A” dT" —. cos g sin A" daT 


By the elimination of da 7, we deduce the following; 
(sin A -- sin A’) dh = sin (A’ - A ) dg —cosgsin A’ sin A (d7” — dT 
(sin A’ -- sin A”) dh = sin (A” — A’) dg — cos go sin A” sin A’ (d7” — aT") 
(sin A” -— sin 4 ) dh = sin(.4 — A”) dg —cosgsin A sin A”(d7 — d7”) 
Adding these three equations together, and putting 


2K =: sin (A’ — A) + sin (A” — 4’) + sin (4 — A”) 


we find 
di in A (sin A” — sin A’ in A’ (sin 4 -- sin A” 
) = sin A (sin sin ‘) aT +. sin (sin sin A”) aw 
cos ¢ 2K 2K 


sin A” (sin A’ — sin A) dT" 


+ 2K 


B, eliminating dg from the same three equations, we shall find 


an eT 


* This simple and elegant solution is due to Gauss, Monatliche Correspondenz, Vol 
XVII. p. 287, 
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daT= sin A (cos A’ — cos A”) aT +. sin A’ (cos 4” — cos A) a7" 
2K 2K 


+ sin A” <a cos A’) aq" 

The denominator 2 K is a maximum when the three differences 
of azimuth are each 120°,* which is therefore the most favorable 
condition for determining both *the latitude and the time. In 
general, small differences of azimuth are to be avoided. 

Gauss adds the following important practical remarks. It is 
clear that stars whose altitude varies slowly are quite as available 
as those which rise or fall rapidly; for the essential condition is 
not so much that the precise instant when the star reaches a 
supposed place should be noted, as that at the time which is 
noted the star should not be sensibly distant from tuat place. 
We may, therefore, without scruple select one of the stars near 
its culmination, or the Pole star at any time, and we can then 
easily satisfy the above condition. Moreover, at least one of the 
stars will always change its altitude rapidly when the condition 
of widely different azimuths is satisfied. 

The stars proper to be observed may be readily selected witn 
the aid of an artificial globe, and in general so that the intervals 
of time between the observations shall be so small that irregu- 
larities of the clock or an error in the assumed rate shall not 
have any sensible influence. 

Having selected the stars, the clock times when they severally 
arrive at the assumed altitude are to be computed in advance 
within a minute or two, so that the observer may be ready for 
each observation at the proper time. This is quickly done with 
four-place logarithms by the formula (267), in which g and ¢ 
will have the same values for the three stars. 


* For by putting a — A’ -— A, a’ = A” — A’, we have 
2 K = sin a + sin a’ — sin (a + a’) 


and, differentiating with reference to a and a’, the conditions of maximum or mini. 
mum are 

cos a — cos (a + a’) = 0 

cos a’ — cos (a + a’) = 0 


which give either a -= a’ -= 0 or a = a’ = 120°; and the latter evidently belongs ta 
the ease of maximum 
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If it is desired to compute the differential formule, the follow. 
ing form will be convenient. We have 


K == — 2 sin} ( A’ — A) sin} (A” — A’) sin $(A — A”) 

dp _ _. Sin cost (Al + 4’) sing (AY — A) gp 
ldcosg K 

e 

zs sin A’ cos}(A } A”) sind (A — A”) aT’ 

K 
” me 4 we 

eat sin A” cos} (A’ + d) sin }(A’ — A) aT" 
K 

gaT— sin A sin} (A” -| d’) sind ( A” - ~A)D or 


K 


sin A’ sin }(4 +. A”) sin} (A ~ A”) dT" 
K 


. W os , ® } Po 
4 me eet ene co) gam 


where dy is divided by 15, since it will be expressed in seconds 
of arc, while d7, dT’, and d7’”” are in seconds of time. If we 
first compute the coefficients of the value of daT, those of 
dy will be found by multiplying the former respectively by 
vot $(A’ + A’), cot}(A + A”), and cot 4(A’+ A), and also by 
15 cos gy. It is well to remark, also, for the purpose of veritica- 
tion, that the sum of the three coefficients in the formula for dy 
must be = 0, and the sum of those in the formula for da7 must 
be = — 1. 

The substitution of dA for dT’— dT, and dd’ for dT” — aT, 
will reduce the above expressions to a more simple form, which 
I leave to the reader. 


ExamMPLe.—To illustrate the above method, Gauss took the 
following observations, with a sextant and mercurial horizon, at 
Gottingen, August 27, 1808. The double altitude on the sextant 
was 105° 18’ 55’... The time was noted by a sidereal clock 
whose rate was so small as not to require notice. 
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a Andromede 


T = 21* 38" 26 


a Ursew Minoris T' = 21 47 30 


a L Ya 


1" = 22 


5 21 


The apparent places of the stars were as follows: 


a Andromedw 
a Urse Minoris a’ --- 
a Lyre 


ITence we find 


kA == — 5° 18’ 25'.28 
$(6' — 8) = 380 7 25 45 
4(6' ++ 8)= 5X 9 40 25 


log cot $(4’ — 3) 0.2363973 


a = 23 58" 33°33 
0 do 
a’ = 18 30 28.96 


4.70 


6 = 28° 2' 14”’8 
6) == 88 17 +5 
8” — 388 37 6 6 


$2! == 44° 59! 55”.28 
£(8” —6)— 5 17 25 .90 
(8” + 6) = 83 19 40 .70 


log cot }(6” — 6) 1.0333869 


log sin $2 n8.9661070 log sin $2’ 9.8494751 
log m sin M n9.20250 48 log m’ sin M’ 0.8828620 
log tan} (6’+ 4) 0.2069331 log tan 3(6” + 6) 9.8179461 
log cos 4A 9 9981848 log cos $24’ 9.8494949 
log m cos M 0.2050674 log m’ cos M’ 9.6674410 
log tan M n8.9974369 log tan M’ 1.2154210 
log cos Mf 9.9978645 log sin M’ 9.9991963 
log m 0.2072029 log m’ 0.8836657 

M == — 5° 40’ 37".96 M’ = = 86° 30’ 55”.07 


bA—~M=N=+0 2212 68 47°—M'=N'=—41 30 59 .79 


B=  11°58741".28 iy = = log tan 8 9.3235372 
45° o=- 33 6 18 .72 log tan (45° — 8) 9.8142617 
4(N’—N)= —20 56 86 24 logcot}(N’— N) 04171063 


t, 4(N' +4 27) = —59 85 14 71 log tan [t+ 3(N"+ N)] n0.2318680 
4(N' + N) = 20 3423 .56 


t=-— 39 051 .15--— 2°36" 3°41 
a= 23 58 33.83 
tta-=-O-=- 21 22 29.92 
T= 21 88 26. 
Clock correction a7 = — 10 56.08 


Then, to find the latitude, we have 
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t + N= — 88° 38’ 38”.47 t -}- N’ == — 80° 31’ 50”.94 
log cos(¢+ N) 9.8926738 logcos(¢-+ WN’)  9.2162110 
log m 0.2072029 log m’ 0.8836657 


log tan ¢ 0.0998767 log tan ¢ 0.0998767 
y — 51° 31’ 51.46 | 

If with these results we compute the true altitude of the 
stars, we find from each A = 52° 37’ 21.2. The refraction was 
42’’.7, and hence the apparent altitude = 52° 38’ 3.9. The 
double altitude observed was, therefore, 105° 16’ 7’’.8. The 
index correction of the sextant was — 3’ 30’’, and hence the 
double ‘altitude given by the instrument was 105° 15! 25”, 
which was, consequently, too small by 438”. 

To compute the differential equations, we find 


A = 298° 48'2 A’ —182°9'1 A” — 90° 17’'9 
and hence 


dy = + 3.808 dT — 0.288 dT’ — 3.519 dT” 
daT — — 0.391 dT — 0.007 dT’ — 0.602 dT” 


by which we see that an error of one second in each of the 
times would produce at the most but 7’’.6 error in the latitude. 
and one second in the clock correction. 


"188. Solution of the preceding problem by CaGnoui’s formule.— 
After Gauss had published the solution above given, he was 
himself the first to observe* that Cagnoui’s formule for the 
solution of a very different problemt might be applied directly 
to this. 

When the altitude is also computeu, Cagnoui’s formule have 
slightly the advantage over those of Gauss. Tw 
deduce them, let q, q’, 9’’ be the parallactic angles 
at the three stars, or (Fig. 26) let 


Fig. 26. (bia). 
P 


&" q= PSZ, q' oa PS'Z, q" on PS"Z, 
7 and also put 
s' Q eon 4(PS"S' = PS'S") 
Q’ =3(PS"S — PSS") 
3 Q" =4(PS'S — PSS’) 


* Monatliche Correspondenz, Vol. XIX. p. 87. 

+ Namely, that of determining, from three heliocentric places of a solar spot, the 
position of the sun’s equator, and the declination of the spot.—See CaaGno.i’s 
Trigonométrie, p. 488. 
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chen, since ZSS’, ZS’S"’, and ZSS” are isosceles triangles, we 
have 

q + PSS’ = PS'S —q' 

q ie PA'S” = Ps"s' — qi" 

q + PSS" = PS"S — q' 


whence 
q+q7 = 2Q" 
g +q =2Q 
G+q =2Q 


C++ =Q4+ Q' + Q" 
q=—-@+0'+4+ 0 
aa is ak 4 oso 
Q + Q' — Q" 


Now, Q, Q’, Q” are found from the triangles PSS’, PS”’S, 
ahd PS’S, by Naprer’s Analogies (Sph. Trig. Art. 73), thus: 


i 


Hef tt 


q 


__ sin 3 (0% — 38’) 


tan = cot (4 — A 
cgs $(0” +. 3’) ( ) 
; sin 3 (d” — 3) ; 
ta = ——--—_—_____* cot $4 248 
n@ cos 4(0” + 8) cot 4 (346) 
tan Q” — sin 3 (0" — 8) cot $A 


cos 3 (0’ + 3d) 


where 2, /’ are the angles at the pole tound as in the preceding 
article. With these values of Q, Q’, Q”, those of q, q’, and g’’ 
become known by (845). 
We have aiso 
cos g sin (¢ + A) == cosh sing 
cos ¢ sin t -= cos A sin g 
whence 
sin (¢-+ 24) sing’ 
sint sin gq 
and from this 
sin(¢+ 4) + sint sing’ + sing 
sin (¢ + 2) — sin t sin g — sin q 
or 
eens) 2 
tan}2  —_—_—' tan 4(q’— q) 
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Substituting the values of g and q’ in terms of Q, this giver 
tan (¢ + 3A) = tan 424 tan Q” cot (9 — Q’) 

or, substituting the value of tan Q”, 


sin (6’ — 8) 


tan (¢-+ 34) = cos (8 8) 


cot (Q — Q’) (347) 


which determines / -}- } 4, whence ¢ and the clock correction. We 
can now find the latitude and altitude from any one of the 
triangles PSZ, PS'Z, PS" Z, by Napizr’s Analogies (Sph. Trig. 
Art. 80): thus, from PSZ we have 


tan$(¢ + A) = oes C7!) tans (45° + $2) 


cos } (t ~- g) : 
(848 } 
sin 3 (t — q) 
t — h) = ——~-—*~ cot (45° é 
an t(e — h) aes. + $6) | 


and then gp =4(¢9 +h) +3(y—h), A=e(e +") —3(¢ — hy. 

As all the angles are determined by their tangents, an am- 
biguity exists as to the semicircle in which they ure to be taken; 
but, as Gauss remarks, we may choose arbitrarily (taking, for 
example, Q, Q’, Y” always less than 90°, positive or negative 
according to the signs of their tangents), and then, according to 
the reswits, will have in some cases to make the following 
changes : 


1. If the values of y and hf found by (848) are such that 
cosy and sinh have opposite signs, we must substitute 
180° + q for g and repeat the computation of these two equa- 
tions. In this repetition the same logarithms will occur as 
before, but differently placed. 

2. If the values of g and / exceed 90°, we must take their 
supplements to the next multiple of 180°. 

3. The latitude is to be taken as north or south according 
as sin ¢ and sin h have the same or different signs. 


No ambiguity, however, exists in practice as to (+ 3A, found 
by (847), since Q — Q’ can differ from its true value only by 
180°, and this difference does not change the sign of cot (Q — Q’): 
hence tan (¢ + $A) will come ont with its true sign; and between 


BY THREE OR MORE EQUAL ALTITUDES. 289 


the two valnes of ¢-+ $A, differing by 180°, or 12", the observer 
will be at no loss to choose, as he cannot be uncertain of his 
time by 12%. 


KXAMPLE.—Taking the example of the preceding article, we 
‘shall tind 


Q == -- 37° 57'9"8  Q’.= + 6° 17°51".G6  Q" az — 84° 25! 23".81 
y= —Q+ Q'+Q" — — 40° 10/ 22.85 
t —=—389 0 51.27 
s(t +g) = — 39° 35'87".06 = A(t, — gq) = + 0° 84’ 45.79 
yg = 51 3151.5 h = 652 8721.2 


189. If we hare obserred more than three stars at the same altitude, 
we have more than sufiicient data for the determination of the 
latitude; but by combining all the observations we muy obtain 
‘a more accurate result than from only three. This combination 
is effected by the method of least squares, according to which 
we assume approximate values of the unknown quantities and 
then determine the most probable corrections of these values, or 
those which best satisfy all the observations. 

Let T, 7’, T’, T’’, &c. be the observed times by the clock 
when the several stars reach the same ultitude. Let a7 be the 
assumed clock correction at some assumed epoch = 7); 07 the 
known rate. Let y and h be the assumed approximate values of 
the latitude and altitude. With g and h, which will be the same 
for all the stars, and with the declinations 0d, 0’, 0°’, &c., compute 
the hour angles ¢, ¢’, ¢’’, &c. and the azimuths A, 4’, A’, &c. If 
the assumed values were all correct and the observations perfect, 
we should have a + ¢= 7+ aT+ d7(T — T,); for each of these 
quantities then represents the sidereal time of observation; but 
if vy, h, and a7 require the corrections dg, dh, and daT, and if 
dt is the corresponding correction of t, we shall have 


att+tdt=-TtaTlf+daT+6ésT(T — f) 
The relation between dy, dh, and ct is 
dh = — cos Adg — 15 cos g sin Adt 


and 2 similar equation of condition exists for each star. In all 
Vou. I1.—19 
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these equations, dh and dy are the same, but di is different for 
each. If we put 
f =T +4a7T+4+67T(T —-T%) —( +t) 


fi=T +oT+sT(T —T,)—(a' +2) (349) 
fra T+ oT + aT(T"— 7) —(0" +2") 
VC. 


which are all known quantities, we have 
dt=f+tdaT, dt'=/f'+daT, &. 
and the equations of condition become 
dh + cosA .dg-+ lidcosgsinA . daT+15 cosgsindA .f ==0 
dh + cos A'.dg + licosgsin A’.daT-+ li cosygsin A’. f’ —0 


dh +- cos A".dg + ldcosgsin A”. da T -+15 cos ysin A”. f” =: 0 
&e. 


(350) 


from which, by the method of least squares, the most probable 
values of dh, dy, and daT are determined. The true values of 
the altitude, latitude, and clock correction will then be i + dA, 
y+ dy, aT -+ daT. 

The hour angles will be computed most accurately by (269), 
which is the same as the following: 


tan? ¢¢ a. HEE —e +9) sind + ¢ 8) 
cos $(% + y + 4) cos (2 — y — 8) 


in which ¢ = 90° — A; and the azimuths by 


niga ee eS ee 
cop} (f+ ¢ + 6) sin 3 (5 + y — 8) 


Since g and ¢ are constant, it will be convenient to put 


b= 4(0 + ¢) c= 4(5 — ¢) 
iss sin (c¢ + 30) nee sin (b — } 38) 
~ cos (b + 39) ~~ gos (¢ — 4 3) 
then 
tan?}¢ =: mn tan? 4A = if (351) 


The barometer and thermometer should be observed with each 
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altitude, and if they indicate a sensible change in the refraction 
a correction for this change must be introduced into the equations 
of condition. Thus, if, is the refraction for the altitude A for 
the mean height of the barometer and thermometer during the 
whole series, while for one of the stars it is 7, then the assumed 
altitude requires for that star not only the correction dh, but also 
the correction r—r, Hence, if we find the refractions r, r’, r’’, 
&c. for all the observations, and take their mean r,, we have only 
to add to the equations of condition respectively the quantities 
P— Ty 1 —Ty 71! — Ty, Ke. 

If any one of the stars is observed at an altitude fh, slightly 
different from the common altitude h, we correct the correspond 
ing equation of condition by adding the quantity h — h,. 


190. We may also apply the preceding method to the case 
where there are but three observations. The final equations are 
then nothing more than the three equations of condition them- 
selves, from which the unknown quantities will be found by 
simple elimination. It will easily be seen that this elimination 
leads to the expressions for dg and daT already given on p. 284, 
if we there exchange d7, d7”, and dT” for f, f’, and f”” respect- 
ively. We can simplify the computation by assuming 47'so as 
to make one of the quantities f, f’, f’’ zero. Thus, we shall 
have f= 0 if we determine a7' by the formula 


4T--a+t—[T+4 67T(T— T)] (352) 


then, finding f’ and f” with this value, and putting 


» sing A’cos} Ae f' 
sin $(A’ —A) sin 3(A” — A’) 
»_ ______ Sin $.A” cos } A” fn" 


sin 4(A” — A) sin 3(A” — A’) 
we shall have the following formule: 
da T = —k sin} (A + A”) + # sin} (A’+ A) 


i ee re (358) 


+ e084 (AY — A) — B08 4 (A! — A) 
15 cos ¢ 


“nee 
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‘EXAMPLE.—Taking the three observations above en.ployed, 
and assuming the approximate values 


ST =:— "0, g = 51° 32'0", A = 52° 37' 0", 
we shall find, by (351), 


t <=: — 2° 36" 5°50 9 ff = — 3°19" 55°65 st” = 8* 28" 58.25 
A == ~- 66° 15'.2 A’ == — 177° 50.2 A” = 90° 18’.1 


By (349), putting in this case 67’ = 0, we then have 
fa —1838 fle + 80°95 of” = — 621 
and the equations of condition (350) become 


dh +. 0.4027 dg — 8.5410 daT + 15.63 = 0 
dh — 0.9998 dy —- 0.3522 da T — 28.51 = 0 
dh — 0.0053 dy + 9.8308 da T — 57.94 = 0 


whence 


daaT=+3:92 dg—=—8"58 dh—=+21"831 
and the true values of the required quantities are, therefore, 
AT = — 10" 56°08 gg = 51° 31’ 51.420 h = 52° 87’ 21" 31 


agreeing almost perfectly with the values before found. 
Since in this example there are but three observations, we 
may also employ the formule (358), first assuming 


AT = — 10" 58°17 
which is the value given by (352). With this we find 


fl = + 824.78 fl = — 4.38 
log # = 0.4199 log K” == n0.4982 


and by (353) we shall find 
daT = + 2:.09 dy == — 8”.58 dh = + 21.31 


Hence the true clock correction is — 10” 58°.17 + 2.09 = 
— 10" 56°.08; and the values of the latitude and altitude alsc 
agree with the former values 


BY TRANSITS. 293 


191. We may here observe that, theoretically, the latitude 
might be found also from three different altitudes of the same 
star and the differences of azimuth; for we should then have 


sind = singsinh -++ cos g cosh cos A 
sin 3 = sin g sin fh’ + cos ¢ cos #’ cos (A +4) 
sin 3 == sin g sin h” -+ cos ¢ cos kh" cos (A + 1) 


in which A is the azimuth of the star at the first observation, 
und the differences of azimuth 4 and /’ are supposed to be given. 
The solution of Art. 187 may be applied to these equations by 
writing / for d and A for @. 

Again, there might be found from three different altitudes of 
the same star not only the latitude and time, but also the decli- 
nation of the star; for we then have 


sinh = sin g sin 6 + cos ¢ cos é cost 
sin h’ == sin ¢ sin 6 + cos ¢ cos 2 cos (tf + 2) 
sin A” -~ sin g sin 6 + cos ¢ cos é cos (t + 1’) 


trom which we can readily deduce g, ¢, and 6. But the method 
is of no practical value, as the errors of observation have too 
much influence upon the result. 


NINTH METHOD.—BY THE TRANSITS OF STARS OVER VERTICAL 
CIRCLES. 


192. We may observe the time of transit of a star over any 
vertical circle with a transit instrument (or with an altitude and 
wzimuth instrument, or common theodolite); tor when the rota- 
tion axis is horizontal, the collimation axis will, as the instru- 
nent revolves, describe the plane of a vertical circle. For any 
want of horizontality of the rotation axis, or other defects of 
udjustment, corrections must be applied to the observed time of 
transit over the instrument to reduce it to the time of transit 
over the assumed vertical circle. These corrections will be 
treated of in their proper places in Vol. I; and I shall here 
assume that the observation has been corrected, and gives the 
clock time 7 of transit over some assumed vertical circle the 
uzimuth of which is A. The clock correction a7 being known. 
we have the star’s hour angle by the formula 


t= T+ aT—o. 
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and then, the declination of the star being given, we have the 
equation [from (14)] 


cos t sin g — tan 6 cos g = sin t cot A (854) 


If, then, A is also known, the latitude gy can be found by this 
equation. Let us inquire under what conditions an accurate 
result is to be expected by this method. By differentiating the 
equation, we find [see (51)] 


6 tan ¢ i 
dg = £89083 y ten gy si 


dé 
cos £ sin A gin A cos £ sin A 


from which it appears that sin A and cos ¢ must be as great as 
possible. The most favorable case is, therefore, that in which 
the assumed vertical circle is the prime vertical, and the star’s 
declination differs but little from the latitude; for we then have 
A= 90° and (small. Indeed, these conditions not only increase 
the denominator of the coefficient of dt, but also diminish its 
numerator, since, by (10), we have 


cos g cos J = sin & sin g -++ cos € cos ¢g cos A 


which vanishes wholly ore the star passes through the soni 
Moreover, if the same star is observed at both its cast and west 
transits over the prime vertical, we shali have at one transit sin 
=: — 1, at the other sin A = -++ 1, and the mean of the two 
eualene values of the latitude will, therefore, be wholly free 
from the effect of a constant error in the clock times, that is, of 
an error in the clock correction. It is then necessary only that 
the rate should be known. This method, therefore, admits of a 
high degree of precision, and requires for its successful applica- 
tion only a transit instrument, of moderate dimensions, and a 
time-piece. Its advantages were first clearly demonstrated by 
BeEsseL* in the year 1824; but it appears that very early in the 
last century Romer had mounted a ‘transit instrument in the 
prime vertical for the purpose of determining the declinations of 
stars from their transits, the latitude being given. The details 
of this important method will be given in Vol. IL, a 
“ Transit Instrument.” 


{mb tensor costumer -yanppsetenapre = Di SSeS RS RRSP! —eUNy apfifbtisetatnenieenacen:casasenihesmanne-tamtw tahine Sethe! "f 


* Astronom. Nach., Vol. III. p. 9. 
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1938. It may sometimes be possible to observe transits only over 
some vertical circle the azimuth of which is undetermined. We 
must then observe either two stars, or the same star on opposite 
sides of the meridian. We shall then have the two equations 


cost .tan A sin g — tandé .tan A cos g = sint 
cos ¢’. tan A sin g — tan 6’. tan A cos ¢ =: sin?’ 


from which the two unknown quantities A and ¢ can be deter- 
mined. If the same star is observed, we shall only have to put 
0’= 0. Regarding tan A sin g and tan A cos g as the unknown 


quantities, we have, by climinating them in succession, 


sin t sin 6’ cos 6 — sin?’ cos 4’ sin 3 
tan A sin ¢g = -————_______. a 
cos t sin 8’ cos 6 — cost’ cos 0’ sin 8 
— sin (t' — t) cos 0’ cos é 
tan A cos g = ———_—___— A eens COs ACS 


cos ¢ sin 6’ cos 6 — cost’ cos 0’ sin 3 
If we introduce the auxiliaries m and JM, such that 


m sin M = sin (0’ + 6) sin $(U — 6) (855) 
m cos M = sin (8’ — 6) cos $(t’ — f) 


we shall easily find 


m sin [4(t' + ¢) — M] = sin ¢ sin 6’ cos 6 — sin ¢' cos 0’ sin 6 
m cos [4 (¢' + t) — M] = cost sin 3’ cos 6 — cos t cos 6’ gin 6 
m sin [4(¢ — t) — M] = — sin ( — t) cos 6’ sin 6 


and hence 
tan Asin ¢ -= tan [4(" + ¢t) — M] 
sin [3 (t’ — t) — M] cot é (356) 
cos [} (t+ t)— MW] 
which determine A and ¢ by a simple logarithmic computation. 
The solution will be still more convenient in the following form 


tan . COS ¢ = 


tan M = tan } (t' — t) sin (3" + 9) 
gin (8! oo §) 
3 din n(a@’ +t) — M) 


tan gy == tan 
Nai [se —t) — M] 


(357) 


_ tan (4(¢ + 6 — M] 


sin ¢ 


tan A = 
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If the same star is observed at each of its transits over the 
game vertical circle, we have 0’: 0d, and hence tan M=o, 
M = 90°, which gives 


cos 4(¢ + t) tan 4 — — bee +4 


tan g = tan 0 
cos }(t’ — t) sin ¢ 


(858) 


If the same star is observed twice on the prime vertical, we 
must have /’ + ¢== 0, since tan A = oo; and then, 
tan 0 tan é 


tan g =—- ee 359 
. cos$(t’—t) cost ae 


which follows also from (354) when cot A =.0; or, geometrically, 
from the right triangle formed by the zenith, the pole, and the 
star, as in Art. 19. 

If the latitude is given, we can find the time from the transits 
of two stars over any (undetermined) vertical circle by the second 
equation of (857), which gives 


an ¢ 


t 
a te 


sin [} (¢ —t) — M] 


for the observation furnishes the elapsed time, and hence (’ — ¢; 
and this equation determines }(¢/ + ¢), and hence both ¢ and /. 

If the latitude and time are given, we can find the declination 
of a star observed twice on the same vertical circle, by (358). 
When the observation is made in the prime vertical, this becomes 
one of the most perfect methods of determining declinations. 
See Vol. II., Zransit Instrument in the Prime Vertical. 


194, The following brief approximative methods of deter- 
mining the latitude may be found useful in certain cases. 


TENTH METHOD.—-BY ALTITUDES NEAR THE MERIDIAN WHEN THE 
TIME IS NOT KNOWN. 


195. (A.) By two altitudes near the meridian and the chronometer 
‘imes of the observations, when the rate of the chronometer is known, 
but not its correction. 


Let 


h, h’ = the true altitudes, 
T, T' = the chronometer times, 
2-24(T’ TT) 


TWO ALTITUDES NEAR THE MERIDIAN. 297 


then, ¢ and ?’ being the (unknown) hour angles of the observations, 
we have, by (287), approximately, 


haz h + al 
h=hW' + at" 


in which A, is the meridian altitude, and 
__ 225 sin 1” cos ¢ cos 8 
a 2 cos hh, 
The mean of these equations is 


h,=4(h +h’) + al (=th 4 (ep) 


2 


and their difference gives 


h —-h’ =a (t—t) (+ t) 
But we have 
r= 4(T—T)=31¢—f4) 
in which we suppose the interval 7’— 7’ to be corrected for the 
rate of the chronometer. Hence 


BT eg ee 


2 at 


which, substituted in the above expression for h,, gives 


— h’)}? 
hy = b(h +B) pat + eee (360) 
According to this formula, the mean of the two altitudes ie 
reduced to the meridian by adding two corrections: Ist, the 
quantity ac’, which is nothing more than the common “ reduc- 
tion to the meridian” computed with the half elapsed time as the 
hour angle; 2d, the square of one-fourth the difference of the 
altitudes divided by the first correction. 
[If we employ the form (285) for the reduction, we have 


— bh’)? 
h, = 4(h +h) + Am + ee AUF (361) 
in which 
¢ ni 
A a= C08 9.0088 ee it 
cosh, sin 1” 


and m is taken from Table V. or log m from Table VT. 
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EXAMPLE 1.—-From the observations in the example of Art. 
171, I select the following, which are very near the meridian. 


Obsd. alts. © True alts. © Chronometer. 
50° 5’ 42"8 Ah’ = 50°21 76 23* 50" 469.5 
50 725.5 h = 50 22 50 4 0 0 37.5 
1hA—A) = 25.7 c=) 4 5D 
b(h+h')= 50 21 59.0 
Am = + 59 .0 log m 1.6778 
2d corr. == + 11 .2 log A 0.0930 
h, = 50 23 9.2 log Am 1.7708 
c, = 39 36 50.8 log [4 (Ah — h’)P 2.8198 
6, =— 1 48 92 log 2d corr. 1.0490 
gp = 37 48 41 6 
EXAMPLE 2.—In the same example, the first and last observa- 
tions, which are quite remote from the meridian, are as follows: 
Ohbsd. alts. © Trne alts. © Chronometer. 
49° 51’ 19".3 h == 50° 6’ 43”.7 23* 37™ 35° 
49 50 24 h’ = 50 5 48 4 _0 18 31 
+(h —h') = 13.8 r= 20 28 


which give Am=16’ 58”, and the 2d corr. =0’.2, whence 
yp = 87° 48' 87”, 

This simplé approximative method may frequently be useful 
to the traveller, and especially at sea, where the meridian obser- 
vation has been lost in consequence of flying clouds. At sea, 
however, the computation need not be carried out so minutely 
as the above, and the method becomes even more simple. See 
Art. 204. 

M. V. CaILLET* gives a method for the same purpose, which is 
readily deduced from the above. Put 


kh’ —h eo T'— T= 2r 
then (360) becomes 
k? 
daz’? 
ee tard 4+ar - 


dar’? 


ee 
C? 


* Traité de Navigation (2d edition, Paris, 1857), p. 819. 
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or, putting 
2 sin? 3 r’ 


n= ————_. Am = ar’? 
sin 1’ 
k + Am)? 
ho—h + Maram 362 
b | b-f | tAm ( ) 


in which A is the altitude farthest from the meridian. Although 
this reduces the two corrections of (361) to a single one, the 
computation is not quite so simple. 


196. (B.) By three altitudes near the meridian and the chronometer 
tunes of the observations, when neither the correction nor the rate of the 
chronometer is known.—In this case we assume only that the chro- 
nometer goes uniformly during the time occupied by the observya- 
tions. Let 


h, WV’, A”) = the true altitudes, 
T, T', T"” = the chronometer times, 
T, = the chronometer time of the greatest altitude. 


If we introduce the factor for rate = 4, according to Art. 171, 
the formula for the reduction to the meridian by Gauss’s method 
is, approximately, 

A, =A + ake 


in which ¢ is the time reckoned from the greatest altitude. De- 
noting ak by 4, we have then, from the three observations, 


h, = h + a(T — T,)? 
h, = hi+a(T’ — T,)? \ (363) 
h = h4+ a( 7" — TY 


which three equations suffice to determine the three unknown 
quantities a, 7, and f,. By subtracting the second frem the 
first, and the third from the second, we obtain 


h —Wh , . 
=a(7" + T) — 2aT, 
veoh a 
7 ,aa( PT + T’) — 2aT, 


and the difterence of these is 


Wh oh 
ee ee CT" 
a an a ?) 
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If, then, we put 


h — h' : . 
b= . == the mean change of altitude in one second 
ee of the chronometer from the first to the 
second observation, 
h! kon hh! 
¢= way = ditto from the second to the third obser- 
aa vation, 
we have 
c—b 
a, ey 
(864: 
T + T' b T'4+ T" C 
Te - or 4,== — _—— 
2 2a 2 2a 


Having thus found 7,, we can find A, from any one of the equa- 
tions (363), all of which will give the sanie result if the compu- 
tati@n is correct.* 


EXxaMPLE.—From the observations in the example of Art. 171 
[ select the following three observations: 


Obsd. alts. © True alts. © Chronometer. 
50° 5! 42.8 h == 50° 21’ 7.6 T == 28° 50" 46°.5 
50 7 27. WV’ = 50 2251 9 T’ = 23 55 16. 
50 7 25 .5 hY = 50 22 50 4 T’= 0 OU 37.5 
hk —hW = —104"3 TT’ — T = 2695 b = — 0.3869 
W—h = + 145 T"— TT’ = 8215 e= + U.0047 
T” — T = 591. ¢—b = + 0.8916 


ats ivy —. DJOb sm a: 
(2p 2") = 23" 58" 18 log a == 6.8213 


—2= + 4 62.0 log (T — 71) = 5.2604 
24a To an sre aero « eee 
T= 28 57 58.3 loga( T-— T,)* = 2.0817 
T —T, = — TEs h == 50° 21’ .7".6 


a(7T — 7, = os 2 0.4 
Ah == d0 28 8.8 
c=: 89 36 51.7 
d=: —1 48 9 2 
y= 87 48 42 5 


The mean of the three values found from these altitudes in Art. 
172 is 87° 48’ 42/8. 


wer wt ae, 


ee Perens nee ere 


* This method is essentially the same as that proposed by Litrrow (Astronomve, 
Vol. I. p. 171.) I have here rendered it applicable to the sun without considering 
the change of declination, hy introducing Gauss’s form for the reduction to the 
meridian. 
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197. (C.) By two altitudes: or: zenith distances near the meridian 
and the difference of the azimuths.—If the observer has no chrono- 
meter, he may still obtain his latitude by cireummeridian alti- 
tudes, if he observes the altitudes with a universal instrument, 
and reads the horizontal circle at each observation, taking care, 
of course, that the star is always observed at the middle vertical 
thread. As this instrument generally gives directly the zenith 
distances, we shall substitute ¢ for 90° —h. We have the equa- 
tion 

sin 6 = sin g cos £ — cos ¢g sin ¥ cos A 
= sin(g -- )-+ 2 cos g sin & sin?3A4 

whence 

cos 4 (g + 4 — £) sin 4 [F — (¢ — 6)] = cos ¢ sin £ sin? 4 A 
But 

yg — 6 = &, = the meridian zenith distance; 

and hence 
cos ¢ sin 5 sin?} A 
“Ss [3 ~ aC: = +] 


ain $(£ —2,) = (365) 


which expresses the reduction to the meridian = g — g, when 
the absolute azimuth A is given. If the observation is very 


near the meridian, we may neglect } (€ — ¢,) in the denominator 
of the second member, and take 


, __ COR g Bin “1 2 sin? 4 A 
cos 3 sin 1” 


£% 


or, putting 
acd files dates 
a = 08 7 8in 5, sin 1 (366) 
cos ¢é 2 


& — Gs = aA’ ; (367) 


from which it follows that near the meridian the reduction of the 
zenith distance varies as the square of the azimuth. 
Now, when we have taken two observations, we have 


whence, putting 
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we deduce the following equation, analogous to (860), 


cadet e—ar—EE=— Fl (368) 


ar 


Here z is equal to one-half the difference of the readings of the 
horizontal circle, and is therefore known; and the computation 
is entirely similar to that of the formula (360). 


198. (D.) By three altitudes or zenith distances near the meridian 
and the differences of azimuths. 

Supposing the observations taken with a universal instru- 
ment, let 


yt’, 2” = the true zenith distances, 
A, A’, A” = the roadings of the horizontal circle, 


we shall have, by the preceding article, 

set a(A -- A,)? 

oe ce eee (369) 
; 


in which A, is the (unknown) circle reading in the meridian, 
and a is the (unknown) change of zenith distance for 1” of azi- 
muth. These equations are solved in the same manner as (363); 
and hence we have the formule 


Aa vl yl 
b— ei an eee 
A'—A AU A 
c—b 
eae 70 
Sod ar (870) 
’ ’ " 
A, = A+A ? or A, = Al + A eae 
? a ie 2a 


which determine @ and A,, after which ¢,is found by any one of 
the equations (869).* 


te te ee i 


* In this connection, see an article by Lirrrow in Zacn’s Monatliche Correspondenz, 
Vol. X. (1824). 
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ELEVENTH METHOD.—BY THE RATE OF CHANGE OF ALTITUDES NEAK 
THE PRIME VERTICAL.* 


199. We have, Art. 149, 


-——~ == COS y sin A 
15 dt 


If then we observe two altitudes near the prime vertical in quick 
succession, noting the times by a stop-watch with as great pre- 
cision as possible, and denote the difference of the altitudes, or 
of the zenith distances, by dz, and the difference of the times by 
dt, we shall have 


» 
>» 


15 dt 


cos g = cosec A (371) 


The observation being made near the prime vertical, an error int 
the supposed azimuth A will have but small influence upon the 
result. If the observation is exactly in the prime vertical, or 
within a few minutes of it, we may put 


cos g = —— (372) 


This exceedingly simple method, though not susceptible of 
great precision, may be very useful to the navigator, as it is 
available when the sun is exactly east or west, and, consequently, 
when no other method is practicable, and, moreover, requires 
no previous knowledge of the time or the approximate latitude, 
or of the star’s declination.t 


ExampLe.—1853 July 3, Prestet observed, near the prime 
vertical, the time required by the sun to change its altitude by a 
quantity equal to its apparent diameter, by observing with a 
sextant first the contact of the lower limb with its image in an 
artificial horizon, and then the contact of the upper limb with 


a a ee ee = wee ew re ew i ee 


* PresteL, in Astron. Nach., Vol XXXVII. p. 281. 

t Since the star’s declination is not required, this method has the additional 
advantage (which may at times be cf great importance to the traveller) of being 
pricticable without the use of the Ephemeria. This feature entitles this method to a 
prominent place in works on navigation. 
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its image, the sextant reading being the same at both observa- 
tions, namely, 30° 15’ 0’... He found 


Chronometer. 

Contact of lower limb, 4° 48" 84". P.M. 
s upper = 4 47 5.5 
3.31.5 


‘The sun's diameter was 31’ 32’... Hence we have 


r 


dz == 3’ 32” — 1892" log 3.2769 
dt .2. 3" 3195 = 21195 ar. co. log 7.6747 

log +s 8.8239 
g¢ == 93° 237.5 log cosg = 9.7755 


The azimuth, however, was not exactly 90°, but about 88° 26’ 
lIence we shall lave, more exactly, 


9.7795 
A = 88° 20’ log cosee A 0.0002 
g = 53 22.3 log cos ¢ =: 9.7757 


It is evident that the method will be more precise in high luti- 
tudes than in low ones. 


FINDING THE LATITUDE AT SEA. 
First Method.— By Meridian Altitudes. 


200. This is the most common, as well as the simplest and 
most reliable, of the methods used by the navigator. The alti- 
tude is observed with the sextant (or quadrant) from the sea 
horizon, and, in addition to the corrections used on shore, the 
dip of the horizon is to be applied. The true altitude being 
deduced, the latitude is found by (277) or (278), Art. 161. 

At sea the time is seldom so well known as to enable the 
navigator to take the star at the precise instant of its meridian 
passage. But the meridian altitude of a star is distinguished as 
the greatest, to secure which the observer commences to measure 
the star’s altitude some minutes before the approximately com- 
puted time of passage, and continues to observe it until he per- 
ceives it to be falling. The greatest of all his measures is then 
ussumed as the meridian altitude. 
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‘But, as before, we shall neglect the insensible term sin 7 sin ¢, 
and put cos n = 1, and then the first and third of these equa- 
tions will suffice to determine 6’. Moreover, since in the case’ 
of the moon 7 will not exceed 1", the neglect of m will cause 
no sensible error in cos(r — m). Tlence we take 


sin 3’ == cos ¢ sin (0, + ad) 
cos 6’ cos t = cos ¢ cos (6, + a) 


or, developing the second members, 


sin 6’= cos ¢ cos d sin 6, = sin 8’ cos é, 
cos 6’ cos r = cos ¢ cos d cos 6, + sin 8’ sin 4, 


whence, by eliminating cos ¢ cos d, we find 
= sin s’ = sin é’cos 6, — cos é’sin d, cost (195) 
If now we put 


é == the moon’s geocentric declination, 


s= 6c a“ semidiameter, 

r= v6 eq. hor. parallax, 

g' = the geocentric or reduced latitude of the place of 
observation, 


p = the earth’s radius for the latitude ¢, 
4, 4'== the moon’s distance from the centre of the earth 
and from the place of observation, respectively, the 
equatorial radius of the earth being unity, 


we have, by the formule of Art. 98, Vol. L, 


4 sin é’ = 4 sin 6 — p sin ¢’ 
4' cos 8’ = 4 cos 5 — p cos ¢g’ cost 


this last being equivalent to the more rigorous one in (133) of 
Vol. I., when the moon is near the meridian; and by Art. 128, 
Vol. I., we also have 

4'sin s’ = 4 sin s 


Substituting these expressions in (195), after multiplying it by 
4’, we find 


+ Asin s = 4 sin (6 — 2,) + 2 4 cos d sin d, sin? } +r 
— p sin (¢g’ —- 3,) — p cos ¢’ sin 6, sin’ r 
Vox. IY.—20 
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Dividing by 4 = = this becomes 


+ sin s = sin (6 — 0.) + 2 cos ésin 6, sin?}r 
— p sin z sin (g’ — 3,) — p sin = cos ¢g’ sin 4, sin* = 


where the last term is evidently insensible. If then we put 
sin p = p sin z sin (¢’ — 4.) (196) 
we have 
sin (¢ — 6.) = sin p = sin s — 2 cos 6 sin 6, sin?3r 


The last term (which is the reduction to the meridian) will 
seldom exceed 1/’, and may be put under the form 


oad 


2 
sin R=() sin? 1”. sin 26d. 2? 


The quantity ¢ is here the true hour angle of the moon, to 
find which, let 


p., = the sidereal time of the observation, 

t= ks “ moon’s transit, 

A =the increase of the moon’s right ascension in one 
sidereal second ; 


t= (1 — 2) (#— a) 


then 


and hence 


= = sin 1” sin 26 (1 — 4)? @ — 4)? (197) 


The first two terms of the value of sin (6 — d,) differ but little 
from sin (p = s). To find their exact value, we have 


sin p + sin s = sin (p + 8) + sin p (1 — cos s) = sin s(1 — cos p) 


= sin (p + 8) + 2sinpsin’}s + 2 sing sin*d p 


The last two terms of this will seldom amount to a tenth of a 
second, and therefore the formula may be regarded as perfectly 
accurate under the form 


sin p = sins = sin(p + 8) = 4(p = 8) sin 1” sinpsins 


Now, since 0 — 0, and p = s differ by so small a quantity, the 
ratio of the sine to the arc will be the same for both of them: 
hence we shall have, with the utmost precision, 


C= 6 + pss t(p = 8) sinpsins—F (198) 
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as given by Bessri.* The upper or lower sign is to be used 
according as the north or the south limb is observed. 

The declination thus found is reduced to the time yp, of the 
observation. But if we wish its value at the time of the meri- 
dian passage, we must add to it the correction (# — u,)A’, in 
which 2’ is the increase of the declination in one sidereal 
second, or 

, ae 
~ 60.1648 


where ad = the increase of declination in one minute of mean 
time, as now given in the American Ephemeris. The value of 
1 — 4 is found as in Art. 154: namely, taking aa = the increase 
of the moon’s right ascension in one minute of mean time, we 


have 
Aa 


—~ 60.1643 
go that, putting 


1 
1—2=—> — 
B 


we shall have 
log (1 — 4) = ar. co. log B 


and log B may be taken from the table on page 179. 

In practice, it will generally be most convenient to apply the 
several reductions directly to the observed zenith distance, as in 
the following example. 


EXxAMPLE.—The declination of the moon was observed with the 
meridian circle of the Washington Observatory, 1850, September 
17. The nadir point was first observed as follows: 


qe 


Circle Microscopes. 


Leer | incidence with its image: 
0.9 11.9 |2".2 11°.4 11°”.69| mean of 10 readings = 


0.7 |1 4 {2.0 |1 6 1 .42| 887-934. 


etree | ene aceeae | Rane | iNet EO ED 


Means |0 .80/1 65|2 .10|1 .50|1 .51 


pn, § | ance See 


Nadir point 
at 20*.5 


The value of one revolution of the micrometer = 34’'.356, or 


oa 


* Tabule Regiomontane, Introd. p. LV. 
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1’ = 07.0291; and hence, by the method of Art. 197, the micro- 
meter zero (or reading of the micrometer when the circle reading 
was 0° 0’ 0’) was 


(M) == 387.934 + 07.0291 x 1.51 = 387.978 


The observation of the moon was as follows, S.L. denoting 
south limb: 


= 7 


e a | 
Circle Microscopes. | Miero- 


Clock = yu, | meter 

A | B jc! D | Mean. == M. 
Moon, S. .|55° 52’ 45".7/42".8 | 45.2 ;467.1| 44.95 1121417" 219397.956 
| Barom.30".114 Att. Therm.64°. Ext. Therm.52°.8 32 [39 .90-4 
WS 35 ech stam ne, eaten ae ll he ese, coscill 48 39 .875 


The circle was west, in which position the readings are zenith 
distances towards the south. The correction for runs was 
— 0.75 for 3’, and since the excess of the reading over a multiple 
of 3’ is 1’ 44/.95, the proportional correction for runs is — 0/’.438. 

The clock time of transit of the moon’s centre over the meridian 
was pe == 21" 17” 16°.30. 

The latitude of the observatory is gy == 38° 53’ 39’.25, and 
therefore g — gy’ ==11' 14’’.54, log p == 9.9994302. The longitude 
is 5" 8" 12' west of Greenwich. 

For the date of the observation, we take from the Nautical 
Almanac 


6 = — 16° 1.7 
4d = + 6".377 in 1™ mean time, n= 54’ 9.64 
da== 290150 “« « «& sf § = 14 45”".49 


whence log (1 — 4) = 9.98521 and /’ = +4 0”.1060 


The correction for the micrometer, or J — (J), converted into 
seconds, is additive to the circle reading. The reduction to the 
meridian, or &, found by (197), 1s also algebraically additive to 
the circle reading, attention being paid to the sign of 3; and the 
correction for change of declination to be added to the circle read- 
ing will be —(#— y,)4’.. Since the sum of these three corrections 
should be the same for each micrometer observation, the precision 
of the observations will be shown by computing this sum for 
each. Thus, we find 
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mm My M — (M) R — (ft — py) a’ Sums. 
— 4°92 33”.60 — 0.00 + 0.44 34.04 
— 15.2 81 .82 — .08 +1 61 33.40 
— 26.2 80 .82 — 09 4+ 2 .78 38 51 

Mean = 33 .65 


Hence we have 
Circle reading = 55° 52’ 44.95 
Corr. for runs = — 0 48 
Mean corr. for microm., &c. = + 83 .65 


Apparent zenith distance= 55 53 18 .17 
By Table IT. Refraction = + 1 25 60 


g’ — 6,.=¢ —d,—(¢—¢’) g—o6,= 55 5443 77 
== 55° 43’ 29” —(p+s)= — 59 27 .24 
By (196), p= 44’ 41.75 —t(p+s)sinpsins= — 0 .10 


g—éd— 54 5516 43 
y= 88 58 39 25 
8—-—16 1 387 .18 


206. Observations of the declination of a planet, or the sun.—The 
larger planets are observed in the same manner as the moon, 
that is, by making the micrometer thread tangent to the limb, 
and when the planet is treated as a spherical body the observa- 
tion is also reduced in the same manner. 

In the case of the sun, both limbs may be observed. The 
reduction to the meridian may be facilitated by a table giving 
the logarithm of the factor 


9 
b= = sin 1’ (1 — A)*sin 22 


for each day of the fictitious year (Vol. I. Art. 406), such as 
BessEL’s Table XII. of the Tabule Regiomontane. This table 
also gives for each day of the year the value of 


a = increase of the sun’s declination in 100 sidereal seconds, 


so that the reduction of the observed declination to the meridian, 
including the correction for the change of declination in the 
jnterval r, is 

ar 
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The correction for parallax may be put under the form 


8.57116 
— ea Pp 8In (¢’ — 3) 
in which r = sun’s distance from the earth, the mean distance 
being unity, and in each observatory this quantity may be com- 
puted for the latitude, and for each day of the year, and also 
inserted in the table. In order to embrace every thing necessary 
for the complete reduction of the observed declination, the table 
contains also the sun’s semidiameter for each day of the fictitious 
year. 


207. Correction of the observed declination of a planet's or the moon’s 
limb for spheroidal figure and defective illumination—Let us con- 
sider the most general case of a spheroidal planet partially 
illuminated. The correction to reduce the observed declination 
of the limb to that of the centre is equal to the perpendicular 
distance from the centre to the micrometer thread, which is 
tangent to the limb and perpendicular to the meridian. The 
formulse for computing this perpendicular in general are (Vol. I. 
p. 580) 


tan o’ = tan 3 


sin y = sin 3’ sin V 


ws ns cos y 
sin 3 

in which s’’ is the required perpendicular, @ the angle which it 
makes with the axis of the planet (reckoning from the north 
point of the disc towards the east), cis a constant depending upon 
the eccentricity of the planet’s meridian, V the angular distance 
of the earth and sun as seen from the planet, and s is the equa- 
torial radius of the disc, or greatest apparent semidiameter at the 
time of the observation. The perpendicular here coincides 
with the declination circle, and consequently we have at once 
3 == — p, or 180° — p, according as the north or the south limb 
is observed; p denoting, as in the article referred to, the position 
angle of the axis of the planet. From the discussion in Vol I. 
Art. 354, it follows that (putting — p for #) the north limb will 
be full (and, consequently, the south limb gibbous) when sin p 
and sin V have the same sign. We shall, therefore, here change 
the sign of sin 7, and take 
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tan p’ = = P sin y = sin p’sin V 
, (199) 
g" = a cea COS y 
r sin p 


in which s,= the greatest apparent semidiameter at the mean 
distance of the sun from the earth, and 7’ = the planet’s geocen- 
tric distance. We then have the rule: the north or the south limb 
is the full limb according as sin y is positive or negative. The formule 
for computing p, V, and c are given in Vol. I. Arts. 348 et seq., 
and s,18 given on p. 578. 

The gibbosity of Saturn, however, is wholly insensible, and 
even that of Jupiter at the north and south points of the limb 
cannot exceed 0’’.05, which is so much less than the usual errors 
of declination observations that it may be disregarded. Hence, 
for Saturn and Jupiter the correction will depend only upon the 
figure of the planet, and will be computed by the equations 


tan p’ = 


tan p gt oo, sin p _ Sy COsp 
c sinp’ = r”—s cos p’ 


in which for Jupiter we take log c = 9.9672, and for Saturn 
= 7/(1 — ee cos*l) = //(1 — [9.2706] cos? l), / and p being taken 
directly from the tables for Saturn’s Ring given in the Ephemeris. 
A further simplification may be permitted in the case of 


Saturn; for, on account of the small values of p, the ratio ore 


will be very nearly unity, and if we take s/’/= 6 we shall 
have the true value of s’’ within less than 0/’.05. 

It is hardly necessary to remark that when we neglect the 
gibbosity of Jupiter or Saturn, the mean of the observed decli- 
nations of the north and south limbs gives at once the declination 
of the centre. 

For Mars, Venus, and Mercury the correction will be only for 
defective illumination; but in this case we can avoid the separate 
computation of p and V, as follows. Substituting in the equa- 
tion for sin y (199) the values of sin p and sin V given in Vol. I. 
p. 577, and moreover observing that, since these bodies are 
regarded as spherical, we have c = 1, and, consequently, p’ = p, 
there results 


sin y = ca [cos é’sin D — sin 8’cos D cos(a’— A)}] (200) 
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in which 
a’, 3’ = the planet's right ascension and declination, 


A, D = the sun’s f as e 
R, R' = the earth’s and tho planet’s distances from the sun; 


and a positive value of sin y will here also indicate that the north 
limb is full and the south limb gibbous, and a negative value 
the reverse. Adapting this formula for logarithms, we have, 
therefore, 

tan Ff = tan D sec (a’ — A) 
R sin (F — 6’) sin D (201) 


sin =-——. 
a RR’ sin 


or, more conveniently, perhaps, 
tan # = tan 6’ cos (a' — A) 


svete sin (D— EF) cos 8" — ) 201*) 
a? cos # 

E being taken less than 90°, with the sign of its tangent. 

Then we find the reduction to the centre of the planet by the 

formula 


gs? = * COS 7 (202) 


If the declination of a cusp of Venus or Mercury has been 
vbserved, we must find p by the formula (Vol. I. p. 577) 


tan p = cot (a — A) sin (F' — 6’) sec F (203) 


in which F’ has the same value as above, and then the reduction 
to the centre of the planet will be 


8 
i 7 COS p 


For the moon, when the gibbous limb has been observed, the 
formule (201) may be used for computing ¥; but on account of 
the small difference of and Rf’, we may put their quotient =1. 
Since the declination of the gibbous limb will not be observed 
except when the moon is nearly full, it will be best to reduce 
the observations as if the observed limb were full, according to 
Art. 205, and then to apply a small correction for gibbosity. 
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This correction will be as=s — scosy=s versiny. Hence the 
formule for the moon will be 
tan H = tan 6’ cos (a’ — A) 
__ sin (D — £) cos 0’ 


AS = 8 versin y 


ExaMPLeE 1.—The apparent declination of the southern cusp 
of Venus, at its transit over the meridian of Greenwich, July 16, 
1852, observed with the transit circle, was 


6’ == 15° 0’ 45”.60 
From the Nautical Almanac, we have 


a’ = 8 11" 1:46 log r’ = 9.4675 
A=T 48 42.80 D =21°19'8” 


and from Vol. I. p. 578, 
|= 8.55 


Hence, by (208), we find log tan p = 0.0031, and, consequently, 
le “: cos p = 20.53 


and the apparent declination of the planet’s centre was, there- 
tore, 
é = 15° 1’ 6.18 


ExaMPLE 2.—The apparent declinations of Jupiter's north and 


south limbs, observed at Greenwich, March 18, 1852, were— 


N.L. 6’ == — 17° 21’ 57” 36 
S.L. 6’= —17 22 87 61 


To illustrate the complete formule, let us take the gibbosity 
of the planet into account. For this purpose, we take from the 
Nautical Almanac 


a’ == 280° 56’.4 A = 224° 25'.0 
i= — 17 22.2 ce = 28 27.5 log r’ = 0.6788 


and from. Vol. I. p. 574, 


n =: 857° 56.5 t == 25° 25'.8 


314 MERIDIAN CIRCLE. 


Hence, by the formule (619), Vol. L., 


F= 201° 23.5 A == 284° 52’ 8 
V=A—A= — 10° 27/7 
F’ = — 20° 47'.5 log tan p = 9.4281 


Then, by (199), taking log c = 9.9672, we have 
| log sin y = 8.7025 


from which it follows that the south limb was full. Hence, 
taking s,= 99’’.70, we find 


For fulllimb (s”) = --.—+~ = 19”.50 
For gibbous limb s” = (s’”) cosy =19 47 


The declination of the centre was, therefore, according to 
these observations, 


From N.L. 6 =: — 17° 22’ 16.83 
“« S$.L. 1S 1d 


Considering the difference of these results, which is by no 
means as great as often occurs in the Greenwich observations of 
Jupiter, it appears that the practice there followed of always 
applying the polar semidiameter (which is the one given in the 
Nautical Almanac) is quite accurate enough for these observations. 
Our more exact method will not be without application, however, 
in cases where greater refinement both in observation and 
reduction are attained. 


EXAMPLE 3.—At Greenwich, Feb. 6, 1852, the declination of 
the moon’s centre deduced from an observation of the north 
limb, on the assumption that this limb was full, was 


3 == + 18° 17’ 0.58 
For the time of the moon’s transit on this date, we have 


a’ = 158° 18’.6 A= 819° 56.1 
gs == 16’ 31” D=— 15 36.3 


whence, by (204), 
y= — 2° 58’ 


ALTITUDE AND AZIMUTH INSTRUMENT. 815 


which shows that the north limb was gibbous. The correction 
was 


As = 8 versin y = 1”.33 
and the true declination was, therefore, 


8 == + 18° 177 1.91 


CHAPTER VII. 
THE ALTITUDE AND AZIMUTH INSTRUMENT. 


208. Tis instrument may be regarded as a transit instrument 
combined with both a vertical and a horizontal circle, by means 
of which both the altitude and the azimuth of a star may 
be observed at the instant of its transit through the vertical 
plane described by the telescope. This combination is not often 
used for the higher purposes of astronomical research, as every 
additional movement introduced into an instrument diminishes 
its stability and increases the risk of error. However, at Green- 
wich, a regular series of extra-meridian observations of the moon 
is carried on with such an instrument, for the sake of comparison 
with meridian observations. The instrament has there received 
the name of the altazimuth. In other places, it has been called 
the astronomical theodolite; and, in fact, the general theory of the 
instrument, which will be given hereafter, will be found to be 
directly applicable to the common theodolite employed in geo- 
detic measurement. 

Still another name is the wniversal instrument, so called on 
account of its numerous applications; but this name is usually 
given only to the portable instruments of this class. The small 
universal instruments of ERTet are well known. 


209. Sometimes the horizontal circle is reduced to small 
dimensions, and designed simply as a finder, or to set the instru- 
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ment approximately at a given azimuth; while the vertical circle 
is made of unusually large dimensions, and is intended for the 
most refined astronomical measurement. The instrument is 
then known simply as a vertical circle. Such is the Erte. Vertical 
Circle of the Pulkowa Observatory, the telescope of which has 
a focal length of 77 inches, and its vertical circle a diameter of 
43 inches.* 

This instrument is permanently mounted upon a solid granite 
pier G, Plates X. and XI., which is insulated from the walls and 
floor of the building. It stands upon a tripod which is adjusted 
by foot screws. The three feet are so placed that two of them are 
in the east and west line: hence, but one of these two is seen in 
Plate X., which is a projection of the instrument upon the plane 
of the meridian, while all three are seen in Plate XI., which is 
a projection upon the plane of the prime vertical. The meridional 
foot screw w carries a small circle 7 graduated into 860°, the index 
of which is attached to the foot. One revolution of this circle 
changes the inclination of the instrument in the plane of the 
meridian 318’’: consequently, one division corresponds to 0’’.88. 

The centre of the instrument is held in place by the support 
a attached to the pier. 

The vertical stand consists of a hollow cone of brass, in which 
turns the steel axis 6. The lower extremity of this axis is convex 
and smoothly finished, and is supported by a system of three 
counterpoises c, suspended upon levers which relieve the pressure 
upon the bearing points of the vertical axis, and thus diminish 
the friction. At the top of the conical stand is a 13 inch azimuth 
circle, the verniers of which are attached to the axis. This is 
provided with a clamp and tangent screw which is moved by the 
rod d in giving the upper portion of the instrument a small 
motion in azimuth. 

The upper extremity of the vertical steel axis carries the strong 
oblong bar e, which may be called the bed of the instrument. 
On this bed rests the adjustable frame vfgv, which supports the 
horizontal axis 7 in the Vs at vv. This axis should be perpen- 
dicular to the vertical axis, and its adjustment in this respect is 
effected by means of two opposing screws at h. 

The axis 7 has two equal cylindrical pivots of steel at vv. It is 
hollow, to admit light from the lamp x, which is reflected upon 


a rr RS tm 


SEQ Ghee 


* See Description de UVobser. cent., &c., p. 180. 
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the threads of the reticule of the telescope by a mirror in the 
interior of the tube atu. The telescope and principal vertical 
circle o are firmly and invariably attached to one extremity of 
this axis. At the opposite end of the axis is a smaller vertical 
circle m, which serves as a finder. From the centre of this 
finding circle radiate four conical arms terminating in ivory 
balls n. The telescope is swept in the vertical plane solely by 
means of these balls, never by touching the telescope or prin- 
cipal vertical circle. When the telescope is approximately 
pointed and clamped, fine vertical motion is given to the tangent 
screw by the rod k. The instrument is swept in azimuth by 
means of an ivory ball at /, the fine azimuthal motion being 
given by the rod d. 

The circle is read off by four microscopes attached to a square 
frame a, which is fixed to the frame vfgv. The level f attached 
to this frame indicates its inclination with respect to the horizon. 
The circle is divided to 2’, and the microscopes read directly to 
single seconds, and by estimation to 0/’.1, or even less. The 
probable error of reading of a single microscope is given by 
Peters as only 0’’.090 in observations by day, and 07.098 in 
observations by night. 

The friction of the horizontal axis in the Vs is diminished by 
the single counterpoise p, which, by means of a lever, the fulerum 
of which is at g, supports the principal part of the weight of the 
telescope, vertical circles, and horizontal axis, by exerting an 
upward pressure at r. The point r being at suitable distances 
from the two Vs respectively (nearer to the principal circle than 
te the finder), the friction in both Vs is equally relieved; while 
the whole weight of the movable portion of the instrument is 
transferred to a point g, very near to the vertical axis of rotation. 

The striding level s rests upon the pivots of the horizontal 
axis, and, by reversal in the usual manner, serves to measure the 
inclination of this axis to the horizon. 

The reticule at ¢ is composed of three horizontal threads, two 
of which are close parallel threads (the clear space between them 
being only 6’’), which serve for the observation of objects which 
present sensible discs, or of those which are too faint to be 
observed by bisection (see Art. 198). The third thread is 18” 
from the others, and is used in observing stars by bisection. 
The unequal distances prevent inistakes in the choice of threads. 
These horizontal threads are crossed by two vertical ones, the 
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distance of which is 1’ of arc. The middle point between these 
determines the optical centre of the instrument, and all obser- 
vations are made as nearly as possible at this point. 

The extreme accuracy attainable in the observation of zenith 
distances with this instrument may be inferred from the follow- 
ing values of the zenith point Z (see Art. 219) of the circle, as 
cited by Struve, from observations by PetTERs upon Polaris at its 
upper and lower culminations: 


Upper transit.|ni¢ from Lower transit. [nig from 

mean. gZ mean. 
April 13 | 0° 0’ 38”.13 |— 0.32 April 14 | 0° 0’ 33.64 |— 0.08 
14 83 .26;— 0 .19 16 83 .82|— 0 .40 
17 83 sa lee 0 37 20 33 .45|— 0 .27 
19 33 .27 ;— 0 .18 21 83 .94/+ 0 .22 
20 83 .75)|+ 0 .380 22 33 .48|/— 0 .24 
22 33 .17|— 0 .28 24 83 .50/|— 0 .22 
24 83 45; 0 .00 25 33 .94|-+ 0 .22 
25 33 .68|-+ 0 .28 26 33 .98/-+ 0 .26 
26 83 .29|-— 0 .16 27 83 82/41 0 .10 
27 33 .68/-+ 0 .23 28 34.12/14 0 .40 

Mean 0 0 33 .45 Mean 0 0 33 .72 


Hence, assuming that the zenith point of the circle was constant, 
the probable error of an observed value of Z was, for either 
series, = 0/.22. This error, however, is the combined effect of 
error of observation and variability of Z But the probable 
error of observation was obtained from the discrepancies between 
the several values of the latitude deduced from these same obser- 
vations, and was = 0’.17: so that the probable crror of Z 
arising from variation in the instrument was = 1/[(0/.22): 
— (0/.17)7] = 0.14. The means for the two transits differ by 
0’’.27, which results from the use of different divisions of the 
circle and different parts of the micrometers. To compare them 
justly, it would be necessary first to eliminate especially the 
division errors. 

In order to eliminate the effects of flexure, the objective and 
ocular are made interchangeable (see Art. 204). 

The dimensions of the various parts of the instrument may be 
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taken from the pee which are accurately drawn upon a scale 
of 7.* 


210. The portable universal instruments are usually so arranged 
that the vertical circle may be removed altogether from the 
instrument when horizontal angles only are to be measured. 
One of these instruments is represented in Plate XII. In Fig. 1, 
the instrument is arranged for measuring horizontal angles 
exclusively. In Fig. 2, the telescope of Fig. 1 is replaced by 
another which is connected with a vertical circle and (unlike the 
azimuth telescope) is at the end of the horizontal axis, The 
weight of the telescope and vertical circle is counterpoised by a 
weight at the opposite end of the axis. The focal length of the 
telescope in instruments of this kind seldom exceeds 24 inches. 

The following discussion of the theory of these instruments 
will apply to any of the forms above mentioned, as I shall con- 
sider their two applications—to azimuths and to altitudes— 
independently of each other. 


211. Azimuths.—Let A,H, Fig. 49, represent the true horizon, 
Zthe zenith. Let us suppose the vertical 
axis of the instrument to be inclined to the 
true vertical line, so that when produced it 
meets the celestial sphere in Z’. Let A,fq’ 4 
be the great circle of which Z’ is the pole. | 
The plane of this circle is that of the gra- 
duated horizontal circle of the instrument. 
Let us suppose, further, that the horizontal 
rotation axis, which should be at right ane 
angles to the vertical axis, and, consequently, paraliél to the 
horizontal circle, makes a small angle with this circle. As the 
instrument revolves about its vercenl axis, this rotation axis will 
describe a conical surface, and the prolongation of this axis to 
the celestial sphere will describe a small circle AA’ parallel to 
A,H’. Let A be the point in which this axis produced through 
the circle end meets the sphere at the time of an observation, 
and O the position of a star observed on any given vertical thread 


Fig. 49. 


* For all the particulars of the use of this instrument in the determination of the 
declination 6f a circumpolar star, consult the memoir of Dr. C. A. F. Peters, 
Astron. Nach., Vol. XXII., Resultate aus Beobachtungen des Polarsterns am Ertelschen 
Verticatkreise der Pulkowaer Sternwarte. 
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in the field. As the telescope revolves upon the horizontal axis, 
its axis of collimation describes a great circle of which A is the 
pole, and the given thread describes a small circle purallel to 
this great circle. Let 


c =the distance of the thread from the collimation axis, 
positive when the thread is on the same side of the 
collimation axis as the vertical circle, 

6 = the clevation of A above the horizon as given by the 
spirit level applied to the horizontal axis, positive when 
the circle end of this axis is too high, 


{ =-the inclination of the vertical axis to the true vertical 
line, 

? = the inclination of the horizontal axis to the azimuth 
circle, 

a= AZH, 

a’ = AZ'H, 

A =the azimuth of the star O, reckoned from A, as the 
origin, 


z = the zenith distance of the star; 


then, in the triangle AZZ’, we have AZ = 90° — 6, ZZ’ = i, 
AZ’ = 90° — i’, AZZ’ = 180° — a, AZ'Z =a’, and hence, by 
Sph. Trig., 
sin 6 = cos a’ cos 7’ sin 7 + sin 7? cos? 
cos b cos a = cos a’ cos 7’ cos 7 — sin 7’ sin 7 
cos b sin @ == sin a’ cos 7’ 


But, i, i’, and b being always so small that we can neglect their 
squares, these equations may be reduced to the following 


ged \ (205) 


b=icosa’+i?—=icosa+i7 


In the triangle AZO, we have the angle AZO = A,ZO + A,ZA 
= A+ 90°— a, and the sides AO= 90° + ¢, AZ = 90° — 4, 
ZO =z; and hence 


— sin c = sin 6 cos 2 — cos b sin 2 sin(A — a) 


or, since c and 6 are small, 


b Cc 
tan z sin z 


sin(A — a) = 


Hence sin (A — a) is also a small quantity, and the angle A—a 
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A'T 
F. — 4 40 59°.20 
M. —4 9 55.53 
P. —5 18 3.24 


And finally, at Carthagena, observations on the 25th and 29th 
of June gave the corrections and rates at the mean epoch June 
277.0 as follows: 


aT or 
Fo —~ 5* 7239.55 + 0°.85 
M. —4 37 47.98 — 5.90 
Po —5 44 3442 + 0.80 


Employing the rates found at La Guayra, the corrections of the 
chronometers on June 5.870 at Porto Cabello (for which we 
have ¢ = 117.985), and the resulting difference of longitude, 
are, by formula (883), are 67 followe : 


AT +. 1.67 P. Cabello—La Guayra. 
F. — 4% 32" OR.57 4+. 4" 17°23 
M. ~ 4+ 1] 11.81 19 .47 
P —5 10 1.32 12 .06 


Mean + 4 16.25 


With the same rates, we have on June 12.890 at Curagoa (for 
t == 19¢.005) the corrections and the corresponding difference of 
longitude, as follows: 


AT + t.dT Curacoa—La Guayra. 
Fo — 4°32" 53°17 + 8" 69.08 
M. —+4 1 43 68 8 11.85 
P. —4 10 11.64 7 51.60 


Mean +8 3.16 


With the same rates, we have on June 27? at Carthagena (for 
= 337.115) the corrections and the corresponding difference of 
longitude, as follows: 


AT+t.d6T Carthagena—La Guayra. 
F — 4° 32” 42°30 + 84" 41°.25 
M. —4 2 47.74 35 0.24 
P. —5 10 82.38 34. 2.04 


Mean + 34 34.51 
Vor. I.—21 ae 
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Now, to correct these results for the changes in the rates of 
the chronometers, we have, in the interval n = 88.115, 


oT — 6T 
F. + 0.08 
M. — 1.36 
FP. + 1.77 
s= + 0.49 
and, consequently, 
4+ 0°49 


q= = + 0*.002466 


2x 3 X 33.115 


Applying the correction ¢?¢ to the several results, the true 
differences of longitude from La Guayra are found as follows: 


Approx. diff. long. 2.9 Corrected diff. long. 
P. Cabello + 4” 16°25 + 08.35 + 4” 16°60 
Curacoa + 8 3.16 -+ 0.89 + 8 4.05 
Carthagena + 34 34.51 -+- 2.70 +. 34 37.21 


But it is usually preferable to carry out the result by each 
chronometer separately, in order to judge of the weight to be 
attached to the final mean by the agreement of the several indi- 
vidual values. For this purpose we have here, by the formula 
(884), for n = 33.115, 


4$z 
F. + 0.00121 
M. — 0.02054 
P.  —-+. 0.02678 


and hence the correction $27.2 is, for the several cases, as follows: 


P. Cabello. Curagoa. Carthagena. 
F + 0°17 +. 044 4+ 1°32 
M. — 2.95 — 741 — 22.52 
P. +. 3.84 + 9.65 4 29.81 


Applying these corrections severally to the above approximate 
results, we have, for the differences of longitude from La Guayra, 


P. Cabello. Curacon,. Carthagena. 
F. + 4" 17°.40 + 8” 6°47 +. 34™ 42°57 
M. 16 .52 4 44 37 .72 
P. 15 .90 1.25 31 .35 
Means + 4 16.61 4+8 4.05 4+ 34 87.21 


agreeing precisely with the corrected meuns found above. 
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If the chronometers have been exposed to considerable 
changes of temperature, the proper correction may be intro- 
duced by the method of Art. 228. 


216. Chronometric expeditions between two points.—Where a dif- 
ference of longitude is to be determined with the greatest 
possible precision, a large number of chronometers are trans- 
ported back and forth between the extreme points. There are 
two classes of errors of chronometers which are to be eliminated: 
Ist, the accidental errors, or variations of rate which follow no 
law, and may be either positive or negative; 2d, the constant 
errors, or variations of rate which, for any given chronometer, 
appear with the same sign and of the same amount when the 
chronometer is transported from place to place; in other words, 
a constant acceleration, or a constant retardation, as compared 
with the rates found when the chronometer is at rest. The 
accidental errors are eliminated in a great degree by employing 
a large number of chronometers, the probability being that such 
errors will have different signs for different chronometers. The 
constant errors cannot be determined by comparing the rates at 
the two extreme points, since these rates are found only when 
the chronometer is at rest; but if the chronometers are trans- 
ported in both directions, from east to west and from west to 
east, a constant error in their travelling rates will affect the differ- 
ence of longitude with opposite signs in the two journeys, and 
will disappear when the mean is taken. These considerations 
have given rise to extensive expeditions, of which probably the 
most thoroughly executed was that carried out by STRUVE, in 
1843, between Pulkova and Altona.* In this expedition sixty- 
eight chronometers were transported eight tines from Pulkova 
to Altona and back, making sixteen voyages in all, giving the 
difference of longitude between the centre of the Pulkova Obser- 
vatory and the Altona Observatory 1* 21” 32°.527, with a probable 
error of only 0°.039. 

Chronometric expeditions between Liverpool (England) and 


—_. es ee a . “ +e eee me, ne ee nee 


* Expédition chronométrique exécutée par ordre de Sa Majesté I.’ Empereur Nicolas I. 
pour la détermination de la longitude géographique rélatwve de l'observatoire central de 
Russie. St. Petersburg, 1844. 

For an‘account of the carefully executed expedition under Professor Arry to deter- 
mine the longitude of Valentia in Ireland, see the Appendix to the Greenwich 
Observations of 18465. 
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Cambridge (U.8.) were instituted in the years 1849, ’50, ’51, and 
55 by the U.S. Coast Survey, under the superintendence of 
Professor A. D. Bacut. The results of the expeditions of 1849, 
’50, and 51, discussed by Mr. G. P. Bonp,* proved the necessity 
of introducing a correction for the temperature to which the 
chronometers were exposed during the voyages, and particular 
attention was therefore paid to this point in the expedition of 
1855, the details of which were arranged by Mr. W. C. Bonp. 
The results of six voyages,—three in each direction,—according 
to the discussion of Mr. G. P. Bonp,t were as follows: 


Longitude. 
Voyages from Liverpool to Cambridge 4* 32™ 31*.92 
a “ Cambridge to Liverpool 4 32 31.75 


wate ere 


Mean 4 32 31.84 


with a probable error of 0.19. In this expedition fifty chrono. 
meters were used. The greater probable error of the result, as 
compared with StruvE’s, is sufficiently explained by the greater 
length of the voyages and their smaller number. 


217. The following is essentially Struve’s method of conduct- 
ing the expeditions and discussing the results. 

Before embarking the chronometers at the first station (A), 
they are carefully compared with a standard clock the correction 
of which on the time at that station has been obtained with 
the greatest precision by transits of well-determined stars. (See 
Vol. IL., “ Transit Instrument.”) Upon their arrival at the second 
station (B), they are compared with the standard clock at that 
station.t From these two comparisons the chronometer correc- 
tions at the two stations become known, and, if the rates are 
known, a value of the longitude is found by each chronometer 
by (388). But here it is to be observed that the rate of a chro- 
nometer is rarely the same when in motion as when at rest. It 
is necessary, therefore, to find its travelling rate (or sea rate, as it 
is called when the chronometer is transported by sea). This 
might be effected by finding—/irst, the correction of the chrono- 


* Report of the Superintendent of the U. S. Coast Survey for 1854, Appendix No. 42. 

+ Report of the Superintendent of the U. 8S. Coast Survey for 1856, p. 182. 

¢ For the method of comparing chronometers and clocks with the greatest pre- 
tision, see Vol. II. 


BY CHRONOMETERS, 825 


meter at the station A immediately before starting ; secondly, its 
correction at B immediately upon its arrival there; and thirdly, 
having, without any delay at B, returned directly to A, finding 
again its correction there immediately upon arriving. The dif- 
ference between the two corr ections at A is the whole travelling 
rate during the elapsed time, and this rate would be used in 
making the comparison with the correction obtained at B, and 
in deducing the longitude by (883). 

But, since the chronometer cannot generally be immediately 
returned from B, its correction for that station should be found 
both upon its arrival there and again just before leaving, and 
the travelling rate inferred only from the time the instrument is 
in motion. For this purpose, let us suppose that we have found 


at the times t, i t”, ae 
the chron. corrections a, b, b’, a’, 


the correction a at the station A before leaving; 6 upon arriving 
at B; b’ before leaving B; and a’ upon the return to A. The 
times 4, t’, t’’, ’’’, being all reckoned at the same meridian, if we 
now put 


m == the mean travelling rate of the chronometer in a unit 
of time, 
== the longitude of B west of A, 


we shall have, upon the supposition that the mean travelling 
rate is the same for both the east and west voyages, 


A=a+m(t —t)—b 
ta! m 7) = 


From these two equations the two unknown quantities m and 4 
become known. Putting 


tos U—t v=o Ut — tl 
we find, first, 
(a! — a) — (b’ — b) 


t+ rr’ 
in which the numerator evidently expresses the whole travelling 


rate, and the denominator the whole travelling time. Then, 
putting 


326 LONGITUDE. 


(a) =< 7 + mt 
we have \ css 
A= (a) — b 


@ 


in which (a) is the interpolated value of the chronometer correc- 
tion on the time at A, for the same absolute instant t’ to which 
the correction } on the time at B corresponds. 


Exampie.—lIn the first two voyages of Struve’s expedition 
between Pulkova and Altona in 1843, the corrections of the 
chronometer ‘“ Hauth 31” were found, by comparison with the 
standard clocks at the two stations, as below. The dates are all 
in Pulkova time, as shown by one of the chronometers em- 
ployed in the comparison: 


At Pulkova (A), ¢ = May 19, 21°.54 a 
‘“ Altona (B),t = ‘“ 24, 22 .66 b= —1 14 39.92 
“ Altona (B),t’= “ 26, 10.72 b’ = —1 14 36.77 
“ Pulkova (A), ¢”= “ 31, 0.00 a=+0 7 9.58 


+ 0* 6” 38°.10 


Heol 


iIence 
c — 54 14.12 — 54047, a’ —_ a = + 81°48 
= 4 18.98 —4.558, bU—b=+ 38.15 


81-48 — 8.15 28.38 


mM = er == + 2°.951 
5.047 + 4.553 9.6 


a= + 0" 6" 38.10 
(a) = +0 6 52.99 
b=—1 14 389.92 


A=(a)—b=+1 21 32.91 


218. In the above, the rate of the chronometer is assumed to 
be constant, and the problem is treated as one of simple inter- 
polation. But most chronometers exhibit more or less accelera- 
tion or retardation in successive voyages, and a strict interpola- 
tion requires that we should have regard to second differences. 
If we always start from the station A, as in the above example, 
using only simple interpolation, we commit a small error, which 
always affects the longitude in the same way so long as the 
variation of the chronometer’s rate preserves the same sign. 
But if we commence the next computation with the station B, 
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so that the two chronometer corrections at A are intermediate 
between the two at B, then the error in the longitude will have - 
a different sign, and the mean of the two values of the longitude 
will be, partially at least, freed from the influence of the acce- 
leration or retardation. To show this more clearly under an 
algebraic form, let us suppose that we have, omitting the inter- 
vals of rest at the two stations, 


at the times t, v, ae uv”. 
the chron. corrections a, b, a’, b’, 
intervals t, e. t. 

and that 


p == daily rate of the chronometer at the time f¢, 
2@ == the daily acceleration of the rate » after the time ¢, 


the trne values of the four corrections, observing that 6 and 6’ 
refer to the meridian of 3B, will be, according to the law of uni- 
formly accelerating motion, 


aa 

baat prt pe —a 
aw=a+pu(tr+r7) +8 +7) 
BP=at+u(r+7 4 r+ er +74 cy —: 


If now we find the value of (a) corresponding to 6 (that is, for 
the time ¢’) by simple interpolation between the values of a 
and a’, we have 


s=atpart+ 8.r(r4+r) 
from which we obtain the erroneous longitude 


Hence the error in the longitude, by simple interpolation and 
commencing with the station A, is dd’ = Prt’. 

In the next place, if we commence at the station B, with the 
correction 6, employing simple interpolation between 6 and 6’, 
to find the correction (6) for the time ¢’’ corresponding to a’, we 
have 
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@mo+( a) 


=A+t w(t tr’) + P(r? Are! + e+ ee”) — A 
and we find the erroneous longitude 
i = a! — (b) =A — Bre" 


Hence the error by simple interpolation, commencing with the 
station B, is di’’ = — fBr’r’’; and the error in the mean of the 
two longitudes is 

§ (da + da”) = hf! (re — 2”) 


an error which disappears altogether when the intervals z and r”’ 
are equal. Since the voyages are of very nearly equal duration, 
it follows that by computing the longitude, as proposed by 
STRUVE, commencing alternately at the two stations, the final 
result will be free from the effect of any regular acceleration or 
retardation of the chronometers. 


ExampLe.—From the “ Expédition Chronométrique”’ we take 
the following values for the chronometer “ Hauth 31,” being 
the combination next following after that given in the example 
of the preceding article, commencing now with the station B, or 
Altona: 


At Altona (B),t = May 26, 10*.72 b = — 1 14™ 364.77 
“ Pulkova (A), = “ 31, 0.00 a=+0 7 9.58 
‘ Pulkova (A), t” = June 3, 5 .62 a=+0 7 19.86 
“ Altona (B)f’= “ 7,20 .52 b= —1 14 0.85 


Here 
r = 4 13".28 — 44.9538 b’ —b = + 36°42 
r’—4 14.90 — 4 621 a’—a=-+ 9.78 
36-42 — 9178 264.6 
__ 3642 — 8.78 26.0F + 2.904 
4.5538 + 4.621 9.174 
b =: — 1 14" 36°.77 
mt = + 18.22 
(6) = —1 14 28.55 


a=+0 7 9.58 


k=a—(b) = +1 21 33.18 
The mean of this result and that of Art. 217 is 4 == 1" 21” 38°.02. 
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"919. Relative weight of the longitudes determined in different voyages 
hy the same chronometer.—From the above it appears that the 
problem of finding the longitude by chronometers is one of 
interpolation. If the irregularities of the chronometer are 
regarded as accidental, the mean error of an interpolated value 
of the correction may be expressed by the formula* 


Fel tr’ 
a 
tr+7 


where ¢ and ¢’ have the same signification as in the preceding 
article, and ¢ is the mean (accidental) error in a unit of time. 
The weight of such an interpolated value of the correction, and, 
therefore, also the weight of a value of the longitude deduced 
from it, is inversely proportional to the square of this error, and 
may, therefore, be expressed under the form 


pe 
tr 


where k is a constant arbitrarily taken for the whole expedition, 
so as to’ give p convenient values, since it is only the relative 
weights of the different voyages which are in question. 

But if the chronometer variations are no longer accidental, 
but follow some law though unknown, a special investigation 
may serve to give empirically a more suitable expression of the 
weight than the above. Thus, according to StRuvE’s investiga- 
tions in the case of certain clocks, the weight of an interpolated 
value of the correction for these clocks could be well expressed 


by the formulat 
| ey 
ao K( tr. 


But even this expression he found could not be generally applied ; 
and he finally adopted the following form for the chronometric 
expedition: 

K 


— Ty rr! 


p (389) 


in which 7’ is the duration of an entire voyage, including the 


ee Semmes ae ee ee lh meen he ee ee ten eee 


* See Vol. II., «‘Chronometer.”’ 
+ Expédition Chron., p. 102. 
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time of rest at one of the stations, r, r’’ are the travelling times 
of the voyage to and from a station, and & is an arbitrary 
constant. 

Although this is but an empirical formula, it represents well 
the several conditions of the problem. For, first, the weight of 
a resulting longitude must decrease as the length of the voyage 
increases ; and, second, it must become greater as the difference 
between the two travelling times t, 7’’ decreases, since (as is 
shown in Vol. II., Chronometer’) an interpolated valuc of a 
clock correction is probably most in error for the middle time 
between the two instants at which its corrections are given. 


220. Combination of results obtained by the same chronometer, 
according to their weights. —Let 24’, 4", A"... .. be the several values 
of the longitude found by the same chronometer, according to 
the method of Arts. 217 and 218; and p’, p’’, p’”...... their 
weights by formula (889) (or any other formula which may be 
found to represent the actual condition of the voyages); then, 
according to the method of least squares, the most probable 
value of the longitude by this chronometer is 


L _?P lg =s p" ri o- pe Bet +. Nerve (390) 
p + p + p” -t- bes 


and if the difference between this value and each particular 
value be found, putting 


i! ose L pane v', a" — L om re ee an L —_— vl", &c. 


n = the number of values of 4, 
e = the mean error of L, 
r = the probable error of L, 


then we shall have 


— [pvr] — 0.6745 e 391 
Vena —1) [p} en) 


where [p] denotes the sum of p’, p’’, &c., and [ puv] the sum of 
p'y'v’, piel", &e. 


221. Combination of the results obtained by different chronometers, 
according to their weights.—The weights of the results by different 
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chronometers are inversely proportional to the squares of thei 
mean errors. The weight P of a longitude Z will, therefore, be 
expressed generally by 

| pt 


ee 


in which k is arbitrary. For simplicity, we may assume k = 1,. 
and then by the above value of ¢ we shall have 


(x —1)[(P] 
Pa “Va (392 
[pvv] 
If, then, J’, L, D’"..... are the values found by the several 


chronometers by (890), P’, PP”, P’""..... their weights by (392), 
the most probable final value of the longitude is 


P'L' + P!Ll" + PUT" + ec 


Lo = pr pr pe caneaeN 


(393° 


Then, putting 


L' —L,=V', i Le L" —I,=V" &e. 
N = the number of values of Z, 
E = the mean error of L,, 
R = the probable error of L,, 
we have a 
[PVV] 
£E=4{[——— R = 0.6745 # 894 
WPI =) 


222. I propose to illustrate the preceding formule by applying 
them to two chronometers of STRUVE’s expedition, namely, 
“Dent 1774” and “Hauth 31.” In the following table the 
longitudes found by beginning at Pulkova are marked P, those 
found by beginning at Altona are marked A, and the numeral 
accent denotes the number of the voyage. The weights p in the 
second column are as given by StRuUVE, who computed them by 
the formula (3889), taking A = 34560 (the intervals 7, 7c, r’” being 
in hours), which is a convenient value, as it makes the weight of 
a voyage of nearly mean duration equal to unity; namely, for 
T= 288", r= 7’ = 120°. If we express 7, r, 7’’, in days, we take 


84560 _ 
(24/2 
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and we shall have Struve’s values of p by the formula 


60 


P= 


Thus, for the first voyage, we have, from the data in the example 
otf Art. 217, 

T= t"— t= 114 2.46 — 114.1038 

ta OF 047 vl! == 44,553 
whence, by (895), 


P= 


60 
eee Geer ee | 
11.108 (5.047 x 4.553) 

The values of Z’ and ZL” are found by (890). In applying 
this formula, it is not necessary to multiply the entire longitudes 
by their weights, but only those figures which differ in the 
several values. Thus, by “Dent 1774’ we have 


aol X 1.10 4 2.83 x 1.02 + 2°.09 & 1.14 + &e. 


L’ = 1°21" 30° 
a" 1.10 + 1.02 + 1.14 + &e. 


= 1421" 80" + 2+.46 


Weight.| Longitudes by | Longitudes by 
hrunometer » prov Chronometer v pov 
P Dent 1774. Hauth 31 


Pi | 1.13 | J4 219 321,91 + 0.30 | 0:102 
A’ | 1.06 33.13 | +0.62 | 0.287 
Pi 1.10 | 14 217 329.51 | + 0#.05 | 0.003 33 .36 + 0.78 0.619 
A | 1.02 | 32.83 | + 0.37 | 0.140 33 12 | +0.51 | 0.265 
pu | 1.14 , 32.09 | — 0.87 | 0.156 32.55 | —0.06 | 0.004 
Aw | 1.06 | 32.25 | — 0.21 | 0.046 31.56 | —1.05 | 1.168 
Pv | 1.19 31.69 | — 0.77 | 0.706 32.70 | + 0.09 | 0.010 
Aly | 0.96 82.77 | + 0.31 | 0.092 34.16 | +1.55 | 2.306 
Pr | 1.09 82.79 | + 0.33 | 0.119 32.23 | 0.88 | 0.157 
AY | 0.80 82.54 | +. 0.08 | 0.005 31.66 | — 0.96 | 0.787 
Pi | 1.00 82.94 | + 0.48 | 0.280 33.88 | +0.77 | 0.593 
Avi 1.10 31.93 | — 0.53 | 0.809 31 .97 ees 0.64 0.451 
Prt | 1.20 82.84 | — 0.12 | 0.017 33.16 | +0.55 | 0.863 
Avi | 1.09 82.95 | + 0.49 | 0.262 31.78 | — 0.83 | 0.761 
Pet | 0.76 31.86 | — 0.60 | 0.274 80.92 | —1.69 | 2171 
A vill | 0.41 | 88.77 | + 1.31 | 0.704 
L' = 14 21™ 377,46 [pov] = 8.063 || L”=1* 21" 82°61 [pov] = 9.974 
n=14 [p] = 13.91 n==15 [p] == 15.69 
18 < 18.91 14 15.69 
Dr a recess ; t= 22.02 
3.068 eee si 9.974 
15 i 
Pm tp 45 _ 5 Hog pe ote OT wag 
fl Jf/P" 
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Combining these two results, we have, by (393), 


0.46 x 59 + 0°61 x 22 


= 14 21" 32° 4 = 1* 21" g2¢. 
: if oo 1* 21" 82°.501 


with the probable error, by (894), 
R= + 0°.067 


This agrees very nearly with the final result from the sixty-eight 
chronometers. 


228. In the preceding method, the sea rate is inferred from 
two comparisons of the chronometer made at the same placc 
before and after the voyages to and from the second place; and 
the correction of the chronometer on the time of the first place 
at the instant when it is compared with the time of the second 
place is interpolated upon the theory that the rate has changed 
uniformly. This theory is insufficient when the temperature to 
which the chronometer is exposed is not constant during the 
two voyages, or nearly so. I shall, therefore, add the method 
of introducing the correction for temperature in cases where 
circumstances may seem to require it. 

According to the experience of M. Ligusson, the rate m of a 
chronometer at a given temperature ? may be expressed by the 
formula (see Vol. II., “‘ Chronometer’) 


m =m, + k(d — 8,)? — k’'t (396) 


in which #, is the temperature for which the balance is compen- 
sated, m, the rate determined at that temperature at the epoch 
t=0,¢ being the time from this epoch tor which the rate m is 
required, & the constant coefficient of temperature, and Xk’ that 
of acceleration of the chronometer resulting from thickening of 
the oil or other gradual changes which are supposed to be pro- 
portional to the time. 

It is evident that, since every change of temperature produces 
an increase of m, the term k( — #,)* will not disappear even when 
the mean value of @ is the same as J. It is necessary, therefore, 
to determine the sum of the effects of all the changes. Tet us, 
therefore, determine the accumulated rate for a given period of 
time cr. Let m, be the rate at the middle of this period, in which 
ease we have in the formula ‘=0. A strict theory requires that 
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we should know the temperature at every instant; but, in default 
of this, let us assume that the period ¢ is divided into sufficiently 
small intervals, and that the temperature is observed in each. 
Let us suppose 7 equal intervals whose sum is tr, and denote the 
observed values of # by 3, 3, FO. ... 0%. The rate 


Tt 


in the 1st interval is [m, + k (9 — 5,)?] x a 


r 


«2d “ [m, + k (9 — #)?] x = 
&e. &e. 
in the nth interval is [m, + 4 (9% -— 4,)*7] x ~ 


and the accumulated rate in the time 7c is the sum of these 
quantities, 


= MT -F k ae (4 — 9)? = 


where 2, (3 — d,)? denotes the sum of the values of (3 — #,). 
To make this expression exact, we should have an infinite number 


e e e o Tt e 
of infinitesimal intervals, or we must put is dr, and substitute 


the integral sign f for the summation symbol 2: thus, the exact 


expression for the whole rate in the time z is 
T 
mt + ks. (4 — §,)*de (397) 


This integral cannot be found in general terms, since ? cannot 
be expressed as a function of 7; but we can obtain an approxi- 
mate expression for it, as follows. Let +, be the mean of all the 
observed values of #; then we have 


5,(8 — == 5 [, — %) + (8 — 4)P 
= us (4, — 9)? + 22 (3 — ve) (F — 9.) + =. (9 — #,)’ 
in which 9, — d, is constant, and, therefore, for n values we have 
2, (3,-- 3,?= n(3,— 3). Moreover, since @, is the mean of all 
the values of 3, we have 2, (# — #,) = 0, and, consequently, also 
+ 2(8,— 3,)(8 — 3.) = 2 (8, — 3.) =, (¢ — 3,) = 0; and the above 
expression becomes 


5 (8 — 9)? = n (9, — 9)? + 5 (8 — 8) 
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Hence, also, 
E,(8 — 8)' — = + (8, — 8) + 2, (8 — 8) 


or, for an infinite value of 2, 
T T 
JS, (4 — %)* dr = r(8, — )? + fi (9 — 3,)*dr 


Thus, the required integral depends upon the integral { (8 — 8, dz, 


which may be approximately found from the observed values of 
3? by the theory of least squares. For, if we treat the values of 
3 — 3, as the errors of the observed values of #3, and denote the 
mean error (according to the received acceptation of that term 
in the method of least squares) by e, we have 


(398) 


in which n is the actual number of observed values of 3 If we 
assume that a more extended series of values, or indeed an inti- 
nite series, would exhibit the same mean error (which will be 
the more nearly true the greater the number n), we assume the 


general relation 
Zy (3 — 8)? = (VN — lye 


in which Vis any number. Hence, also, 
N—1 
Ly (8 — 6) = TO 
and, making JV infinite, 
: 2 | 
J, (8 — 8,)'dr= re (399) 


Substituting this value, the formula (897) becomes 
mt + kr(8,— 8,)*-+ kre? 
or [m, + k (9, — 3)? + ke?) r (400) 


trom which it appears that m,-+ 4 (d3,— 8,)? + ke? is the mean rate 
in a unit of time for the interval +r, m, being the rate at the 
middle of the interval for a temperature = 0,. For any subse- 
quent interval 7’, we must, according to (896), replace m, by 
M,)— k't, t being the interval from the middle of r to the middle 
of 7’. | 
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Now, let us suppose that the chronometer correction is obtained 
by astronomical observations at the station A, at the times 7; 
and 7;, before starting upon the voyage, and again after reaching 
the station B, at the times 7, and 7,, these times being all 
reckoned at the same meridian. Let @,, a,, a, @,, be the observed 
corrections, and put 

T,—- T,= +, T,— T= 7, T,— L,= 7" 
so that cr and rc” are the shore intervals and r’ the sea interval. 
Let the adopted epoch of the rate m, be the middle of the sea 
interval r’; then, by (400), with the correction k’t, the accumu 
lated rates in the three intervals are 


+k (4, —9,)?+ ket Jr 
A+ a,— a, = [m, +k (4! —%)?+ ke? Jr’ 5 (401) 


a,—a,=([m, +H (EES! 


a, — a,= [m,—k (4 ion +k "_ §,)? + ket] 2 


in which #,, 3,’, 3,’ are the mean temperatures in the intervals 
t, t’, ce’, and e, e’, e’’ are found by the formula (398). These 
three equations determine the three unknown quantities m,, k’, 
and’. If we put 


a= 2 __ 8, — 9)? — he? 


f' — el a k(9," — 8)? — ke” 


road 
we have, from the first and third equations, 


. ne once la 
7 +4(r+ 7") 


m, 


= fay bi (2 — 2) 


which substituted in the second equation gives 4. If, however. 
we prefer to compute the approximate longitude without con- 
sidering the temperatures, and afterwards .to correct for tempe- 
ratare, we shall have ae 
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‘ 


(A) == — (a, ty) (A Casi Ea a Pe t bac" — 2) e 


\ 


at — a( (0, — ap — SO Cel a ote (402) 


Azz (4) + aa 


These formulse apply to a voyage in either direction; but in the 
vase of a voyage from west to east they give 4 with the negative 
sign. 

The term }$4/(r/’ — r) c’ in the first equation of (402) will not 
be rigorously obtained if the temperatures are neglected; but it 
is usually an insensible term in practice, as r’’ and 7 are made 
us nearly equal as possible, and k’ is always very small. 

In combining the results of different chronometers employed 
in the same voyage, the weight of each may be assigned accord. 
ing to the regularity of the chronometer as determined from its 
observed rates from day to day.* 


SECOND METHOD.—BY SIGNALS. 


224. Terrestrial Signals.—If the two stations are so near to each 
other that a signal made at either, or at an intermediate station, 
can be observed at both, the time may be noted simultaneously 
by the clocks of the two stations, and the difference of longitude 
at once inferred. The signals may be the sudden disappearance 
or reappearance of a fixed light, or flashes of gunpowder, &c. 

If the places are remote, they may be connected by interme- 
diate signals. For example: suppose four stations, A, B, C, D, 
chosen from east to west, the first and last being the principal 
stations whose difference of longitude is required. At the in. 
termediate stations B, C' let observers be stationed with good 
chronometers whose rates are known. Let signals be made at 
three points intermediate between A and B, Band C, Cand D, 
respectively. The signals must, by a preconcerted arrangement, 
be made successively, and so that the observers at the interme- 
diate stations may have their attention properly directed upon 
the appearance of the signal. If, then, at the first signal the 
observers at A ahd B have noted the times a and 0; at the 
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¥ Besides the papers already referred to, sée the movers of the Superintendent of 
the U. 8. Coast Survey for 1867, p. 314.- 
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second signal the observers at Band C'the times 6’ and c; at 
the third signal the observers at Cand D the times c’ and d; it 
is evident that the time at A when the third signal is made is 
a + (b’— 6) + (c’— ce), at which instant the time at D is d: hence 
the difference of longitude of A and D is 


A=a+ (b—b) +(e —c)—d (408) 


and so on for any number of intermediate stations. It is re- 
quired of the intermediate chronometers only that they should 
give correctly the differences b’— 6b, c’—c, for which purpose 
only their rates must be accurately known. The daily rates are 
obtained by a comparison of the instants of the signals on suc- 
cessive days. Small errors in the rates will be eliminated by 
making the signals both from west to east and from east to 
west, and taking the mean of the results. 

The intervals given by the intermediate chronometers should, 
of course, be reduced to sidereal intervals, if the clocks at.the 
extreme stations are regulated to sidereal time. 


ExaMPLE.—From the Description Géométrique de la France 
(PuissantT). On the 25th of August, 1824, signals were observed 
between Paris and Strasburg aa follows: 


Paris. | Intermediate Stations. | Strasburg. 
nn a 5 A ce a | 
A B | C | D 
19° 6" 20°. 8* 49" 4892 | | 
8 54 10.8 9° 16™ 0 


2 
9 30 37.8 19* 46" 51°.4 


The correction of the Paris clock on Paris sidereal time was 
— 36°.2; that of the Strasburg clock on Strasburg sidereal time was 
— 27.7. The chronometers at B and C' were regulated to mean 
time, and their daily rates were so small as not to be sensible in 
the short intervals which occurred. 


We have 
bo — b == = 4™ 22°.6 
c—c=14 37.6 
Mean interval = 19 0.2 
Red. to sid. int. = + 3.1 
Sid. interval =19 3.3 
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Paris clock 19* 6" 20°3 Strasburg clock 19° 46" 514 
Correction —— 36.2 Correction —  2t7 
Paris sid. time 19 5 44.1 Strasburg sid. time 19 46 23.7 
Sid. interval +19 38.8 
Paris sid. time of the 

last signal t 19 24 47-4 
Strasburg do. 19 46 23.7 


Lex 0* 21" 3643 


In the survey of the boundary between the United States and 
Mexico, Major W. H. Emory, in 1852, employed flashes of gun- 
powder as signals in determining the diff. of long. of Frontera 
and San Elciario.* 

The signals may be given by the heliotrope of Gauss, by which 
an image of the sun is reflected constantly in a given direction 
towards the distant observer. Hither the sudden eclipse of the 
light, or its reappearance, may be taken as the signal; the 
eclipse is usually preferred. 

Among the methods by terrestrial signals may be included 
that in which the signal is given by means of an electro-tele- 
graphic wire connecting the two stations; but this important 
and exceedingly accurate method will be separately considered 
below. 


225. Celestial Signals.—Certain celestial phenomena which are 
visible at the same absolute instant by observers in various parts 
of the globe, may be used instead of the terrestrial signals of the 
preceding article: among these we may note— 

a. The bursting of a meteor, and the appearance or disappear- 
ance of a shooting star.—The difficulty of identifying these 
objects at remote stations prevents the extended use of this 
method. 

6. The instant of beginning or ending of an eclipse of the 
moon.—This instant, however, cannot be accurately observed, 
on account of the imperfect definition of the earth's shadow. A 
rude approximation to the difference of longitude is all that ean 
be expected by this method. 

c. The eclipses of Jupiter’s satellites by the shadow of that 
planet.—The Greenwich times of the disappearance of each 


* Proceedings of &th Meeting of Am. Association, p. 64. 


840 LONGITUDE. 


satellite, and of its reappearance, are accurately given in the 
Ephemeris: so that an observer who has noted one of these 
phenomena has only to take the difference between this observed 
local time of its occurrence and the Greenwich time given in the 
Ephemeris, to have his absolute longitude. "With telescopes of 
different powers, however, the instant of a satellite’s disappear- 
ance must evidently vary, sinee the eclipse of the satellite takes 
place gradually, and the more powerful the telescope the longer 
will it continue to show the satellite. If the disappearance and 
reappearance are both observed with the saine telescope, the 
mean of, the results obtained will be nearly free from this error. 
The first satellite is to be preferred, as its eclipses occur more 
frequently and also more suddenly. Observers who wish to 
deduce their difference of longitude by these eclipses should use 
telescopes of the same power, and observe under the same 
atmospheric conditions, as nearly as possible. But in no case 
can extreme precision be attained by this method. 

d. The occultations of Jupiter’s satellites by the body of the 
planet.—The approximate Greenwich times of the disappearance 
behind the dise, and the reappearance of each satellite, are given 
in the Ephemeris. These predicted times serve only to enable 
the observers to direct their attention to the phenomenon at the 
proper moment. 

¢. The transits of the satellites over Jupiter's disc.—The ap- 
proximate Greenwich times of “ingress” and ‘ egress,’’ or the 
first and last instants when the satellite appears projected on 
the planet’s disc, are given in the Ephemeris. 

f. The transits of the shadows of the satellites over Jupiter's 
disc.—The Greenwich times of “ingress” and ‘egress’ of the 
shadow are also approximately given in the Ephemeris. 

Among the celestial signals we may include also eclipses of 
the sun, or occultations of stars and planets by the moon, or, 
in general, the arrival of the moon at any given position in the 
heavens; but, in consequence of the moon’s parallax, these 
eclipses and occultations do not occur at the same absolute in- 
stant for all observers, and, in general, the moon’s apparent 
position in the heavens is affected by both parallax and refrac- 
tion. The methods of employing these phenomena as signals, 
therefore, involve special computations, and will be hereafter 
treated of. See the general theory of eclipses, and the method 
of lunar distances 
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THIRD METHOD.—BY THE ELECTRIC TELEGRAPH. 


226. It is evident that the clocks at two stations, A and B, 
ray be compared by means of signals communicated through 
in electro-telegraphic wire which connects the stations. Sup- 
pose at a time T by the clock at A, a signal is made which is 
perceived at B at the time 7” by the clock at that station. Let 
aT and a7” be the clock corrections on the times at these sta- 
tions respectively (both being solar or both sidereal). Let x be 
the time required by the electric current to pass over the wire; 
then, A being the more easterly station, we have the difference 
of longitude 4 by the formula 


A=(T+4+4Tj)—(7T’+ 47M) +2=4,4+ 727 


Since z is unknown, we must endeavor to eliminate it. For 
this purpose, let a signal be made at B at the clock time 7”, 
which is perceived at A at the clock time 7””’ ; then we have 


A==(T" 4 aT") —(T"4 aT") — eal, —2 


In these tormulze 4, and A, denote the approximate values of the 
difference of longitude, found by signals east-west and west-east 
respectively, when the transmission time z is disregarded; and 
the true value is 


A= #(A, +4) 


Such is the simple and obvious application of the telegraph to 
the determination of longitudes; but the degree of accuracy 
of the result depends greatly—more than at first appears— 
upon the manner in which the signals are communicated and 
received. 

Suppose the observer at A taps upon a signal key* at an exact 
second by his clock, thereby producing an audible click of the 
armature of the electro-magnet at B. The observer at B may 
not only determine the nearest second by his clock when he 
hears this click, but may also estimate the fraction of a seccnd; 
and it would seem that we ought in this way to be able to deter- 
mine a longitude within one-tenth of a second. But, before even 
this degree of accuracy can be secured, we have yet to eliminate, 
vr reduce to a minimum, the following sources of error: 
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* See Vol. II.. **Chronograph,” for the details of the apparatus here alluded to. 
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ist. The personal error of the observer who gives the signal; 

2d. The personal error of the observer who receives the signal 
and estimates the fraction of a second by the ear; 

8d. The small fraction of time required to complete the galvanic 
circuit after the finger touches the signal key; 

4th. The armature time, or the time required by the armature at 
the station where the signal is received, to move through 
the space in which it plays, and to give the audible click; 

5th. The errors of the supposed clock corrections, which involve 
errors of observation, and ‘errors in the right ascensions of 
the stars employed. 


For the means of contending successfully with these sources 
of crror we are indebted to our Coast Survey, which, under the 
suyerintendence of Prof. Bache, not only called into existence 
the chronographic instruments, but has given us the most efti- 
cient method of using them. The “method of star signals,”” as 
it is called, was originally suggested by the distinguished astro- 
nomer Mr. 8. C. Walker, but its full development in the form 
now employed in the Coast Survey is due to Dr. B. A. Gould. 


227. Method of Star Signals.—The difference of longitude be- 
tween the two stations is merely the time required by a star to 
pass from one meridian to the other, and this interval may be 
measured by means of a single clock placed at either station,* 
but in the main galvanic circuit extending from one station to 
the other. Two chronographs, one at each station, are also in 
the circuit, and, when the wires are suitably connected, the clock 
seconds are recorded upon both. A good transit instrument is 
carefully mounted at each station. 

When the star enters the field of the transit instrument at A 
(the eastern station), the observer, by a preconcerted signal with 
his signal key, gives notice to the assistants at both A and B, 
who at once set the chronographs in motion, and the clock then 
records its seconds upon both. The instants of the star's tran- 
sits over the several threads of the reticule are also recorded 
upon both chronographs by the taps of the observer upon his 
signal key. When the star has passed all the threads, the ob- 
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* The clock may, indeed, be at any place which is in telegraphic connection with 
the two stations whose difference of longitude is to be found. 
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server indicates it by another preconcerted signal, the chrono- 
graphs are stopped, and the record is suitably marked with date. 
name of the star, and place of observation, to be subsequently 
identified and read off accurately by a scale. When the star 
arrives at the meridian of SB, the transit is recorded in the same 
manner upon both chronographs. 

Suitable observations having been made by cach observer to 
determine the errors of his transit instrument and the rate of 
the clock, let us put 


T, == the mean of the clock times of the eastern transit of 
the star over all the threads, as read from the chrono- 
graph at A, 

T, == the same, as read from the chronograph at B, 

T|' = the mean of the clock times of the western transit of 
the star over all the threads, as read from the chrono- 
graph at A, 

T = the same as read from the chronograph at B, 

e,e' == the personal equations of the observers at A and sb 
respectively, 


t,t’ == the corrections of 7, and 7)’ (or of T,and T)/) for 


the state of the transit instruments at A and B, or 
the respective ‘‘ reductions to the meridian” (Vol. IL, 


Transit Inst.), 
éT = the correction for clock rate in the interval 7)’ — T,, 
x = the transmission time of the electric current between 


A and B, 
4 == the difference of longitude ; 


then it is easily seen that we have, from the chronographie 
records at A, 


Aa T+ 6Ttete—x2—(T,4+4r4+0 
and from the chronographic records at B, 
A= T+ 60T+7+¢+2—(7T,+171+ 6) 
and the mean of these values is 
A=((T! + T+ Pe] -(2,+ Td +e] + eT +e —2 (404) 
which we may briefly express thus: 


A=zite—e 
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in which 


A= the approximate difference of longitude found by the 
exchange of star signals, when the personal equations 
of the observers are neglected. 


This equation would be final if e’— e, or the relative personal 
equation of the observers, were known: however, if the observers 
now exchange stations and repeat the above process, we shall 
have, provided the relative personal equation is constant, 


A —- A, -+ € --- e! 


In which A, is the approximate difference of longitude found as 
hefore; and hence the final value is 


A= 3 (A, + As) 


I have not here introduced any consideration of the armature 
time, because it affects clock signals and star signals in the same 
manner; and therefore the time read from the chronographic 
fillet or sheet is the same as if the armature acted instanta- 
neously.* It is necessary, howeyer, that this time should be 
constant from the first observation at the first station to the 
last observation at the second, and therefore it is important that 
no changes should be made in the adjustments of the apparatus 
during the interval. 

As the observer has only to tap the transits of the star over 
the threads, the latter may be placed very close together. The 
reticules prepared by Mr. W. Wirpremann for the Coast Survey 
have generally contained twenty-five threads, in groups or *‘tal- 
lies” of five, the equatorial intervals between the threads, of a 
group being 2'.5, and those between the groups 5’; with an ad- 
ditional thread on each side at the distance of 10° for use in ob- 
servations by “eye and ear.” Except when clouds intervene 
and render it necessary to take whatever threads may be avail- 
able, only the three middle tallies, or fifteen threads, are used. 
The use of more has been found to add less to the accuracy of a 
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* Dr. B. A. Goutp thinks that the armature time varies with the strength of the 
battery and the distance (and consequent weakness) of the signal; being thus liable 
to be confounded with the transmission time. The effect upon the difference of 
longitude will be inappreciable if the batteries are maintained at nearly the same 
strength 


BY THE ELECTRIC TELEGRAPH. 345 


determination than is lost in consequence of the greater fatigue 
from concentrating the attention for nearly twice as long. 

A large number of stars may thus be observed on the same 
night; and it will be well to record half of them by the clock 
at one station, und the other half by the clock at the other 
station, upon the general principle of varying the circumstances 
under which several determinations are nade, whenever practi- 
cable, without a sacrifice of the integrity of the method. For 
this reason, also, the transit instruments should be reversed 
during a night’s work at least once, an equal number of stars 
being observed in each position, whereby the results will be 
freed from any undetermir ed errors of collimation and inequality 
of pivots. Before and after the exchange of the star signals, 
each observer should take at least two circumpolar stars to 
determine the instrumental constants upon which 7 and fr’ 
depend. This part of the work must be carried out with the 
greatest precision, employing only standard stars, as the errors 
of r and 7’ come directly into the difference of longitude. The 
right ascensions of the “signal stars’ do not enter into the 
computation, and the result is, therefore, wholly free from any 
error in their tabular places: hence any of the stars of the 
larger catalogues may be used as signal stars, and it will always 
be possible to select a sufficient number which culminate at 
moderate zenith distances at both stations, (unless the difference 
of latitude is unusually great), so that instrumental errors will 
have the minimum effect. 

A single night’s work, however, is not to be regarded as con- 
elusive, although a large number of stars may have been ob- 
served and the results appear very accordant; for experience 
shows that there are always errors which are constant, or nearly 
so, for the same night, and which do not appear to be represented 
in the corrections computed and applied. Their existence is 
proved when the mean results of different nights are compared. 
Moreover, it is necessary to interchange the observers in order 
to eliminate their personal equations. The rule of the Coast 
Survey has been that when fifty stars have been exchanged on 
not less than three nights, the observers exchange stations, and 
fifty stars are again exchanged on not less than three nights. 
The observers should also meet and determine their relative 
personal equation, if possible, before and after each series, as it 
may prove that this equation is not absolutely constant. 
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Before entering upon a series of star signals, each observer 
will be provided with a list of the stars to be employed. The 
preparation of this list requires a knowledge of the approximate 
ditterence of longitude in order that the stars may be so selected 
that transits at the two stations may not occur simultaneously. 


ExampLe.—For the purpose of finding the difference of longi- 
tude between the Seaton Station of the U.S. Coast Survey and 
Raleigh, a list of stars was prepared, from which I extract the 
following for illustration. The latitudes are 


Seaton Station (Washington) g = + 38° 53'.4 
Raleigh “ (North Carolina) gy = + 35 47.0 


and Raleigh is assumed to be west from Washington 6” 30. 


' Seaton sidereal 
Star. Mag. | a d ' time of Raleigh 
' transit. 
| 


Fe aaaneeiaeepeeeeead 


a 0 = 2 ena 


No. 50386 B.A.C. | 3 15% 9” 36" | + 33° 52’ | 15* 16" 6 


5084 4.3 18 58 87 54 25 28 
5131 43 27 2 31 51 83. 82 
5192 5 36 35 26 46 43 5 
5259 5 45 48 36 7 52 18 
5822 43 55 59 23 12 | 16 2 29 
5388 5 |16 4 9 45 19 10 39 
5468 3.4 15 21 46 40 21 51 


The following table contains the observations made on one of 
these stars at the above-named stations by the U.S. Coast Survey 
telegraphic party in 1853, April 28, under the direction of Dr. 
B. A. GouLp. 

In this table “Lamp W.” expresses the position of the rotation 
axes of the transit instruments. The 1st column contains the sym- 
bols by which the fifteen threads of the three middle tallies were 
denoted; the 2d column, the times of transit of the star over 
each thread at Seaton, as read from the chronographs at Seaton; 
the 8d column, the times of these transits as read from the chro- 
nographs at Raleigh; the 4th column, the mean of the 2d and 3d 
columns; the 5th column, the reduction of each thread to the 
mean of all, computed from the known equatorial intervals of 
the threads; the 6th column, the time of the star’s transit over 
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the mean of the threads, being the algebraic sum of the numbers 
in the 4th and 5th columns; and the remaining columns, the 
Raleigh observations similarly recorded and reduced. 


~— 


SEATON—RALEIGH, 1853 April 28. Star No. 5259 B A.C. 


— 


Raleigh Obs. Lamp W. 


Seaton Obs. Lamp W. 


TT Rel Nn anne anemeanneanadi caine caliiecmmetemnest 
1 


, 
= eeoie! 
Thread. T. T, |Mean.| Red. , | yi T, | Mean| Red fi i 
©, 37¢97138,00 |ate98 |4. 25°49] 3047 |} asses 11¢.00 1114.00 | + 250.45] 364.45 | 
Cc, 41 37/41 34 141.36 | 22.21) 3.57 149.58/14 50 (14 54] 22 25] 36.79 
Cs 44 03/44 .21 144 12} 19.06] 3.18 | 17 60/17 .65 |17 .58| 19.05] 36 .63 | 
C, 47 81/47 74/47 .78! 15.71] 3.49 20 88120 .79 /20 84] 15 85] 36.69 | 
C, 50 76/50 .70 [50 .73| 12.71| 3.44 |! 23 .90/23 .87 |23.89] 12.70) 36.59 | 
D, 56.96/57 .10 157.03] 6.21) 3,24 | 30 19/30 .05 130.12} 6 32] 36.44 | 
0.06 0.04/ 0.05! 3.25; 3 30 |! 33 34/33 25 133 30| 3.18] 36 48 
D, | 154 46m 3 .40/ 3.38 | 3.39 /+ 0 05| 3.44 | [154 52m 36 40/36 30 [36.35 |+ 0.07] 36.42 | 
‘ 6 .70| 6.70 | 6.70 |— 3.03) [8 .67] 39 .01/39 53 |30 .57|— 3.16] 36.41 | 
D, 9 .58| 9.68/ 9.58] 6.28} 3.30 43 00/43 .00 43 .00| 6 .36| 36 .64 | 
E, 16.03/15 93 115.98 | 12.54) 3.44 | 49 04/48 .81 148 .92| 12 .75|[36 17] 
E, 19 .26/19 30 [19 .28| 15.83) 3.45 | 52 30/52 33 [52 32] 15 .90| 36 4: 
E, 22.47/22 45 |22 46] 18 .99| 3 47 65 50/55 41 |55.46| 19 .10| 36.36 
FE, 23 .60/25 .60 126 60! 22 23| 3.38 b8 .73|58 .60 (58 .67| 22 20) 36 47 
BE, 28 60/28 70 '28 65! 25.33! 3 32_ 2.05! 208! 208! 25 .38| 36 70 
Mean = ry. 302. | Mean = 36 .535 


The numbers in the last column for each station would be equal 
if the observations and chronographie apparatus were perfect; 
and by carrying them out thus individually we can estimate their 
accuracy. The numbers [8.67] at Seaton and [36.17] at Ralcigh 
ure rejected by the application of Perrcr’s Criterion (see Ap- 
pendix, Method of Least Squares), and the given means are 
found from the remaining numbers. 

The corrections of the transit instruments for this star 
(0d = + 386° 6’.9) were 


for the Seaton instrument, 7 = — 0°.028 
« & Raleigh ef r’ — — 0.198 


The rate of the clock was insensible in the brief interval 
T’—T. Hence, neglecting the personal equations of the ob 
servers, the difference of longitude is found as follows: 


L(T! 4+ Tl) + = 15* 52" 36".342 
WT + 7T,)+r=15 46 3.364 


L— 6 32.978 


In this manner seven other stars were observed on the same 
night, and the results were as follows: 
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Saute | a, Diff. from mean 
| aad 
ae pe eshte sree ete ete erent ere: 
5086 B. A.C. | 6" 339.03 | + 0*.04 
5084“. | 33.09  § +4010 | 
5131 32 91 —-0.08 | 
6192 , 38 .0U + 0.01 
5259 2 « | 32 .98 | — 0.01 
5322 —«O 33 .00 | + 0.01 
5888 «é 33 .02 +. 0.08 
5463“ 32 91 — 0.08 


Mean 4,== 65 32.99 


From the residuals v, we deduce the mean error of a single 
determination by one star, 


und hence the mean error of the value 6” 32°.Y is 


But this error will be somewhat increased by those errors of the 
instruments which are constant for the night, and not represented 
in cand z’, and by the errors of the personal equations yet to be 
applied. Moreover, a greater number of determinations should 
be compared, in order to arrive at a just evaluation of the mean 
error. 


228. Velocity of the galvanic current.—Recurring to the equations 
of p. 848, we find, by taking the difference between the values 
of A given by the chronographic records at the two stations, 


w= 3(T/— Ty) + 1% — Ty 


If the clock is at the eastern station (A), the time 7, will not 
differ from 7), except in consequence of irregularities in the 
ehronographs and errors in reading them, and therefore we 
should find z solely from the times 7,’ and T,’, or 


r=. 3(T/— TJ) (405) 
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In like manner, if the clock is at the western station, we find z 
by the formula 
v= $(T, = T,) 


Thus, in general, the transmission time will be deduced by com- 
paring the records of the star signals made at one station when 
the clock is at the other station. 

In the above example, the clock was at Washington, and 
hence, from the record of the transit at Raleigh, we have fourteen 
values of 7,’— T,' = 22, as follows: 


+ 06,08 +0 

4+ 05 ui re 
+ .09 + 28 
+  .08 — .08 
I 14 + 09 
+ 10 4+ 00 


That these are not merely accidental residuals is shown by 
the permanence of sign, with the single exception in the case 
of the eleventh observation. The discvevancics between them 
indicate accidental variations in the chronographs, combined with 
errors in reading off the record. Taking the mean, as elimi 
nating to a certain extent these errors, we have 


2x2 = 0*.077 a == 0°.03885 


From this value of x and the distance of the stations we can 
deduce the velocity per second of the galvanic current. In the 
present instance, the length of the wire was very nearly 306 
niles, and, if the above single observation could be depended 


sil == 7792 miles, 


upon, we should have, velocity per second == DsaR 


which is donbtless too small. 

The velocity thus found, however, appears to depend upon 
the intensity of the current,* as has been shown by varying the 
battery power on different nights. It has also been found that 
the velocities determined from signals made at the east and west 
stations differed, and that this difference was apparently depend- 
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* It depends also upon the sectional area, molecular structure, and, of course. 
material, of the wire. 
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ent upon the strength of the batteries; the velocities from signals 
east-west and sigrals west-east coming out more and more 
nearly equal as the strength of the batteries was increased. See 
Dr. GovuLp’s Report on telegraphic determinations of differ- 
ences of longitude, in the Report of the Superintendent of the 
U.S. Coast Survey for 1857, Appendix No. 27. 


FOURTH METHOD.—BY MOON CULMINATIONS. 


229. The moon's motion in right ascension is so rapid that 
the change in this clement while the moon is passing from 
one meridian to another may be used to determine the difference 
of longitude. Its right ascension at the instant of its meridian 
transit is most accurately found by means of the interval of 
sidereal time between this transit and that of a neighboring well- 
known star. For this purpose, therefore, the Ephemerides con- 
tain a list of moon-culminating stars, which are selected for each 
day so that at least four of them are given, the mean of whose 
declinations is nearly the same as that of the moon on that day, | 
and, generally, so that two precede and two follow the moon. 
The Ephemerides also contain the right ascension of the moon's 
bright limb for each enlmination, both upper and lower, and 
the variation of this right ascension in one hour of longitude, 
-—ie, the variation during the interval between the moon's 
transits over two meridians whose difference of longitude is one 
hour. This variation is not uniform, and its value is given for 
the instant of the passage over the meridian of the Ephemeris. 
These quantities facilitate the reduction of corresponding obser- 
vations, as will be seen below. 


230. As to the observation, let 


%, % — the sidercal times of the culmination of the moon’s 
limb and the star, respectively, corrected for all the 
known errors of the transit instrument, and for clock 
rate, 

a,a =: the right ascensions of the moon’s limb and the star 
at the instants of transit; 


then we evidently have 


au a! +- f — w (406) 
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The star and the moon being nearly in the same parallel, the 
instiumental errors which affect & also affect # by nearly the 
sume quantity. We should not, however, for this reason omit 
to apply all the corrections for known instrumental errors, since 
by this omission we should introduce an error in the longitude 
precisely equal to the uncorrected error of the instrument. For 
if the instrumental error produces the error z in the time of the 
star’s transit, the effect is the same as if the instrument were 
perfectly mounted in a meridian whose longitude west of the 
place of observation is equal to z; but the sidereal time required 
by the moon to describe this interval z is equal to z + the 
increase of the moon’s right ascension in this interval. ILence 
the longitude found, by the methoas hereafter given, would be 
in error by the quantity z. 


231. If the lunar tables were perfectly accurate, the true 
longitude given by the observation would be found at once by 
comparing the observed right ascension with that of the Ephe- 
meris. There are two methods of avoiding or eliminating the 
errors of the Ephemeris. In the first, which has heretotore been 
exclusively followed, the observation is compared with a corre- 
sponding one on the same day at the first meridian, or at some 
meridian the longitude of which is well established. In this 
method the increase of the right ascension in passing from one 
meridian to the other is directly observed, and the error of the 
Kphemeris on the day of observation is consequently avoided ; 
but observations at the unknown meridian are frequently ren- 
dered useless by a failure to obtain the corresponding observa 
tion at the first meridian. 

In the second method, proposed by Professor PErRcE, the 
Ephemeris is first corrected by means of all the observations 
taken at the fixed observatories during the semi-lunation within 
which the observation for longitude falls, The corrected Ephe- 
meris then takes the place of the corresponding observation, and 
is even better than the single corresponding observation, since 
it has been corrected by means of all the observations at the 
fixed observatories during the semi-lunation. 

I shall consider first the method of reducing corresponding 
observations. 
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282. Corresponding observations at places whose difference of long)- 
tude is less than two hours.—At each place the true sidereal times 
of transit of the moon-culminating stars and of the moon's 
bright limb are to be obtained with all possible precision: from 
these, according to the formula (406), will follow the right as- 
eension of the moon’s limb at the instants of transit over the 
two meridians, taking in each case the mean value found from 
all the stars observed. Put 


LL. li ~= the approximate or assumed longitudes, 
4 ==: the true difference of longitude, 
a,, a, == the observed right ascensions of the moon’s bright 
limb at Z, and ZL, respectively, 
fi, = the variation of the R. A. of the moon's limb for 
1* of longitude while passing from L, to Z,; 
then we have 


A a (407 ) 


0 


in which, a, — a, and H, being both expressed in seconds, 4 will 
be in hours and decimal parts. 

When the difference of longitude is less than two hours, it 
is found to be sufficiently accurate to regard H, as constant, 
provided we employ its value for the middle longitude 
L, =: 4(L, + £,), found by interpolation from the valnes in the 
Kphemeris, having regard to second difterences. 


Exampite.—The following observations were made, May 15, 
1851, at Santiago, Chil, by the U.S. Astronomical Expedition 
under Lieut. GILLiss, and at Philadelphia, by Prof. KenpaLt: 


Object. Santiago sid. time. Philad‘a sid. time. 
Fa tre ee ~~, 
8 Librae | 15846" 3487) 158 45m 22288 | 
Moon II Limb | 16 21 36.84 | 16 21 39.11 | 
B. A.C. 5579; 16 83 «40.12: 16 82 58.96 | 


We shall assume the longitudes from Greenwich to be, 
Philadelphia, £, == 5" 0™ 39.85 
Santiago, L,=—4 42 19. 

the longitude of Philadelphia being that which results from the 


last chronometric expeditions of the U.S. Coast Survey, and 
that of Santiago the value which Lieut. GIuiiss at first assumed. 
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The apparent right ascensions of the stars on May 15, by the 
moon-culminating list in the Nautical Almanac, were 


| t 
a 
Cae oO tit emi aoe eecrenee 


& Librae 15* 45" 229.59 | 
B. A. C. 5579 16 32 59.20 


We have then at Philadelphia, by (406), 


9 | tpt ee 

a a ee 

& Librae | + 86" 16478 | 164 21" 399.37 | 
B.A.C.5579 | —11 19.85 | 16 21 89.85 


ae rete aneremanaem: 


Mean a, = 16 21 39.36 
and at Santiago: 


% Librae | +235 33.47 | 16 20 56.06 | 
B.A.C.5579 | —-12 8.28 | 16 20 55.92 | 


Mean a, = 16 20 55.99 
Hence 


A, @ == — 43°37 


We shall find H, for the mean longitude L, = 4(L, + L, 
= 4".86, by the interpolation formula (72), or 
H, =H + Aa’ 4 Bb, 


a 


: ‘ as 6 
in which, if we put n = i’ we have 


A=n — 0.405 B= see = —. 0.120 


and a’ and 8, are found trom the values of H in the Ephemeris 
as follows: 


1st diff. 
May 15, L.C. 142°.56 Bes 2d dif’. 
“ 15,U.C 143 48 _ 0°28 
40.64 [— 0.36] 
« 140 £14.22 .... —0d41 
: 0.23 
“ 16, U.0. 144.35 1°? 
whence 
H = 1438°.48 a= 0°.64 b, == $(— 0°.28 — O41) = - U.20d 
fT, == 148°48 + 0° 259 + 0°.042 == 143°.781 
so -— 43.37 
A= ———— _= — 0.80164 — — 18” 5*.90 
143.781 


You. I.—28 
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which is the longitude of Santiago from Philadelphia. ence, 
if the longitude of Philadelphia is correct, we have 


Long. of Santiago = 4* 42” 33°.95 from Greenwich. 


233. Corresponding observations at placcs whose difference of longi- 
tude is greuter than two hours.—Having found a, and @, as in the 
preceding case, we employ in this case an indirect method of 
solution. For cach assumed longitude we interpolate the right 
ascension of the moon’s limb from the Moon Culminations In 
the Ephemeris to fourth differences. Let 


A,, A, = the interpolated right ascensions of the moon’ 
limb for the assumed longitudes Z, and L, respect- 
ively, 


If the correction of the Ephemeris on the given day is e, 
the true values of the right ascension for 1, and £, are A, + e 
and A, + e, the error of the Ephemeris being supposed to be 
sensibly constant for a few hours; but their difference is 


(A, + e) —(A, + ¢) = A,—A, 

so that the computed difference of right ascension is the same 
as if the Ephemeris were correct. If now the observed differ- 
ence a, -~ a, is the same as this computed difference, the as- 
suined difference of longitude, or LZ, — ,, is correct ;* but, if 
this is not the case, put 

y = (a — a) — (A, — A,) (408) 
and 

aI = the correction of the uncertain longitude, which we 
will suppose to be L, 


then 7 is the change of the right ascension while the moon is 
describing the small are of longitude o£; and for this small 
difference we may apply the solution of the preceding article, 
so that we have at once 


ab= a (in hours) (409) 
or 
AL=y X (in seconds) (409*) 


* It should be observed, however, that one of the assumed longitudes must be 
nearly correct, for it is evident that the same difference of right ascension will not 
exactly correspond to the same difference of longitude if we increase or decrease 
both longitudes by the same quantity. 
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in which the value of H must be that which belongs to the 
unvertain meridian L,, or, more strictly, H must be taken for 
the mean longitude between ZL, and 2, + aL; but, as aL is 
generally very small, great precision in H is here superfluous. 
However, if in any case oJ, is large, we can first find H for the 
meridian /.,, and with this value an approximate value of aZ; 
then, interpolating # for the meridian L, + $a, a more correct 
value of aZ will be found.* 


ExaMpLE.—The following observations were made May 15, 
1851, at Santiago and Greenwich: 


Object. Santiago. Greenwich. 
% Librae 15° 46" 3°37 15* 45™ 22°37 
Moon II Limb 16 21 36.84 16 9 389.41 
B. A. C. 5579 16 33 40.12 16 32 59.17 


We assume here, as in the preceding example, for Santiago 
LL, = 4 42” 19°, and for Greenwich we have L, = 0. The places 
of the stars being as in the preceding article, we find for 


Greenwich, a, = 16° 9” 39*.54 
Santiago, «a, 16 20 55.99 
a,— oO, = 11 16.45 


1 
The computed right ascension for Greenwich is in this case 
simply that given in the Ephemeris for May 15; the increase to 
the meridian 4* 42” 19'.0 has been found in our example of 10- 
terpolation, Art. T1, to be 


A, — A, = 11™ 15.84 


and hence 
y= + 0.61 
We find, moreover, for the longitude 4* 42” 19°, 
HT = 143°.77 
whence 
3600 
L= + 0°61 & ——-— = + 15.28 
Betas NS Agee oe ae 


By these observations we have, therefore, 
Longitude of Santiago = 4 42 34°.28 


wee ee = ene A ee Oe ee ee ete Ah ne ee ee 


* This method of reducing moon culminations was developed by WaLKer, 7rans- 
actions of the American Philosophical Society, new series, Vol. V. 
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234. Reduction of moon culminations by the hourly Ephemeris.— 
The method of reduction given in the preceding article is per. 
fectly exact; but the interpolation of the moon’s place to fourth 
differences is laborious. The hourly Ephemeris, however, requires 
the use of second differences only. The sidereal time of the 
transit of the moon’s centre at the meridian ZL, is = the observed 
right ascension of the centre =a,. If then we put 


T, =: the mean Greenwich time corresponding to a, as found 
by the hourly Ephemeris, 
©, = the Greenwich sidereal time corresponding to 7, 


we have at once, if the Ephemeris is correct, 


1 


L,=0, -a (410) 


This, indeed, was one of the earliest methods proposed, but was 
abandoned on account of the imperfection of the Ephemeris. 
The substitution of corresponding observations, however, does 
not require a departure from this simple process; for we shall 
have in the same manner, from the observations made at 
another meridian (which may be the meridian of the Ephemeris), 
L, = 9, -- 4, 

and hence 

iL, — L,=(@, — 9) --(a,-— 4%) (411) 


and it is evident that the difference (O, — ©,) of the Greenwich 
times will be correct, although the absolute right ascension of 
the Ephemcris is in error, provided the hourly motion is correct. 
The correctness of the hourly motion must be assumed in all 
methods of reducing moon culminations; and in the present 
state of the lunar theory there can be no error in it which can 
be sensible in the time required by the moon to pass from one 
meridian to another. 

In this method a@ is the right ascension of the moon’s centre 
at the instant of the transit of the centre; which may he de- 
duced from the time of transit of the limb by adding cr sub- 
tracting the ‘sidereal time of semidiameter passing the meridian,” 
given in the table of moon culminations in the Ephemeris.* 

To find 7, corresponding to a,, we may proceed as in Art. 64, 


Se ee ee eae 


* If we wish to be altogether independent of the moon-culminating table, we enn 
compute the sidereal time of semidiameter passing the meridian by the formula (see 
Vol. II., Transit Instrument), 
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or as follows: Let J, and 7,+ 1 be the two Greenwich hours 
between which a, falls, and put 


da. the increase of right ascension in 1™ of mean time at 
the time 7, 
Na . the increase of da in J, 


a, == the right ascension of the Ephemeris at the hour 7%, 


then, by the method of interpolation ‘by second differences, we 
have 
= ay + E 4 et Si == 
2 3600 60 


in which the interval 7) -— 7, is supposed to. be expressed in 
seconds. This gives 


: 60 (a —— Og) 
T—T= cs 
: da T,—T, 
a0 T+ > 3600 


und in the second member an approximate value of 7, may be 
used, deduced from the local time of the observation and an 
approximate longitude. A still more convenient form, which 
dispenses with finding an approximate value of 7,, is obtained 
us follows: Put 

then we have ane r 


a 


S 
15(1 — A) cos d 


in which S = the moon's semidiameter, A = the increase of the moon’s right ascen- 
sion in one sidereal second, and 6 == the moon’s declination, which are to be taken 
(or the Greenwich time of the observation, approximately known from the local time 
and the xpproximate longitude. 

Ur we may apply to the sidereal time (= 0,) of the transit of the limb the quantity 


S 
15 cos 6d 


und the resulting a, = 3, = ~, Ssee d will be the right ascension of the moon’s 
centre at the local sidereal time 9, We then find the Greenwich time 0, corrc- 
sponding to a, as in the text, and we have 


L,= e,— 3, 
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ae 60 (a, — ay) 
a a in 
ao(1+ aot ae | 
__ 60 (o, — (1 2 Sy 
_ Aa T 7300" ae 


or, with sufficient accuracy, 


Putting then 


__ 60(«, —a,) aed (412) 


a — 
Aa 7200 4a 


we have, very nearly, 
gma’ + a" (413) 


As a practical rule for the computer, we may observe that x” 
will be a positive quantity when aa is decreasing, and negative 
when aa@ is increasing. 

The method of this article will be found particularly conve- 
nient when the observation is compared directly with the 
Ephemeris, the latter being corrected by the following process. 
See page 362. 


235. Pewrce’s method of correcting the Ephemeris.*—The accuracy 
of the longitude found by a moon culmination depends upon 
that of the observed difference of right ascension. When this 
difference is obtained from two corresponding observations, if 
the probable errors of the observed right ascensions at the two 
meridians are ¢, and e¢,, the probable error of the difference will 
be = y/(e?-+ «¢,”). [Appendix]. But if instead of an actual ob- 
servation at £, we had a perfect Ephemeris, or ¢,= 0, the 
probable error of the observed difference would be reduced to ¢, ; 
and if we have an Ephemeris the probable error of which is less 
than that of an observation, the error of the observed difference 
is reduced. At the same time, we shall gain the additional 
advantage that every observation taken at the meridian whose 
longitude is required will become available, even when no corre~ 
sponding observation has been taken on the same day; and 


ed a 


* Report of the Superintendent of the U.S Coast Survey for 1854, Appendix, 
p- 115*. 
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experience has shown that, when we depend on corresponding 
observations alone, about one-third of the observations are 
lost. 

The defects of the lunar theory, according to Prrrcs, are 
involved in several terms which for each lunation may be 
principally combined into two, of which one is constant and the 
other has a period of about half a lunation, and he finds that 
for all practical purposes we may put the correction of the 
Ephemeris for each semi-lunation under the form 


XY=A+ B+ (414) 


in which .A, B, and C are constants to be determined from the 
observations made at the principal observatories during the 
semi-lunation, and ¢ denotes the time reckoned from any assumed 
epoch, which it will be convenient to take near the mean of the 
observations. The value of / is expressed in days; and small 
fractions of a day may be neglected. Let 


G4) Gq, @,, &C. == the right ascension observed at any observa- 
tory at the dates ¢,,t,,¢,, &c., from the assumed 
epoch, 

a,’,0,',a,',&c. = the right ascension at the same instant found 
from the Ephemeris, 

and put 


, aoe ’ hee ’ 
Nn, == a, @,, N, == Gg Ge, N, == a, — a, , &C. 


then n,, 7,, n,, &c. are the corrections which (according to the 
observations) the Ephemeris requires on the given dates, and 
hence we have the equations of condition 


A - Bt,+ Ct?—n,=0 

A+ Bt,+ Ct? —n,=0 

A + Bt, + (t,? — n, = 0 
&e. 


In order to eliminate constant errors peculiar to any observa- 
tory, when the observation is not made at Greenwich, the ob- 
served right ascension is to be increased by the average excess 
for the year (determined by simultaneous observations) of the 
right ascensions of the moon’s limb made at Greenwich above 
those made at the actual place of observation. 
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If now we put 


m == the number of observations -— the number of equations 
of condition, ; 

T =: the algebraic sum of the values of t. 

T, == the sum of' the squares of ft, 

T, = the algebraic sum of the third powers oft, 

T, = the sum of the fourth powers of f, 

N = the algebraic sum of the values of », 

N, = the algebraic sum of the products of n multiplied by ¢, 


1 
N,= the algebraic sum of the products of n multiplied by #?, 


the normal equations, according to the method of least squares, 
will be 


TALT BE CPO N = 6 


mA+ TB +7,C0—N =0 
\ C416) 
T,A+ T,B + T.C—N,=0 


The solution of these equations by the method of successive 
substitution, according to the forms given in the Appendix, may 
be expressed as follows: 


T, = T,- m | Vesna 
| m 
1M 8 
7. = T, — a | N; ae N, TN 
m 
; T; | TN 
T, = Pi Poy | N,’! = N! —- 8 
2 T. 
Ty 
Tt = Ti— sy 
4 4 Be | 
” , , sees 
gat, eM Ne, N-1,C-TB (418) 
ie df bie m 


Then, to find the mean error of the corrected Ephemeris, we 
observe that this error is simply that of the function XY, which is 
to be found by the method of the Appendix, according to which 
we first find the coefficients k,, k,, k, bv the following formule: 


mi, ~ | 
mk, + Ty k,=t 
mk + Tk, + T,’k, =? 
and then, putting 
Mi: 4 (Atm +4? TY + ko Ty’) 
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we have 


in which ¢ denotes the mean error of a single observation and 
(eX) the mean error of the corrected Ephemeris; or, if ¢ denotes 
the probable error of an observation, (ed) denotes the probable 
error of the corrected Ephemeris. (Appendix. ) 

If the values of 4,, 4,, and 4, are substituted in J, we shall have 


to (fay os | 
M = vi - ae (++ ] Z| (418) 


It will generally aint where a sufficient number of observa- 


e e T e v e e 
tions are combined, that “ar is a smal] fraction which may be 
2 


neglected without sensibly affecting the estimation of a probable 
error, and we may then take 


CY (¢-- 1)? (t?-- 1) 
os NE nr Tn | cua 
According to Prrrce, the probable error of a ctundard observa- 
tion of the moon's transit is 0°.104 (found from the discussion of 
a large number of Greenwich, Cambridge, Edinburgh, and Wash- 
ington observations); so that the probable error of the corrected 
Ephemeris will be equal to JZ. (0*.104). 


ExaMPLE.—At the Washington Observatory, the following 
right ascensions of the moon were obtained from the transits over 
twenty-five threads, observed with the clectro-chronograph : 


R. A. of Sid. time semid. |R. A of ) centre 
Approx. Green Menn Time. > TT Limb. passing merid. = 0). 


eee ee nen ee eee -- _ 


ee ate ee ee et ee ee 


1859, Aug. 16, 19" [0 8» 53-40) 62.06 | 0* 7™ 51+34 
“17,20 10 54 33.57] 63.54 | 0 53 30.03 
“ 1821 |1 42 48.53) 65.77 | 4) 12.76 


The sidereal time of the semidiameter passing the meridian is 
here taken from the British Almanac, as we propose to reduce the 
observations by means of the Greenwich observations which are 
reduced by this almanac. We thus avoid any error in the semi- 
diameter. 

During the semi-lunation from Aug. 18 to Aug. 27, the 
Greenwich observations, also made with the electro-chronograph, 
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gave the following corrections (= n) of the Nautical Almanac 
right ascensions of the moon: 


Approx. Greenwich Mean Time. | n | t 
1859. Aug. 14, 13 — 0.89 a8 
“15, 14 — 0.26 —19 
“« 16, 14 — 0.49 — 0.9 
« 18, 16 — 0.63 412 
“« 19,17 — 1.04 4 2.2 
“20, 17 — 1.08 + 3.2 


Let us employ these observations to determine by Peirce’'s 
method the most probable correction of the Ephemeris on the 
dates of the Washington observations. Adopting as the epoch 
Aug. 17th 12* or 174.5, the values of ¢ are approximately as above 
given. The correction of the Ephemeris being sensibly constant 
for at least one hour, these values are sufficiently exact. We 
find then 


T = 0.8) 7, = 29.94)7, = 10.556] 7, = 225.045 
T/—= 29.88|T'— 6.564|/T’— 75.644| T." — 74.200 
m=6 |N =—8*.89|N, = — 4.41|N, = — 21°85 
NJ =—3 .89| N= — 2 .44)N)" = — 1.58 
and hence, by (416), 
C = — 0°.02135 B= — 0°.1257 A = — 0%.525 


The correction of the Ephemeris for any given date ¢, reckoning 
from Aug. 17.5, 1s, therefore, 


AX = — 01.525 — 0°.1257¢ — 0°.02135 ¢ 


Consequently, for the dates of the Washington observations, 
the correction and the probable error (Me) of the correction, 
found by (418) or (418*), are as follows: 


Aug. 16, 19° t= — 0.7 A = — 08.45 Me = 0*.05 
17,20 t=+03 X—=—056 Me—0.04 
18,21 t=+14 X=—O074 Me—0.04 


The longitude of the Washington Observatory may now be 
found by the hourly Ephemeris (after applying these correc- 
tions), by the method of Art. 234. Taking the observation of 
Aug. 16, we have 
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Aug. 16, JT, = 19, R. A. of Ephemeris = vu" 6” 47°.56 
A= 
Sa = 1.8122 da = + 0.0028 a =0 6 47.11 
a,=0 7 51.34 


log («, — a.) 1.80774 
ar. co. log Aa 9.74179 
log 60 1.77815 
log a’ 8.82768 

a! = 85" 26°.57 

a’ = — 0.80 

x = 85 25.77 


Hence, Greenwich mean time = JT, + x 
Sidereal time mean noon 


a, — a = 


Correction for 19* 35™ 25*.77 


Greenwich sidcreal time 
Local sidereal time = a, 


— 0.45 


re 


1 4.23 


log x? 6.6554 
log da 7.3617 
ar. co. log da 9.7418 

log y-55 6.1427 
log x” n9.9016 


Longitude = 


19* 385" 259.77 
9 37 24.18 
8 13.09 

5 16 3.04 
0 7 51.34 
5 8 11.70 


The observations of the 17th and 18th being reduced in tb 


same manner, the three results are 


Aug. 16, 5* 8" 11*.70 
“17, 12 .50 
«18, 11.10 


Mean by weights = 5 8 11.74 


3°.9 
3.1 
2.9 


1.8 


Probable error. * 


Weight. 
1. 

| 1.3 

1.5 


236. Combination of moon culminations by weights.—When some 
of the transits either of the moon or of the comparison stars ara 
incomplete, one or more of the threads being lost, such observa 
tions should evidently have less weight than complete ones, if 
we wish to combine them strictly according to the theory of 
probabilities. Besides, other things being equal, a determina- 
tion of the longitude will have more or less weight according to 
the greater or less rapidity of the moon’s motion in right asven- 


sion. | 


* For the computation of the probable error and weight, see the following article. 
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If the weight of a transit either of the moon or a star were 
simply proportional to the number of observed threads, as has 
been assumed by those who have heretofore treated of this sub- 
ject,* the methods which they have given, and which are obvious 
applications of the method of least squares, would be quite sufli- 
cient. But the subject, strictly considered, is by uo means so 
shuple, 

Let us first consider the formula 


@, <= a + a — J 
or, rather 
a, == 3, + (a ee 3) 


in which #, and J are the observed sidereal times of the transit 
of the moon and star, respectively; @’ is the tabular right ascen- 
sion of the star, and a, is the deduced right ascension of the 
moon. The probable error of a, is composed of the probable 
errors of 3, and of a’ — 8’, which belong respectively to the 
moon and the star. We may here disregard the clock errors, us 
well as the unknown instrumental errors, since they affect ¢, 
and & in the same manner, very nearly, and are sensibly elimi- 
nated in the difference 3, — &’. The probable error of the 
quantity a’ — # is composed of the errors of a’ and #. The 
probable error of the tabular right ascension of the moon-culmi- 
hating stars 1s not only very small, but in the case of correspond- 
ing observations is wholly eliminated; and even when we use 
a corrected Ephemeris it will have but little effect, since the ob- 
served right ascension of the moon at the principal observatories 
always depends (or at least should depend) chiefly upon these 
stars. We may, therefore, consider the error of a’ — # as sim- 
ply the error of 3’. We have here to deal with those errors only 
which do not necessarily affect # and 3, in the same manner, 
and of these the chief and only ones that need be considered 
here are—Ist, the culmination error produced by the peculiar con- 
ditions of the atmosphere at the time of the star’s transit, which 
are constant, or nearly so, during the transit, but are different 
for different stars and on different days; and, 2d, the accidental 
error of observation. It is only the latter which can be diminished 


el a ne ya ETRE I ORSON ht 


ene ce ree 


* NicoLai, in the Astronomische Nachrichten, No. 26; and 8. C. Wauxen, Transac 
tions of the American Philosophical Society, Vol. VI. p. 268. 
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by increasing the number of threads. In Vol. II. (Transit In- 
strument) I shall show that the probable error of a single deter. 
mination of the right ascension of an equatorial star (and this 
may embrace the moon-ciiiminating stars) at the Greenwich 
Observatory is 0°.06, whereas, if the culmination error did not 
exist it would be only 0°.08, the probable error of a single 
thread being = 0°.08, and the number of threads = 7. Hence, 
putting 
¢ == the probable culmination error for a star, 


we deduce* 
ec = V (0.06)*— (0.08)? = 0.052 
If, then, we put 


¢ = the probable accidental error of the transit of a star over 
a single thread, 
n =: the number of threads on which the star is observed, 


the probable error of 3’, and, consequently, also of a’- 2, is 


and the weight of a’— # for each star may be found by the 
formula 


in which £ is the probable error of an observation of the weight 
unity, which 1s, of course, arbitrary. If we make p---1 when 
n== 7, we have #= 0'.06. Substituting this value, and also 
e = 0°.052, ¢ = 0.08, the formula may be reduced to the fol- 
lowing : 

134 


238 


100 + —— 


The value of a, is to be deduced by adding to 3, the mean 


* The value of ¢ thus found involves other errors besides the culmination erro 
proper, such as unknown irregularities of the clock and transit instrument, &c. 
These cannot readily be separated from e¢, nor is it necessary for our present purpose 
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ecording to weights of all the values of a,— #8, given by the 
everal stars, or aa . 
pcg ce Lee) 420 
i= 3+ [pl (420) 
vhere the rectangular brackets are employed to express the sum 
f all the quantities of the same form. The probable error of 
he last term will be 
ff __ 0.06 


~ VYEPl [Pp] Vt 


If now we put 


= the probable error of a, 
c, == the culmination error for the moon, 
ke =the probable accidental error of the transit of the 
moon’s limb over a single thread, 
n, = the number of threads on which the moon is observed, 


he probable error of 3, will be = \/ god " and hence 


(Ke)? 

=! 421 
eee ae 7 (421) 
[o determine c, I shall employ the values of the other quantities 
n this equation which have been found from the Greenwich 
bservations. Professor PEIRCE gives e«,== 0°.104, and in the 
‘ases which I examined I found the mean value k= 1.3. <As- 
uming [p] = 4 as the average number of stars upon which a, 
lepends in the Greenwich series, we have 


(0.104)? == 7 + oe aoe —— + eer 


vhence 
c, = 0°.091 


ind the formula for the probable error of a, observed at the 
neridian L, is 
e,? == (0.091)? + ave) a O08) 


n, [p] 


n the case of corresponding observations at a second meridian 
L,, the probable error ¢, is also to be found by this formula, and 
hen the probable error of the deduced difference of right ascen- 
ion will be 


(422) 


== Vé,’ + e, 
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and the probable error of the deduced longitude will be. 


=h e+ ¢? (423) 


where, H being the increase of the moon’s right ascension in 1’ 


of longitude, we have 
oe (424 
ae ) 
But if the observation at the meridian Z, is compared with a 
corrected Ephemeris (Art. 235) the probable error of which is 


M(0'.104), the probable error of the deduced longitude will be 
= hy/e?+ M* (0.105) (425) 


Finally, all the different values of the longitude will be com- 
bined by giving them weights reciprocally proportional to the 
squares of their probable errors. 

The preponderating influence of the constant error represented 
by the first term of (422) is such that a very precise evaluation 
of the other terms is quite unimportant. It is also evident that 
we shall add very little to the accuracy of an observation by 
increasing the number of threads of the reticule beyond five or 
seven. For example, suppose, as in the Washington observations 
used in Art. 235, that twenty-five threads are taken, and that 
four stars are compared with the moon; we have for each star, 
by (419), 


= 2s 
~~ 100 += 
and hence 
0.104)* (0.06)? 
— |fro.091+ § — 0*.09 
_ =| Y+ 95 TT 88 | ‘ 


whereas for seven threads we have e,= 0.104, and therefore 
the increase of the number of threads has not diminished the 
probable error by so much as 0.01. 

For the observations of 1859 August 16, 17, 18, Art. 235, the 
values of h are respectively 


32.1 30.8 and 28.8 
and, taking Me = M(0°.104) as given in that article, namely, 
0.05 O*.0-4 and 0°.04 
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with the value of ¢,-= 0°.097 above found, we deduce the proba- 
ble errors of the three values of the longitude, by (425), 


a) 8.1 and 2°.9 


The reciprocals of the squares of these errors are very nearly in 
the proportion of the numbers 1, 1.8, 1.5, which were used as 
the weights in combining the three values. 


237. The advantage of employing a corrected Ephemeris 
instead of corresponding observations can now be determined 
by the above equations. If the observations are all standard 
observations (represented by ”,--- 7 and [p] = 4), we shall have 
$,== €,= 0.104, and the probable error of the longitude will be 


by corresponding observations == he, 1/2 
by the corrected Ephemeris == he, ,/1 + M? 


The latter will, therefore, be preferable when M < 1, which will 
always be the case except when very few observations have been 
taken at the principal observatories. 

But experience has shown that when we depend wholly on 
corresponding observations we lose about one-third of the 
observations, and, consequently, the probable error of the final 
longitude from a series of observations is greater than it would 
be were all available in the ratio of 1/3: 1/2. Hence the proba- 
ble errors of the final results obtained by corresponding observa- 
tions exclusively, and by employing the corrected Ephemeris by 
which all the observations are rendered available, are in the 
ratio py 3:1/1 + I, and, the average value of M being about 
0.6, this is as 1: 0.67. 

If, however, on the date of any given observation at the meri- 
dian to be determined, we can find corresponding observations 
at do principal observatories, the probable error of the longitude 
found by comparing their mean with the given observation will 
be only he, 7/1.5, which is so little greater than the average error 
in the use of the corrected Ephemeris, that it will hardly be 
worth while to incur the labor attending the latter. If there 
should be three corresponding observations, the error will be 
reduced to he, 71.38, and, therefore, less than the average error 
of the corrected Ephemeris. 
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The advantage of the new method will, therefore, be felt 
chiefly in cases where either no corresponding observation, or 
but one, has beeu taken at any of the principal observatories. 


238. The mean value of h is about = 27, and therefore a 
probable etror of 0*.1 in the observed right ascension, supposing 
the Ephemeris perfect, will produce a mean probable error of 2".7 
in the longitude. If the probable error diminished without 
limit in proportion to the square root of the number of observa- 
tions, as is assumed in the theory of least squares, we should 
only have to accumulate observations to obtain a result of any 
given degree of accuracy. But all experience proves the fallacy 
of this law when it is extended to minute errors which must 
wholly escape the most delicate observation. The remarks of 
Professor PEIRcE on this point, in the report above cited, are of 
the highest importance. He says: “Ifthe law ~{ error embodied 
in the method of least squares were the sole law to which 
human error is subject, it would happen that by a sufficient 
accumulation of observations any imagined degree of accuracy 
would be attainable in the determination of a constant; and the 
evanescent influence of minute increments of error would have 
the effect of exalting man’s power of exact observation to an 
unlimited extent. I believe that the careful examination of 
observations reveals another law of error, which is involved in 
the popular statement that ‘man cannot measure what he cannot 
see.’ The small errors which are beyond the limits of human 
perception are not distributed according to the mode recognized 
by the method of least squares, but either with the uniformity 
which is the ordinary characteristic of matters of chance, or more 
frequently in some arbitrary form dependent upon individual 
peculiarities,—such, for instance, as an habitual inclination to the 
use of certain numbers. Qn this account, it is In vain to attempt 
the comparison of the distribution of errors with the law of least 
squares to too great a degree of minuteness ; and on this account, 
there is in every species of observation an ultimate limit of accuracy 
beyond which no mass of accumulated observations can ever penetrate. 
A wise observer, when he perceives that he is approaching this 
limit, will apply his powers to improving the methods, rather 
than to increasing the number of observations. This principle 


will thus serve to stimulate, and not to paralyze, effort; and its 
Vou. I.—24 
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vivifying influence will prevent science from stagnating into 
mere mechanical drudgery. 

“In approaching the ultimate limit of accuracy, the probable 
error ceases to diminish proportionably to the increase of the 
number of observations, so that the accuracy of the mean of 
several determinations does not surpass that of the single deter- 
minations as much as it should do in conformity with the law of 
least squares: thus it appears that the probable error of tlre 
mean of the determinations of the longitude of the Harvard 
Observatory, deduced from the moon-culminating observations 
of 1845, 1846, and 1847, is 1°.28 instead of being 1'.00, to which 
it should have been reduced conformably to the accuracy of the 
separate determinations of those years. 

“One of the fundamental principles of the doctrine of proba- 
bilities is, that the probability of an hypothesis is proportionate 
to its agreement with observation. But any supposed computed 
lunar epoch may be changed by several hundredths of a second 
without perceptibly affecting the comparison with observation, 
provided the comparison is restricted within its legitimate limits 
of tenths of a second. Observation, therefore, gives no informa- 
tion which is opposed to such a change.” 

The ultimate limit of accuracy in the determination of a 
longitude by moon culminations, according to the same distin- 
guished authority, 1s not less than one second of time. This limit 
can probably be reached by the observations of two or three 
years, if all the possible ones are taken; and a longer continuance 
of them would be a waste of time and labor. 

From these considerations it follows that the method ot moon 
culminations, when the transits of the limb are employed, cannot 
come into competition with the methods by chronometers and 
occultations where the latter are practicable.* 


* In consequence of the uncertainty attending the observation of the transit of 
the moon’s limb, it has been proposed by MAEDLER (Astron. Nach. No. 887) to sub- 
stitute the transit of a well-defined lunar spot. The only attempt to carry out this 
suggestion, I think, is that of the U.S. Coast Survey, a report upon which by Mr. 
Prrers will be found in the Report of the Superintendent for 1856, p.198. The 
varying character of a spot as seen in telescopes of different powers presents, it 
seems to me, a very formidable obstacle to the successful application of this 
method. | : 
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FIFTH METHOD.—BY AZIMUTHS OF THE MOON, OR TRANSITS OF THE 
MOON AND A STAR OVER THE SAME VERTICAL CIRCLE. 


239. The travelling observer, pressed for time, will not unfre- 
quently find it expedient to mount his transit instrument in the 
vertical circle of a circumpolar star, without waiting for the meri- 
dian passage of such a star. The methods of determining the 
local time and the instrumental constants in this case are given 
in Vol. II. He may then also observe the transit of the moon 
and a neighboring star, and hence deduce the right ascension of 
the moon, which may be used for determining his longitude 
precisely as the culminations are used in Art. 234. 


240. But if the local time is previously determined, we may 
dispense with all observations except those of the moon and the 
neighboring star, and then we can repeat the observation several 
times on the same night by setting the instrument successively 
in different azimuths on each side of the meridian. It will not 
be advisable to extend the observations to azimuths of more than 
15° on either side. 

The altitude and azimuth instrument is peculiarly adapted for 
such observations, as its horizontal circle enables us to set it at 
any assumed azimuth when the direction of the meridian is 
approximately known. The zenith telescope will also answer 
the same purpose. But as the horizontal circle reading 1s not 
required further than for setting the instrument, it is not indis- 
pensable, and therefore the ordinary portable transit instrument 
may be employed, though it will not be so easy to identify the 
comparison star. 

The comparison star should be one of the well-determined 
moon-culminating stars, as nearly as possible in the same 
parallel with the moon, and not far distant in right ascension, 
either preceding or following. , 

The chronometer correction and rate must be determined, with 
all possible precision, by observations either before or after the 
moon observations, or both. An approximate value of the cor- 
rection should be known before commencing the cbservations, 
as it will be expedient to compute the hour angles and zenith 
distances of the two objects for the several azimuths at which it 
is proposed to observe, in order to point the instrument properly 
and thus avoid observing the wroug star. 
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To secure the greatest degree of accuracy, the observations 
should be conducted substantially as follows :— 

Ist. The instrument being supposed to have a horizontal cirele, 
let the telescope be directed to some terrestrial object, the 
azimuth of which is known (or to a circumpolar star in the meri- 
dian), and read the circle. The reading for an object in the 
meridian will then be known; denote it by a. 

2d. The first assumed azimuth at which the transits are to be 
observed being A, set the horizontal circle to the reading A + a. 
and the vertical circle to the computed zenith distance of the 
moon or the star (whichever precedes). This must be done a 
few minutes before the computed time of the first transit. 

38d. Observe the inclination of the horizontal axis with the 
apirit level. 

4th. Observe the transit of the first object over the several 
threads. 

5th. If there is time, observe the inclination of the horizontal 
axis. 

6th. Set the vertical circle for the zenith distance of the second 
object, and observe its transit. 

Tth. Observe the inclination of the horizontal axis with the 
spirit level. 

The instrument must not be disturbed in azimuth during these 
operations, which constitute one complete observation. 

Now set upon a new azimuth, sufficiently greater to bring the 
instrument in advance of the preceding object, and repeat the 
observation. It will often be possible to obtain in this way font 
or six observations, two or three on each side of the meridian, 
but the value of the result will not be much increased by taking 
more than one observation on each side of the meridian. 

The collimation constant is supposed to be known; but, in 
order to eliminate any error in it, as well as inequality of pivots, 
one-half the observationg should be taken in each position of 
the rotation axis. 

The azimuth of the instrument at each observation is only 
known from the local time, and hence the following indirect 
method of computation will be found more convenient than the 
usual method of reducing extra-meridian transits; but the 
reader will find it easy to adapt the methods given in Vol. II. fu 
such purpose to the present ‘case. 
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We shall make use of the following notation : 


T, T’' = the mean of the chronometer times of transit of 
the moon’s limb and the star, respectively, over 
the several threads,* 

aT,aT" == the corresponding chronometer corrections, 
b, b’ = the inclinations of the horizontal axis at the times 


T and 7”, 
e==the collimation constant for the mean of the 
threads, 
@, a == the moon’s and the star’s right ascensions, 
é, 0’ = : a “« — declinations, 
tS a Z. ‘¢ hour angles, 
¢,0' == si i “ true zenith distances, 
g¢ = “6 a ‘¢  parallactic angles, 
A, A’ = a“ os « azimuths, 
do == the increase of. the moon’s right ascension in one 


minute of mean time, 
4é = the increase (positive towards the north) of the 
moon’s declination in one minute of mean time, 
x == the moon’s equatorial horizontal parallax, 
S = the moon’s geocentric semidiameter, 
y = the observer’s latitude, 
L'= the assumed longitude, 
of = the required correction of this longitude, 
L= the true longitude = Z’ + aL 


The moon's &, d, z, and S are to be taken from the Ephemertis 
for the Greenwich time 7 +- a7'-+ L’(expressed in mean time). 
The changes aa, ad are also to be reduced to this time. The 
right ascension and declination must be accurately interpolated, 
from the hourly Ephemeris, with second differences. 

The quantities A, €, qg are now to be computed for the chro- 
nometer time 7, and A’, ¢’,q’ for the time 7”. Since A and A’ 


EERE, REY ET seme 


ae 


* The chronometer time of passage over the mean of the threads will be obtained 
rigorously by reducing each thread separately to the mean of all by the general 
‘ormula given for the purpose in Vol. II. If, however, the same threads are 
employed for both moon and star, and ¢ denotes the equatorial distance of. the mean 
of the actually observed threads from the collimation axis, it will suffice (unless the 
observations are extended greatly beyond the limits recommended in the text) to 
tnke the means of the observed times at the times of passage over the fictitious 
thread the collimation of which is = c¢. The slight theoretical error which this 
procedure involves will be eliminated if the observations are arranged symmetrically 
with respect to the meridian. 
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are required with all possible precision, logarithms of at least six 
decimal places are to be employed in their computation; but for 
€,9,¢’', 9’, fgur decimal places will suffice. The following formule 
for this purpose result from a combination of (16) and (20): 


For the moon. For the star. 
t= T+ aT—a Y= T’'+aT' —a! 
tan M = tan 6 sect ‘che tan MM’ = tan 0’ sec ?’ 
tanicos M \ With 81x tan ¢’ cos M’ 
tan A = : j . tan A’ — 
ine py oe sin (yg — Mf’) 
(426) 
tan V = cot ¢ cost tan N’= cot ¢ cos ¢’ 
tan g tan? sin V ‘th f tan q’ tan ¢ sin N’ 
= -——.—_x77 ( with four eg a 
cos (6 + WV) Saciaale: cos(d’ + WV’) 
3 ? . 6! t 
bates COUN + N) fan eran COM + NV’) 
COS g COs qg’ 


in which A and q are to be so taken that sin A and sing shall 
have the same sign as sin t. 

The true azimuth of the moon’s limb will be found by applying 
to the azimuth of the centre the correction 


Ea 
sin ¢ 


Ss brscae sign for lst 7 
lower “ “ 2d & 


If we assume the parallax of the limb to be the same as that of 
the centre (which involves but an insensible error in this case), 
we next find the apparent azimuth of the limb by applying the 
correction given by (116), or 


ex(g — g’)sin 1” sin A’ cosec € 


in which g — g’ is the reduction of the latitude, and p is the 
terrestrial radius for the latitude yg. In this expression we 
employ A’,which is the computed azimuth of the star, for the 
apparent azimuth of the moon’s limb, since by the nature of the 
observation they are very nearly equal. 

To correct strictly for the collimation and level of the instru- 
ment, we must have the moon’s and star’s apparent zenith dis- 
tances, which will be found with more than suflicient accuracy 
for the purpose by the formulee 


moon’s app. zen. dist. = ¢,== ¢ + sin 7 — refraction 
star’s “§ & © == O's %'— refraction 
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and then the reduction of the true azimuth to-the instrumental 
azimuth (see Vol. II., Altitude and Azimuth Instrument) is 


c b 
for the moon, += — re 
sin %, tan ¢, 


c b’ 
for the star = ae 
sing,’ tan ¢,’ 


the upper or lower sign being used according as the vertical 
circle is on the left or the right of the observer. The computed 
instrumental azimuths are, therefore, 


hat / bd wt nwt , 
leo eee ee iS ae al: e)ent sin A e E; 2 b 
sin ¢ sin ¢ sing, tan, 
‘ (427) 
c / 


star) A, = A’=--——_— = -—— 
Sa a eae Ter Od 


If now the longitude and other elements of the computation are 
correct, we shall find A, and A,’ to be equal: otherwise, put 


x == A,— Aj (428) 
then we are to find how the required correction a Z depends on 2, 
supposing here that all the elements which do not involve the 
longitude are correct. Now, we have taken a and 6 from the 
Ephemeris for the Greenwich sidereal] time 7’+ a7 + ZL’, when 
they should be taken for the time 7+ a7 + L’+ ab. Hence, 
if 4 and # denote the increments of the moon’s right ascension 
and declination in one sidereal second, both expressed in seconds 
of arc, 


ji Fe + = [9.89675] a0 
" ; (429) 
f= eT Yas [8.22066] aé 
we find that 
a requires the correction 4.42 
r) at 6 B.4L 
t - es —A.aL 


and these corrections must produce the correction — xin the moon's 
azimuth. The relations between the corrections of the azimuth, 
the hour angle, and the declination, where these are so small as 
to be treated as differentials, is, by (51), 
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gp ccs COs 6 COS g dt 4 sing yy 
sin ¢ sing 
that is, 
see — ee. it ae! q dg. me 
in } 
Hence, if we put 
am 4.0088 008g  , sing (480) 
7 sin ¢ "sin 2 ; 
we have 
ry ee = (481) 


and hence, finally, the true longitude Z’+ aL. 


241. In order to determine the relative advantages of this 
method and that of meridian transits, let us investigate a formula 
which shall exhibit the effect of every source of error. Let 


da, 66, dx, OS -= the corrections of the elements taken from 
the Ephemeris of the moon, 
da’, 63’ == the corrections of the star’s place, 
6T, T’ = the corrections for error in the obs’d time, 
64 T = the correction of 47, 
dy == the correction of g. 


If, when the corrected values of all the elements—that of the 
longitude included—are substituted in the above computation, 
A, and A,’ become A, + dA, and A,’ + dA,’, we ought to find, 


rigorously: 
A, -+- dA, —— A + dA,’ 


which compared with (428) gives 
| end, aa? (482) 


We have, therefore, to find expressions for dA, and dA,’ in 
terms of the above corrections and of al. We have, first, by 
differentiating (427), 

dS | p(g—¢’)sin I” sin A’ 
sing pee sin 
dA,’ == aA’ 


We neglect errors in ¢ and 6 which are practically eliminated 
by comparing the moon with a star of nearly the same declina- 
tion, and combining observations in the reverse positions of the 
axis. 
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The total differential of .A is, by (51), after reducing dt to arc, 


© dA x 0089 088 15 ae 4 MT 3 — cote sin Adg 
sin € sin ¢ 


consequently, also, 


, ? 
oe COBT say 
sin ¢’ 


sin q’ 


dA’ = + ine dé’ — cot ¢’ sin A'dg 


Since ‘= 7'+ aT — a, we have 
dt = dT + daT — da 


where dT and daT may be at once exchanged for dT and éaT; 
but da is composed of two parts: Ist, the correction of the 
Ephemeris, and 2d, 4(ai. + 6T + daT'), which results from our 
having taken a for the uncorrected time. Hence we have, in 
arc, 

lo dt = 1567 +. 15 daT — 15 da — A(al + 6T + aT) 


The correction dé is likewise composed of two parts, namely, 
dé= 83 + B(aL + 67 + daT) 
Further, we have simply dd’ == dd’ and 
dt! == 81" +. 6aT’ — ba! 


but, as we may neglect the error in the rate of the chronometer 
for the brief interval between the observation of the moon and 
the star, we can take da7” = daT, and, consequently, 


dt’ = 8T" + daT — da’ 


When the substitutions here indicated are made in (482), we 
obtain the expression 


ge == aaL +15 fda — 2.38 — (15 f — a) dT 
sin ¢ 


— 15 f'.da! - OL. 954 15 61.87" 
sin ¢ 
8S -_ e(¢ — ¢’)sin 1” sin A’ oe 
sin ¢ sin’ 


-- [15 —f’) — a] da T + 


sin(?’ — £) sin A’ 
———-—-__--—— 8 438 
sin € sin ¢’ g (285) 
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in which the following abbreviations are used : 


pe cos é cos pi cos 6’ cosq’ 
sin ¢ gin 
7 ee a pte 
sin ¢ 


and in the coefficient of dg we have put A = A’. 

By the aid of this equation we can now trace the effect of 
each source of error. 

Ist. The coefficients of 00, dd’, dz, dg have different signs for 
observations on different sides of the meridian, and therefore 
the errors of declination, parallax, and latitude will be elimi- 
nated by taking the mean of a pair of observations equidistant 
from the meridian. 

2d. The star’s declination being nearly equal to that of the 
moon, we shall have very nearly f == f’, and the coefficient of 
64 T will be =a; and since to find aL we have yet to divide 
the equation by a, it follows that an error in the assumed clock 
correction produces an equal error (but with a different sign) in 
the longitude, as in the case of meridian observations. 

3d. An error dT in the observed time of the moon’s transit 
produces in the longitude the error 


(=f —1)o7 


The mean of the values of a for two observations equidistant 
from the meridian is Af. The mean effect of the error dT is 
therefore 
( 2 a | oT 

A 
which is the same as in the case of a meridian observation. 

The effect of an error 07” in the observed time of the star’s 


transit is 
15 f F) 4 bid 
a 


and for two observations equidistant from the meridian, the star 
being in the same parallel as the moon, the mean effect is 


DW ym 
A 


also the same as for a meridian observation. 


BY AZIMUTHS OF THE MOON. 879 


4th. An error dS in the tabular semidiameter is always elimi- 
nated in the case of meridian observations when they are com- 
pared with observations at another meridian, since the same 
semidiameter is employed in reducing the observations at both 
meridians. But in the case of an extra-meridian observation the 
effect upon the longitude is 


oS oS 


ompemay 


asing Acosé cosy — # sing 


and in the mean of two observations equidistant trom the 
meridian, the values of g being small, it is 


6S éS 
———_—__—__—— = ——_ (1 + 2 sin’ ly. 
4 cos ¢ cos g Teos3 ‘ ea a) a 


For a meridian observation the error will be 


6S 
Acosé 


The error in the case of extra-meridian observations, therefore, 
remains somewhat greater than in the case of meridian ones, the 
excess being nearly 
26S. sin? +g 
-4 cos 6 


which, however, is practically insignificant; for we have not to 
fear that dS can be as great as 1’’, and therefore, taking ¢ = 15°, 
= 80°, and 4 = 0.4, which are extreme values, the difference 
cannot amount to 0'.1 in the longitude. 
5th. The error da of the tabular right ascension of the moon 
produces in the longitude the error 


eae 


a 


and from the mean of two observations equidistant from the 
meridian, the error is 
15 da 
A 
as in the case of the meridian observation. 


The. error da’ in the star’s right ascension produces the error 
15 8a! 


when the star is in the same parallel as the moon. 
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From this discussion it follows that, by arranging the observa- 
tions symmetrically with respect to the meridian, the mean resuit 
will be liable to no sensible errors which do not equally affect 
meridian observations. But for the large culmination error in 
the case of the moon (Art. 236), which equally affects extra- 
meridian observations, the latter would have a great advantage 
by diminishing the effect of accidental] errors. But the probable 
error of the mean of two observations equidistant from the 
meridian, seven threads being employed, will be, by (422), 


(0.104) 0.00) 
a 0 3 pn ae + | = ()*% 1 
J [« io cae a eae: : 


and that of a single meridian observation, even where only one star 
is compared with the moon, is, by the same formula, = 0.11. When 
we take into account the extreme simplicity of the computation, 
the method of moon culminations must evidently be preferred ; 
and that of extra-meridian obscrvations will be resorted to only 
in the case already referred to (Art. 239), where the traveller 
may wish to determine his position in the shortest possible time 
und without waiting to adjust his instrument accurately in the 
meridian. 


Exampie.—At the U.S. Naval Academy, 1857 May 9, I ob- 
served the following transits of the moon’s second limb and of 
o Scorpti, at an approximate azimuth of 10° East, with an Erte. 
universal instrument of 15 inches focal length: 


Chronometer. Level. Collim. 
) II Limb. 7 = 16°11" 30°17) 6 = +2"2 c=0.0 } Vertical circle 
a Scorptti T’=—16 27 49.838 Wf =—+42 2 left. 


These times are the means of three threads. The chronometer 
correction, found by transits of stars in the meridian, was 
— 55” 9°.16 at 13" sidereal time, and its hourly rate — 0°.82. The 
assumed latitude and longitude were 


y == 88° 58’ 53".5 L! = 5° 5" 55 
The star’s place was 


a’ == 16% 12” 31°.90 o’ = — 25° 14’ 58.5 
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We first find the sidereal times of the observations of the 
moon and star respectively, and the Greenwich mean time of 
the observation of the moon: we have 


AT- -— on™ 9889 aAl’— — 55" 9°97 
T -aT — 15* 16% 20°28 T’ + aT’ =. 15* 82" 89.8: 
bL'-. & § 55. 


Gr. sidereal time — 20 22 15.28 
Sid. time Gr. moon:= 3 8&8 58.91 
Sidereal interval = 17 13 16 37 
Red. to mean time== — 2 49.28 


Pn ee tee Ore 


Hence from the Ephemeris we find 


a =: 15* 54" 45*.32 8 == — 24° 42’ 54.4 
Aa — 2°.11385 Aéd = — 7”.619 
S — 14’ 47".2 a 54’ 9/2 


By (426) we find 


A= — 9° 40! 51.0 A’ == — 9° 57’ 14” 8 
log sing = ~=—n9.1581 log sing’ = 79.1719 
-=- 664° 19’.5 oe 64° 54/.1 
z ain § =- + 448.8 
Refraction -- — 2.1 Refraction — — 2.1 
= 65 62 fi = 64 52.0 


For the latitude ¢ we find, from Table ITI., 
log p =. 9.9994 ¢ —o'= Il 15” 


and then, by (427), we find 


A =—9° 40’ 51”.0} A! = — 9° 57’ 14” 8 
_S 16 244 
sin ¢ 
pr (g— #’) sin 1” sin Al se 20 
sin ¢ ( 
eee 0 .0|———— = 0.0 
sing, sing, 
atari b =e ] 0 — ’ — l 0 
tan ¢, tan ¢,’ 


Ay== —9 57 18 4y A’ = —9 57 158 
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whence 
== 2” 6 
By (429), (480), and (481), we find 
log A = 9.72175 log 8 = n9.10256 a == 0.5054 
_.. 9 
AD ajetee = — 514 
0.5054 


If we wish to see the effect of all the sources of error in this 
example, we find, by (483), 


0.5054 AL = — 2.6 — 14.96 da —- 0.16 dS + 14.45 67’ — 14.82 67” — 0.86 daT 
+ 14.82 da’ + 0.16 dé’ + 1.11 dS — 0.001 dr + 0.002 dp 


The proper combination of observations is supposed to eliminate, 
or at least reduce to a minimum, all the errors except that of the 
moon’s right ascension as given in the Ephemeris. In practice, 
therefore, it will be necessary to retain the term involving da. 
Thus, in the present case we take only 


0.5054 al = — 2.6 — 14.96 da 


A second observation on the same day at an azimuth 10° 


west gave 
0.5458 aD = — 6".7 — 14.92 da 


The elimination of the errors of declination requires that we 
take the arithmetical mean of these equations; whence we have, 


finall 
ue ADL = — 7.89 — 28.48 da 


SIXTH METHOD.—BY ALTITUDES OF THE MOON. 


242. The hour angle (¢) of the moon may be computed from 
an observed altitude, the latitude and declination being known, 
and hence with the local sidereal time of the observation (= ©) 
the moon’s right ascension by the equation a = O — 4, with 
which the Greenwich time can be found, as in Art. 234, and, 
consequently, also the longitude. 

The hour angle is most accurately found from an altitude 
when the observed body is on the prime vertical, and more 
accurately in low latitudes than in high ones (Art. 149). This 
method, therefore, is especially suited to low latitudes. 

The method may be considered under two forms:—(A) that in 
which the moon’s absolute altitude is directly observed and 


BY ALTITUDES OF THE MOON. 383 


employed in the computation of the hour angle; and (B) that in 
which the moon’s altitude is compared differentially with that of 
a neighboring star,—i.e. when the moon and a star are observed 
either at the same altitude, or at altitudes which differ only by a 
quantity which can be measured with a micrometer. 


243. (A.) By the moon's absolute altitude —This method being 
practised only with portable instruments, it would be quite 
superfluous to employ the rigorous processes of correcting for 
the parallax, which require the azimuth of the moon to be given. 
The process of Art. 97 will, therefore, be employed in this case 
with advantage, by which the observed zenith distance is reduced 
not to the centre of the earth, but to the point of the earth’s 
axis which lies in the vertical line of the observer, and which 
we briefly designate as the point O. Let 


¢” = the observed zenith distance, or complement of the 
observed altitude, of the moon’s limb, 
© = the local sidercal time, 
CL’ = the assumed longitude, 
AL, = the required correction of L’, 
I, = the true longitude = L’ + aL. 


Find the Greenwich sidereal time © + L’, and convert it into 
mean time, for which take from the Ephemeris the quantities 


é = the moon’s declination, 
eS es eq. hor. parallax, 
Ss = “ semidiameter. 


Let S’ be the apparent semidiameter obtained by adding to S 
the augmentation computed by (251) or taken from Table XII. 
Let r be the refraction for the apparent zenith distance ¢’’; and 


put 
Ca te ret 8 (434) 


Let z, be the corrected parallax for the point O, found by (127), 
or by adding to z the correction of Table XUJ. (which in the 
present application will never be in error 0’’.1); and put 


6, = 0-+ e’ x, sing cosé 
= t/— x, sing! } (436) 


in which log e? = 7.8244. 
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The hour angle (which is the same for the point O as tor the 
centre of the earth) is then found by (267), /e. 


sin $¢ = ‘J | sin } (e.+ Sam 4,)) sin 4 [t, —(¢ = 3) ] (436) 


C08 ¢g COND, 
atter which the moon’s right ascension is found by the formula 
a= O—t (437) 


and hence the Greenwich time and the longitude as above stated. 
But since we have taken é for an approximate Greenwich time 
depending on the assumed longitude, the first computation of ! 
wili not be quite correct; a second one with a corrected value 
of 6 will give a nearer approximation; and thus by successive 
approximations the true value of / and of the longitude will at 
last be found. 

But instead of these successive approximations we may obtain 
at once the correction of the assumed longitude, as follows. We 
have taken 6 for the Greenwich time © + ZL’, when we should 
have taken it for the time 0 + L’ + aL. Hence, putting 


3 =~ the increase of 6 in a unit of time, 


it follows that d requires the correction fa; and therefore, by 
(51), the correction of the computed hour angle will be 


; Bol 
cos 6 tang 


in which g is the parallactic angle. Since a = © — ¢, the com- 
puted right ascension requires the correction (in seconds of time) 


fob 


15 cosd tang 
Therefore, if we put 


A == the increase of a in a unit of time, 


the computed Greenwich time and, consequently, also the longi- 
tude derived from it requires the correction 


BaL 
1d A cosé tang 
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[Ience, denoting the longitude computed from the right ascen- 
sion a = © — t by L’’, we have 


Ba 
True longitude =; UL’ + al = pL" — —— 
8 as 15 A cos 6 tang 
whence 
iL" — LT 
AD 
B 


1 -- Ta sec 0 cotg 


If we denote the denominator of this expression by 1 + a, we 
shall have, by (18), 


_ _& tang _ tane (438) 
~ 154\ sine eae) : : 
and then 
f 
aL = a L=D'4+aL (439) 
T+t+a +a : 


ExamMPLe.—At the U.S. Naval Academy, in latitude g = 38° 
58’ 538” and assumed longitude L’= 5* 6” 0', I observed the 
double altitude of the moon’s upper limb with a sextant and 
artificial horizon as below: 


1849 May 2.—Moon east of the meridian. 


3 == 56 3/1 
Mw (Tab. XIIL.)= + 4 the, sin ¢? =» 47 38 1 
7, = 66 7 5 


Chronometer 104 14™ 218.6 Mean of 6obs.2}) = 64° 40 0” 
Fast 4 41 0.0 Index corr. of sextant == — 14 57 
Local mean time = 56 33 21.6 2) 64 25 5 8 
, = 6 
Assumed ZL es App. alt.) = 32 12 31.5 
Approx. Gr.time = 10 39 21.6 o" =~ 57 47 286 
Barom Sot ,45 
(For which time we take a, S, and o ) ; 
& from the Nautical Almanac ) ate oe ied i" co Eee 
| Ext. « 65° F, 
S = 15' 16.4 
8 = + 3°47 476 | eh. 
efx,singcos8 = + 14.1 SS(Tab, MIL)= +8 1 [ee 
&=m+ 3 48 12 a 


C= 87 16 45 8 


With these values of 0,, €,, and y = 38° 58’ 53”, we find, by (436), 
t=-- — 34 19" 53.64 


The sidcreal time at Greenwich mean noon, 1849 May 2, was 
2' 41” 7.98; whence 
© = 8 16" 14°.61 
a=.11 36 8.25 
Vou. I.—-25 
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Corresponding to this right ascension we find by the hourly 
Ephemeris the Greenwich mean time, and hence the longitude 
IL", as follows: 


Greenwich mean time — 10’ 39" 48¢.7 


Local «“ oo. 5 33 21 .6 
E"= 5 6 27.1 
L"— L! =: + 271 


By the hourly Ephemeris we also have for the Greenwich time 


10* 39" 48°.7, 
Increase of a in 1™ — 4 = + 2°.014 


. éin 1™ = B ere + 10.01 
and hence, by (438) and (439), 


a == -— 0.8317 oD = -+ 40°.6 
L- L'+ ob = 5* 6 40°.6 


244. The result thus obtained involves the errors of the 
tabular night ascension and declination and the instrumental 
error. The tabular errors are removed by means of observations 
of the same data made at some of the principal observatories, as 
in the case of moon culminations. The instrumental error will 
be nearly eliminated by determining the local time from a star 
at the same altitude and as nearly as possible the same declina- 
tion; for the instrumental error will then produce the same 
error in both © and ¢, and, therefore, will be eliminated from 
their difference © —-t=:a. The error in the longitude will 
then be no greater than the errorin ©. But to give complete 
effect to this mode of eliminating the error, an instrument, such 
as the zenith telescope, should be employed, which is capable of 
indicating the same altitude with great certainty and does not 
involve the errors of graduation of divided circles. A very 
different method of observation and computation must then be 
resorted to, which I proceed to consider. 


245. (B.) By equal altitudes of the moon and a star, observed with 
the zenith telescope-—The reticule of this instrument should for 
these observations be provided with a system of fixed horizontal 
threads: nevertheless, we may dispense with them, and employ 
only the single. movable micrometer thread, by setting it sue 
cessively at convenient intervals. 
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Having selected a well determined star as nearly as possible 
in the moon’s path and differing but little in right ascension, a 
preliminary computation of the approximate time when each 
body will arrive at some assumed altitude (not less than 10°) 
must be made, as well as of their approximate azimuths, in 
order to point the instrument properly. The instrument being 
pointed for the first object, the level is clamped so that the 
bubble plays near the middle of the tube, and is then not to be 
moved between the observation of the moon and the star. After 
the object enters the field, and before it reaches the first thread, 
it may be necessary to move the instrument in azimuth in order 
that the transits over the horizontal threads may all be observed 
without moving the instrument during these transits. The times 
by chronometer of the several transits are then noted, and the 
level is read off. The instrument is then set upon the azimuth 
of the second object, the observation of which is made in the 
same manner, and then the level is again read off. This com- 
pletes one observation. The instrument may then be set for 
another assumed altitude, and a second observation may be taken 
in the same manner.* Each observation is then to be separately 
reduced as follows: Let 


i, v’, 7’, &c. = the distances in arc of the several threads 
from their mean, 

m, m’ = the mean of the values of 7 for the observed 
threads, in the case of the moon and star 
respectively, 

l, l’== the level readings, in arc, for the moon and 
star, 

0, ©'— the mean of the sidereal times of the observed 
transits of the moon and star; 


then the excess of the observed zenith distance of the moon’s 
limb at the time © above that of the star at the time ©’ ist 


m—m +l—l’ 


the quantities m and / being supposed to increase with increasing 
zenith distance. 


* The same method of observation may be followed with the ordinary universal 
instrument, but, as the level is generally much smaller than that of the zenith tele- 
scope, tha same degree of accuracy will not be possible. 

+ When the micrometer is set successively upon assumed readings, m and m’ wil) 
be the means of these readings, converted into arc, with the known value of the screw. 
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Also, let 


a, 6, t, €, A,qg =the R.A., decl., hour angle, geocentric 
zenith distance, azimuth, and parallactic 
angle of the moon’s centre at the time 
0; 

a’, 3’, t, ©’, A’, g' = the same for the star at the time 0’; 
zn, S = the moon’s equatorial hor. parallax and 


semidiameter ; 
A = the increase of « in 1* of sid. time; 
B — «¢ r) ¢¢ cc oe 


yg = the latitude; 
L' = the assumed longitude ; 
AL = the required correction of D’; 


The quantities a, 0, z, and S are to be taken from the Ephemens 
for the Greenwich sidereal time © + DL’ (converted into mean 
time); a and 6 being interpolated with second differences by the 
hourly Ephemeris. Then the required correction of the longi- 
tude will be found by comparing the computed value of ¢ with 
the observed value. For this purpose we first compute ¢ and ¢’ 
with the greatest precision. and also A and q approximately. If 
the differential formula of the next article is also to be computed, 
A’ and q’ will also be required. The most convenient formule 
will be— 


For the moon. For the star. 
t= © — a t’'=- ©’ — a’ 
tan W—tan 6 sect a ee tan M’= tan 5’ sec t’ 
invemce—10 | sin 6’ cos (¢ — M’) 
cos € = ——_____-_—_——- ( decimals; } cos ¢’ = ———_-___+ 
sin M . sin MM’ 
(440) 
cos A =tan(¢—/) cott cos A’ = tan(¢— lM") cote’ 
tan V=cot ¢ cost with four ) tan V’=cot ¢ cos?’ 
p= tant sin V decimals; } tap j= tan?’ sin N’ 
cos (6 + NV) cos (0’-++ N’) 


The zenith distance ¢ thus computed will not strictly correspond 
to the time © unless the assumed longitude is correct. Let its 
true value be ¢+ dv. Also put 


¢, = the observed zenith distance of the moon’s limb, 
¢,' = the observed zenith distance of the star, 
r,r' = the refraction for 7, and %’, 
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then 

Gf = O’—r' 

oh = €'+m—m +1—lU 
Putting then 


=a pret +m—m+1—V4(r—r) 
and, by Art. (136), 


(441) 
y = (y — 9’) cos A sin p=psinzsin(¢”—y) 


k=p+S>+ (pF S)sinpsin S 


the | . e \ sign being used for the moon’s { ee ete limb, we 


have 


This equation determines dt. We have, therefore, only to 
determine the relation between d¢ and aL. Now, we have taken 
a and é for the Greenwich sidereal time © + DL’, when we should 
have taken them for the time © + L’+ aL’: hence 


a requires the correction 41 


é . BOL 
te a —Aal 
and then, by (51), 
dt = — cosq.faL — sing cosd.1514aL 
Hence, putting z = — dg, or 


ee Or stk 
and a= 15A sing cos 6 + # cosq (442) 
we have aL == L=D'+ aL 


The solution of the problem, upon the supposition that all the 
data are correct, is completely expressed by the equations (440), 
(441), and (442). 


246. The quantity x is in fact produced not only by the error 
in the assumed longitude, but also by the errors of observation 
and of the Ephemeris. In order to obtain a general expression 
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in which the effect of every source of error may be represented, 
let 
T, T’ = the chronometer times of observation of the 
moon and star, 
4 T = the assumed chronometer correction, 
é7, éT’= the corrections of 7 and T”’ for errors of 
observation, 
64 7T' = the correction of aT, 
va, dd, dx, dS = the corrections of the elements taken from 
the Ephemeris, 
dy = the correction of the assumed latitude. 


If, when the corrected values of all the elements are substituted, 
C, C', k become ¢ + dt, ¢’+ dt’, k + dk, instead of the equation 
c’’— (¢€ + dt) =k we shall have 
ev + d&’—(€ + dt) =k + dk 
and hence 
a = — dt + d¢'—dk (448) 


and we have now to find expressions for dg, dg’, and dk in terms 
of the above corrections of the elements. 
Taking all the quantities as variables, we have 


d& = 15sing coséd dt — cosg dé + cos A dg 
dg'= 15sinq’ cos 0’ dt’ — cos q’ dé’ + cos A’ dg 


Since ¢ = 7'+ aT — a, we have 
dt = dT + daT — da 


where dT and daT may be exchanged for d7 and daT, but da is 
composed of two parts: Ist, of the actual correction of the 
Ephemeris; and 2d, of A(ai + d7'+ daT) resulting from our 
having taken a for the uncorrected time: hence we have 


dt = 6T + 6aT — da —A(4L + 6T + baT) 
The correction dd is also composed of two re so that 
dé = 664+ @(AL + 6T + baT) 
Further, we have simply dé’ = 00’, and 
dt'= 0T' + 6aT — oa’ 


in which da 7 at the time 7’ is assumed to be the same as at the 
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time 7, an error in the rate of chronometer being insensible in 
the brief interval between the observations of the moon and the 
star. 

Again, we have, from (441), 


cos p dp = p cos x sin (£” — y) dz + psin x cos(¢” — yr) dt” 


or, with sufficient accuracy, 
dk = sin’ 6x = 6S + sin x cos¢' dg’ 


Now, substituting in df and dg’ the values of di, dd, &c., and then 
substituting the values of dg and dg’ thus found, in (448), together 
with the value of dk, we obtain the final equation desired, which 
may be written as follows :* 


x=absL+f.da + cosg. 63 —(f —a)ésT 
— mf’. da’ — m cos g' 68’ + mf’. éT" 
+ 89 —sin ¢' dn —(f--mf’—a)éaT (444) 
— (cos A —m cos A’) ég 


where the following abbreviations are employed : 


f = 15sinq cos 6 Sf’ = 15 ain q’ cos 8’ 
a=ift peosgq m= 1 — sin z cos ¢’ 


Having computed the equation in this form, every term is to 
be divided by a, and then al will be obtained in terms of x and 
all the corrections of the elements. 

A discussion of this equation, quite similar to that of (433), 
will readily show that the observations will give the best result 
when taken near the prime vertical and in low latitudes, and, 
farther, that the combination of observations equidistant from 
the meridian, east and west, eliminates almost wholly errors of 
declination and parallax and of the chronometer correction. 


EXAMPLE.f{—At Batavia, on the 11th of October, 18538, Mr. 
De Lana@e, among other observations of the same kind, noted 
the following times by a sidereal chronometer, when the moon’s 


* The formula (444) is essentially the same as that given by OupEMans, Astronom. 
Journal, Vol. IV. p. 164. The method itself is the suggestion of Professor Kaiser 
of the Netherlands. 

} Astronomical Journal, Vol. IV. p. 165. 
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lower limb and 86 Capricorni passed the same fixed horizontal 


threads: . 
T = 0* 88" 8.62 T’ = 0* 49” 53°.77 


The difference of the zenith distances indicated by the level 


was 
Ii? = + 2"0 


The chronometer correction was a7’ = + 1” 3'.32, and the rate 
in the interval 7’ — TJ’ was insensible. 


The assumed latitude was g = — 6° 9’ 57”.0 
a longitude “ LL’ = — 7* 7™ 37*.0 

We have 
© — 0* 39" 11°.94 ©’ — 0 50” 57°.09 


For the Greenwich sid. time O + L'=1T 31" 34'.94,or mean 
time 4* 10” 57°.00, we find, from the Nautical Almanac, 


a= 2) 12" 5*.45 A= + 0°.0387 
6 == — 20° 50’ 8.9 B= + 07.1440 
m== 57’ 51" 4 a == 21° 20” 22°.45 
S= 15’ 47"8 6’ == — 22° 26’ 30.5 


The computation by (440) gives 


C = 52° 11’ 49.44 ¢’— 538° 18’ 57'.30 
A — 68° 14’.4 A’ = 66° 30'.6 
gq = 81° 18'9 q' = 80° 35'.2 
From Table III. we find 
g —~ gi — 227" log p —= 9.999988 


Since the same fixed threads were used for both moon and star, 
we have m =m’, aud hence also sensibly r = 7’; therefore, by 
(441), we find 


¢"" = 58° 13' 59".80 y= — 545 = p= 46" 217.25 
r— ev — 62’ 9.86 k = + 62'9".17 
ITence, by (442), 
x = — 0".69 a= + 0.5575 aL = — 1*.24 


The longitude by this observation, if the Ephemeris is correct, 


is therefore 
L=D'+ aL = — 7*7™ 88.24 
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If we compute all the ternis of (444), we shall find 


aD = — 1°24 — 24.84 da — 0.27 88 + 28.84 87’ — 24.2467" — 0.44607 
+. 24.28 da’+ 0.29 68/4 1.79 6S + 1448 —0.0489 


This shows clearly the effect of each source of error; but in prac- 
tice it will usually be sufficient to compute only the coefficients 
of da and dd. In the present example, therefore, we should take 


oD = — 1°.24 — 24.84 da — 0.27 38 


which will finally be fully determined when da and 00 have been 
found from nearly corresponding observations at Greenwich or 
elsewhere. 


SEVENTH METHOD.——BY LUNAR DISTANCES. 


247. The distance of the moon from a star may be employed 
in the same manner as the right ascension was employed in 
Arts. 229, &c., to determine the Greenwich time, and hence the 
longitude. If the star lies directly in the moon’s path, the 
change of distance will be even more rapid than the change of 
right ascension; and therefore if the distance could be measured 
with the same degree of accuracy as the right ascension, it would 
give a more accurate determination of the Greenwich time 
The distance, however, is observed with a sextant, or other re- 
flecting instrument (see Vol. II.), which being usually held in 
the hand is necessarily of small dimensions and relatively infe- 
rior accuracy. Nevertheless, this method is of the greatest im- 
portance to the travelling astronomer, and especially to the 
navigator, as the observation is not only extremely simple ahd 
requires no preparation, but may be practised at almost any 
time when the moon is visible. 

The Ephemerides, therefore, give the true distance of the 
centre of the moon from the sun, from the brightest planets, and 
from nine bright fixed stars, selected in the path of the moon, 
for every third hour of mean Greenwich time. The planets em- 
ployed are Saturn, Jupiter, Mars, and Venus. The nine stars, 
known as lunar-distance stars, are a Arietis, a Tauri (Aldebaran), 
3 Geminorum (Pollux), a Leonis (Regulus), a Virginis (Spica), 
a Scorpii (Antares), a Aquils (Altair), a Piscis Australis (Fomel- 
haut), and a@ Pegasi (Markab). 

The distance observed is that of the moon’s bright limb from a 
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star, from the estimated centre of a planet, or from the limb of 
the sun. The apparent distance of the moon’s centre from a star 
or planet is found by adding or subtracting the moon’s apparent 
(augmented) semidiameter, according as the bright limb is nearer 
to or farther from the star or planet than the centre. The ob- 
served distance of the sun and moon is always that of the nearest 
limbs, and therefore the apparent distance of the centres is found 
by adding both semidiameters.* 

The apparent distance thus found differs from the ¢true (geo- 
centric) distance, in consequence of the parallax and refraction 
which affect the altitudes of the objects, and consequently also 
the distance. The true distance is therefore to be obtained by 
computation, the general principle of which may be exhibited in 

_. asimple manner as follows. Let Z, Fig. 29, 

Fig. 29. be the zenith of the observer, I’ and S’ the ob- 
y served places of the moon and star, {MM the 
parallax and refraction of the moon, SS’ the 

refraction of the star, so that Mand S are the 

\ _ geocentric places. The apparent altitudes of 

* the objects may either be measured at the same 

time as the distance, or, the local time being 

known, they may be computed (Art. 14). The apparent zenith dis- 
tances, and, consequently, also the true zenith distances, are there- 
fore known. In the triangle Z/M/’S’ there are known the three 
sides, M’S’ the apparent distance of the objects, 7’ the apparent 
zenith distance of the moon, and ZS’ the apparent zenith distance 
of the star; from which the angle Z is computed. Then, in the 
triangle ZMS there are known the sides, ZM the moon’s true 
zenith distance, and ZS the star’s true zenith distance, and the 
angle Z; from which the required true distance MS is computed. 

In this elementary explanation the parallax and refraction of 
the moon are supposed to act in the same vertical circle 7, 
whereas parallax acts in a circle drawn through the moon and 
the geocentric zenith (Art. 81), while refraction acts in the vertical 
circle drawn through the astronomical zenith. Again, when the 
moon, or the sun, is observed at an altitude less than 50°, it is 
necessary to take into account the distortion of the dise produced 


wwe 


Aid 
8 


* We may also observe the distance from the limb of a planet, provided the sex- 
tant telescope is of sufficient power to give the planet a well-defined disc; and the 
planet’s semidiameter is then also to be added or subtracted. 
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by refraction if we wish to compute the true distance to the 
nearest second of arc (Art. 183). These features, which add 
very materially to the labor of computation, cannot be over- 
looked in any complete discussion of the problem. 

Simple as the problem appears when stated generally, the 
strict computation of it is by no means brief; and its importance 
and the frequency of its application at sea, where long computa- 
tions are not in favor, have led to numerous attempts to abridge 
it. In most instances the abbreviations have been made at the 
expense of precision; but in the methods given below the error 
in the computation will always be much less than the probable 
error of the best observation with reflecting instruments: so that 
these methods are entitled to be considered as practically perfect. 

With the single exception of that proposed by BEssE,* all the 
solutions depend upon the two triangles of Fig. 29, and may be 
divided into two classes, rigorous and approximative. In the 
rigorous methods the true distance is directly deduced by the 
rigorous formuls of Spherical Trigonometry ; but in the approxi- 
mative methods the difference between the apparent and the 
true distance is deduced either by successive approximations or 
from a development in series of which the smaller terms are 
neglected. Practically, the latter may be quite as correct as the 
former, and, indeed, with the same amount of labor, more 
correct, since they require the use of less extended tables of 
logarithms. I propose to give two methods, one from each of 
these classes. 


A.—The Rigorous Method. 


248. For brevity, I shall call the body from which the moon’s 
distance is observed the sun, for our formule will be the same 
for a planet, and for a fixed star they will require no other 
change than making the parallax and semidiameter of the star 
zero. 


* Astron. Nach. Vol. X. No. 218, and Astron. Untersuchungen, Vol. II. Burssgu’s 
method requires a different form of lunar Ephemeris from that adopted in our 
Nautical Almanacs. But even with the Ephemeris arranged as he proposes, the 
computation is not so brief as the approximative method here given, and its supe- 
riority in respect of precision is so slight as to give it no important practical 
advantage. It is, however, the only theoretically ezact solution that has been given, 
and might still come into use if the measurement of the distance could be rendered 
much more precise than is now possible with instruments of reflection. 
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Let us suppose that at the given local mean time 7 the obser- 
vation (or, in the case of the altitudes, computation) has given 


d=: the apparent distance of the limbs of the moon and 
sun, : 

h'= the apparent altitude of the moon’s centre, 

H' = the apparent altitude of the sun’s centre, —- 


and that in order to compute the refraction accurately the 
barometer and thermometer have also been observed. For the 
Greenwich time corresponding to 7, which will be found with 
sufficient accuracy for the purpose by employing the supposed 
longitude, take from the Ephemeris 


$ == the moon’s semidiameter, 
S = the sun’s “ 
then, putting 
d’'= the upparent distance of the centres, 
s’ = the moon’s augmented semidiameter, 
= § + correction of Table XII. 


we have 
a’=—d" + gt S 


upper signs for nearest (inner) limbs, lower signs for farthest 
(outer) limbs. 

But it the altitude of either body is less than 50°, we must 
take into account the elliptical figure of the disc produced by 
refraction. For this purpose we must employ, instead of s’ and 
S, those semidiameters which lie in the direction of the lunar 
distance. Putting 


gq = ZM'S', Q = ZS'M’ (Fig. 29) 
4s, 4S = the contraction of the vertical semidiameters of the 
moon and sun for the altitudes h’ and #’, 


the required inclined semidiameters will be (Art. 188) 


s’ — AS cos’ g and S — aS cos’? @ 


The angles g and Q will be found from the three sides of the 
triangle ZM'S’, taking for d’ its approximate value d’'+ s’+ 8S 
(which is sufficiently exact for this purpose, as great precision in 
g and @ is not required), and for the other sides 90°— h’ and 
90°— H’. If we put 

m = 3( + H'4+ a’ 


BY LUNAR DISTANCES. 897 
we shall have 


cos m sin(m — H’) cos m sin(m — h’) 


inzéq— ae +12 bas 
oes sin d’ cos h’ ee sin d’ cos H’ 2) 
and then the apparent distance by the formula 
d'== d" +(s'— As cos?q) + (S — AS cos? Q) (446) 


We are now to reduce the distance to the centre of the earth. 
We shall first reduce it to that point of the earth's axis which 
lies in the vertical line of the observer. Designating this point 
as the point O, Art. 97, let 


d,, h, H, = the distance and altitudes reduced to the point 
0, 
r, & = the refraction for the altitudes h’ and #7’, 
m, P = the equatorial hor. parallax of the moon and 
sun. 


The moon’s parallax for the point O will be found rigorously 
by (127), but with even more than sufficient precision for the 
present problem by adding to z the correction given by Table 
XIII. Denoting this correction by az, we have 


™ 2+ Ar 
h=h’—r+x7,cos(h'—r) H,=f’— R+4+ Poos(H' — R) (447) 


The parallax P is in all cases so small] that its reduction to the 
point O is insignificant. 

If, then, in Fig. 29, Mf and S represent the moon’s and sun’s 
places reduced to the point O, and we put 


Z = the angle at the zenith, MZS, 


we shall have given in the triangle M’ZS’ the three sides 
d’, 90° — h’, 90° — A’, whence 
cos 4 (h' + H’ + a’) cos 3 (h’ + H' — a’) 


cos? 4 Z = Ne Sl ee eNO 
cos hh’ cos H’ 


and, then, in the triangle MZS we shall have given the angle 7 
with the sides 90° — h, and 90° — HZ, whence the side MS = d, 
will be found by the formula [Sph. Trig. (17)], 


sin? $d, = cos* 3 (A, + H,) — cos Ah, cos H, cos? 4Z 
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To simplify the computation, put 
m= 3 (N+ H' + @’) 
then the last formula, after substituting the value of Z, becomes, 


sin’ $d, = cos? 4(h, + A,) — ee cos m cos (m — d’) 
cos fh’ cos H’ 


Let the auxiliary angle M be determined by the equation 


cos h, cos H, cos m cos (m — d’) (448) 


sin? MS 
cos h’ cos H’ cos? 4(h, + Ah) 


then we have* 


sin 4d, = cos } (hk, + H,) cos M (449) 


Finally, to reduce the distance from the point O to the centre 

Fig. 30. of the earth, let P (Fig. 30) be the north pole of 

A the heavens, J, the moon’s place as seen from the 

point O, JA the moon's geocentric place, S the 

yw. stun’s place (which is sensibly the same for either 

point). The point O being in the axis of the 

celestial sphere, the points JZ, and M evidently lie 

in the same declination circle PM,M. Hence, 
8 putting 


d = the geocentric distance of the moon and sun = SUX, 
d, = SM, 

6 = the moon’s geocentric declination == 90° — PM, 

é, = the declination reduced to the point O = 90° — PM, 
4 = the sun’s declination == 90° — PS, 


we have, in the triangles PMS and MMS, 


cos d. — cos (6. — 8) cosd ain A — sin é6cos d 
cos PMS — -— 1 ___ - C toed ak So 
sin (6, — 4) sin d cos 6 sin d 


We may put cos (dé, —- 6) == 1, and, therefore, 


sin (6, — 4) 


cos d, — cos d = 
cos 6 


(sin 4 — sin 6 cos @) 


ne ee ee 


* This transformation of the formule is due to Borpa, Description et usage du cercle 
de réflavion. 


BY LUNAR DISTANCES. 399 


and since d —'d, is very small, we may put cos d, — cos d = 
sin (d — d,) sin d,, and hence, very nearly, 
dd, =A" (" 4 =. | 


cosé \sind, tand, 


Substituting the value of 6, — 6 from (122), 


d —d,= Ansin g(—"" =~ | 


sind,  tand, ae 
in which ¢g is the latitude of the observer, and log A may be 
taken from the small table given on p. 116. The correction 
given by this equation being added to d,, we have the geocentric 
distance d according to the observation. 
To find the longitude, we have now only to find the Green- 
wich mean time 7, corresponding to d, by Art. 66, and then 


L=T,—T (451) 


ExamMPLE.—In latitude 35° N. and assumed longitude 150° W., 
1856 March 9, at the local mean time 7’= 5* 14” 6’, the ob- 
served altitudes of the lower limbs and the observed distance 
of the nearest limbs of the moon and sun were as follows, cor- 
rected for error of the sextant: 


h” = 52° 34’ 0” HH" = 8° 56! 23” d”’ == 44° 36’ 58.6 


The height of the barometer was 29.5 inches, Attached therm. 
60° F., External therm. 58° F. 

I shall put down nearly all the figures of the computation, in 
order to compare it with that of the approximative method to be 
given in the next article. 

Ist. The approximate Greenwich mean time is 5* 14” 6" + 10° 
== 15° 14" 6’, with which we take from the American Ephemeris 


s = 16 23".1 x == 60/ 1".9 6= + 14°19’ 
S=16 80 P= 876 As see: AO OF 


2d. To find the apparent semidiameters, we first take the 
augmentation of the moon’s semidiameter from Table XIL., 
=: 14/’.0, and hence find 


e = 16 37".1 
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Then to compute the contraction produced by refraction we find 
from the refraction table, for the given observed altitudes, the 


contractions of the vertical semidiameters (Art. 132), 
As = 0.4 AS = 9".6 


With the approximate altitudes and distance of the centres we 
then proceed by (445), as follows: 


ad’ = 40° 10’ log cosec d’ 0.1493 log cosec d’ =: 0.1498 
h’ = 62 561 log sec h’ 0.2190 

H' = 9 12 log sec H' 0.0056 
m == 63 37 log cos m 9.7782 log cos m 9.7732 


m — H' = 44 26 
m—h' = 0 46 


log sin(m— H') 9.8450 
log sin (m — hk’) 8.1265 


9.9865 8.0546 
log sin $9 9.9933 log sin + Q 9.0273 
q= 159° 56’ Q= 12°14’ 
log cos* g 9.9466 log cos? Q 9.9800 
log As 9.6021 log AS 0.9828 
9.5477 0.9628 

As cos? g = 0."4 AS cos? Q= 9".2 


Hence we have, by (446), 


d" = 44° 36° 58”.6 
s’— As cos’ g = 16 36 .7 
S — aS cos? Q = 15 58 .8 
d'=45 9 34.1 


8d. To find the apparent and true altitudes of the centres.—The 
apparent altitudes of the centres will be found by adding the 
contracted vertical semidiameters to the observed altitudes of the 
limbs. ‘he apparent altitudes, however, need not be computed 
with extreme precision, provided that the differences between 
them and the true altitudes are correct; for it is mainly upon 
these differences that the difference between the apparent and 
true distance depends. 

The reduction of the moon’s horizontal parallax to the point 
O for the latitude 35° is, by Table XIII., az = 3/’.9; and hence 
we have 


nm, == m+ Ar = 60' 5.8 


and the computation of the altitudes by (447) is as follows: 
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h” = 52° 34’ 0” AT" =. 8° 56’ 23” 
Vert. semid. = 16 387 Vert. semid.-- 15 58 
h’ = 52 50 387 AM’ =—9 12 21 
Table Ilr = 42.7 R <2 5 33 6 
W’—r = 52 49 54.8 H'—~R =9 647 A 
log x, 8.55700 log P 0.9345 
log cos (h’ — r) 9.78115 log cos(’— R) 9.9945 
3.33815 0.9290 
z,cos (h’—r) = 36’ 18".5 Pcos(H’— Rk) = 8”.5 
h, == 58° 26’ 12.8 H, = 9° 6' 55".9 


4th. We now find the distance d, by (448) and (449), as follows: 


d'== 45° 9! 34”.1 

W’ = 52 50 37 ~=logsec 0.2189688 

Hf’= 9 12 21 ~~ logsee  0.0056300 

m==953 36 16.1 log cos  9.7733154 
m—d'= 8 26 42. logcos 9.9952654 
h, =53 26 12.8 log cos  9.7750333 
H,= 9 655.9 log cos 9.9944803 


2) 9.7626927 

98813464 
$(h,-+ H,) = 31 16 34.4 logcos 9.9318007 ......... 9.9318007 
log sin Mf 9.9495457 log cos M 9.658383() 
$d,= 22 54 9.2 log sin } d, 9.5901887 


d,== 45 48 18 4 


5th. To find the geocentric distance, we have, by (450), 
for yg == 35°, 


log A 7.8249 d == -+ 14° 19’ 
log z 3.5565 4=— 4 3 
log sin ¢ 9.7586 ° 
TM00 5:3. hateiee See ea eae 1.1400 
log sin 4 = n8.8490 log sin é 9.3932 
log cosec d, 0.1445 log cot d, 9.9878 
n0.13385 n0.5210 
— 14 — 3.3 
ad—d,= — 4.7 


d == 45° 48’ 13”.7 


6th. To find the Greenwich mean -time corresponding to.d, 
Vox. I.—26 
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and hence the iongitude, according to Art. 66, we find an ap- 
proximate ti:ne (7’) + ¢ by simple interpolation, and then the 
required time 7, = (7) +7¢+ at, taking at from Table XX., 
with the arguments ¢ and aQ (= increase of the logarithms in 
the Ephemeris in 8"), as follows: 

By the American Ephemeris of 1856 for March 9, we have 


(T) = 15% 0" 0° (d) = 45° 40’ 54” Q—0.2510 aQ=+17 
d =45 48 18.7 


t — 018 4 713.7 log = 2.6432 
At = — I log ¢t = 2.8912 
T= 15 18 8 
T= 14 6 
L= 9 58 57 


B.—The Approximative Method. 


249. I shall here give my own method (first published in the 
Astronomical Journal, Vol. I.), as it yet appears to me to be 
the shortest and most simple of the approximative methods 
when these are rendered sufficiently accurate by the introduction of all 
the necessary corrections. Its value must be decided by the im- 
portance attached to a precise result. There are briefer methods 
to be found in every work on Navigation, which will (and should) 
be preferred in cases where only a rude approximation to the 
longitude is required. 

As before, let 


h’, H’ = the apparent altitudes of the centres of the moon 
and sun, 
dad" = the observed distance of the limbs, 
s, S = their geocentric semidiameters, 
x, P = their equatorial horizontal parallaxes, 
s’ = the moon’s semidiameter, augmented by Table 
XII, 
m, == the moon’s parallax, augmented by Table XIII. 


We shall here also first reduce the distance to the point O of 
Art. 97. The contractions of the semidiameters produced by 
refraction will be at first disregarded, and a correction on that 
account will be subsequently investigated. If then in Fig. 29, 
p. 894, M’ and S’ denote the apparent places, M and S the places 
reduced to the point O, we shall here have 
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d’=-d"+e+S—M'S', d,== MS, 
h! == 90° — ZM’, H' =: 90° — ZS’, 
h, = 90° — ZM, H, = 90° — ZS, 


and the two triangles give 


cos d, — sin fA,sin H, cos d' — sin A’ sin H’ 


cos Z = = 
cos fA, cos H, cos h' cos 


from which, if we put 


sin 1, sin H, cos h, cos H, 
M == ->- Lo n= nnn 
sin A’ sin H’ cos A’ cos A’ 


a 


we derive 


cos d’ — cos d, == (1 — n) cos d’ + (n — m) sin A’ sin H’ (a) 


Put 
ad = d,—d' sh-=h,—h SH = H' — H, (6) 
then we have 
cos d’— cos d, = 2 sin $ Ad sin (d’ + $ Ad) (c) 
and 
1— cos (h’-+ ah) cos (H' — af) 
~ cosh’ cos H’ 
2sin 4 Ahsin (h’+ 3 ah) 2sinsAHsin(H'’— 34H) 
= (1—BintstunG aby), (,, bntamenca—taz) 
cos h cos HT 
2 sin 4 AA sin (h’ + 3 Ah) 2sin 44M sin (H’— ja) 
l —~n2= OO 
cos h’ cos H’ 
4. ising ah sin} aH sin (f+ } ah) sin (H” — 44H) ( 
cos h’ cos ff’ *) 
Also 
1 —m= sin h’ cos A, sin H’' cos H, — cos h’ sin h, cos H’ sin A, 
sin A’ cos h’ sin H' cos H' 
substituting in which the values 
2 sin h’ cosh, = sin (2A’ + Oh) — sinah 
2 cosh’ sinh, =sin(2h’ + ah) + sinah 
2 sin H’cos H, = sin (2 A’ — aff) + sina 
2 cos.H’sin H, = sin (2.H’ — oH) — sinaH 
we find 
m= sin 6 1 sin(2h'+ ahy —sin ahsin (2 H’—aH) (e) 


2 sin fh’ cos W’ sin A’ cos A’ 
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Substituting (c), (d), and (e) in (a), and at the same time, fo: 
brevity, putting 
2 sin $ 4h sin (h’ + 24h) 


A, = 
cos h 
os __ sin ah sin (2 H’— a) 
: 2 cos h’ cos AH’ 
o-——? sin} OH sin (H’ — 34H) 
: cos H’ 
D = sin Aff sin (2 h’ + ah) 
i 2 cos h’ cos H’ 


we have 
2 sin $ Adsin (d’+- 4 ad) =A, cosd’+ B, + C,cosd’+D,—A,C,cos2’ (f) 


This formula is rigorously exact; but, since ad is always less 
than 1°, it will not produce an error of 0’’.1 to substitute the ares 
dad, $ah, &c. for their sines, or $ad sin 1’, } ah sin 1’, &c. for 
sin 4 ad, sin $ah, &.; and therefore we may write 


Ad sin (d’+ 3 Ad) =.A,cosd'-+- B, + C, cosd’+D,— A,C,sin 1" cosd’ (9) 


in which A,, B,, C,, D,, now have the following signification : 


ae a -sin(A’ + 44h) 
p,— —_ah_ sin (2 H' ~ aH) 
cos h’ 2 cos H’ 
“= — ee 4447) 
OH sin(2h’'+ ah) 
D, = . —— 


cos H’ 2 cos h’ 


The next step in our transformation consists in finding con- 
venient and at the same time sufficiently accurate expressions 
of sh and af. Let 


r, R = the true refractions for the apparent altitudes A’ and 
H'; 


then we have,within less than 0’’.1, 


4h = x, cos(h’ —r—r 
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If we neglect r in the term z, cos (h’ — r), the error in this term 
will never exceed 1’; but even this error will be avoided by 
tuking the ap procuae expression 


cos (h' — r)= cos h’-+ sins sin A! 
and we shall then have 
Sh = 7m, cos h’ — r + 7, sin 7 sinh’! 


nz, sin 7 sin h’ 
= (z, cosh'—r ( jie Saari aes =} 
= i ea er nm, cos h! — 


Since the second term of the second factor produces but 1’ 
in Ah, we may employ for it an approximate value, which will 
still give af with great precision. Denoting this term by k, we 
have 


mh sinr sini’ — sinr tanh’ 
x, cos h’ — r renee E 

mr, cos h’ 

or, very nearly, 
k = sinr tan n'( 1+ pie hae 

x, cosh 
If we put 
r==acoth’, 


in which @ has the value given in Table II., we have 


k= asin I"(1 + 

z, sin ee 
Now, @ increases with h’, but in such a ratio that k remains very 
nearly constant for a constant value of z, We may without 
sensible error take z, = 57’ 30’ = 3450", which is about the 
mean value of z,, and we shall find for a mean state of the air, 
by the values of @ given in Table IT., 


for h’== 5° k = 0.000291 
W = 45 k = 0.000286 
h’ = 90 k = 0.000285 
Hence, if we take 
k = 0.00029 
the formula : 
Ah == (x, cos h’— r) (1 + &) , (452) 


will give ah within gg¢,5, of its whole amount, that is, within less 
than 0/’.02 in a mean state of the air. For extreme variations 
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of the density of the air, it is possible that the refraction may 
be increased by its one-sixth part, and & will also be increased 
by its one-sixth part. But, as the term depending on & is not 
more than 1’, the error in ah, even in the improbable case 
supposed, will not be greater than 0/.16. The formula (452) 
may therefore be regarded as practically exact with the value 
k = 0.00029. 

A strict computation of the sun’s ora planet’s altitude requires 


the formula 
SH = R— P cos (H’— R) 


but FP is in all cases so small that the formula 
OH — R — P vos H' (453) 


will always be correct within a very small fraction of a second. 
Now, let 

Poa , && : 

r= oak! R' == aoa i! (454) 
The quantities r’ and R’ computed from the mean values of the 
refraction are given in Table XIV. under the name “ Mean 
Reduced Refraction for Lunars.’”’ The numbers of the table 
are corrected for the height of the barometer and thermometer 
by means of Table XIV.A and B. These tables are computed 
from Besseu’s refraction table, assuming the attached ther. 
mometer of the barometer, and the external thermometer, to 
indicate the same temperature, which is allowable in our present 
problem.* By the introduction of r’ and &’, we obtain 


ah oH 


———._ = (nz, —r’) (1 see beschul pe see 
(7; r)¢ + k) vos H’ P 


and the coefficients of formula (g) become 


cone 


* If it is desired to compute 7’ and R’ with the utmost rigor, it can be done by 
Table II., by taking (Art. 107) 


Ayi AyA 
pa OBAY pr— 284? 
sin h’ sin Hf’ 


Thetables X1V. and XIV.A and B give the correct values to the nearest second in all 
practical cases. 
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Av==  (m — 1’) (14 & ain (A’ 4+ 44h) 

; sin (2 H’—a Hf) 
ac Na) earner 7 

C, = — (R’ — P) sin (H’— 14Hf) 
2 cos h! 

The term A, C, sin 1’’ cosd’ is very small, its maximum being 
only 1’. It is easy to obtain an approximate expression for it 
and to combine it with the term A,cosd’. In so small a term 
we may take 


C, sin 1” — R’sin 1" sin H’ — — sin Rtan H’= —k 
and hence 
A, — A,Q, sin 1”== A, (1 + k) = (x, — 7’) (1 + AD in (A + 3 A) 


If now we put 
sin (h’ + 44h) 


A= (1 + 4)’. 
sin h’ 
sin(2 H’— aff) 
B=(l k) ——_—___—-— 
ots) sin 2 Hf’ 
(455) 
ope sin (H’ — 44H) 
a sin Hf’ 
p= sin (2 h’ + ah) 
sin 2 h’ 
and 
A’== (x, —?) Asinh’ cot d’ 
B' = — (x, —1?") Bsin H’ cosee da’ 
( 1 1456, 


("== —(R’— P) Csin Hf’ cot d’ 
D'= = (R'—P) Dsinh'cosec d’ 


the formula (g) becomes, when divided by sind’, 


sin (d'-+ }ad) 


ad ; 
sin @’ 


=: A’+ B’+ C'+ D’ 


the first member of which may be put under the form 


2 sin }ad cos (d’ + tad 
ae 
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so that if we put 
ad?sin 1” cos (d’ + 44d) 
‘ 2 sin d’ 


or, within 0/’.15, 
r = — $Ad’sin 1” cot d’ (457) 
we have 
ad=A'4+ BLO 4 Di+ a (458) 


The terms A’, B’, C’, and D’ are computed directly from the 
apparent distance and altitudes by (456), and with sufficient 
accuracy with four-figure logarithms. The logarithms of A, B,C, D, 
are given in Table XV., log A and log D with the arguments 
z,—r’ and h’; log B and log C with the arguments R’— P 
and Hf’. In the construction of this table ah and a/T are com- 
puted by (452) and (453), and then the logarithms of A, B, C, D, 
by (455). 

The sum A’+ B’ + C’-+ D’ is called the “first correction of the 
distance,” and, being very nearly equal to ad, is used as the argu- 
ment of Table XVI, which gives x, or the “second correction 
of the distance,” computed by (457). When zis greater than 30” 
and the distance small, it will be necessary to enter this table a 
second time with the more correct value of ad found by em- 
ploying the first value of z. 

The correction ad being thus found and added to d’, we have 
d,, or the distance reduced to the point O. The reduction to the 
centre of the earth is then made by (450). This reduction is 
also facilitated by a table. If we put 


N= Ax("* _ sin ’) 
sin d, tan d, 
and then 
pas sin é ees, date nz 
tan d, sin d, 
we shall have 
N=a-+6 (459) 


and a and 6 ean be taken from Table XIX. where a is called “the 
first part of 1,” and 6 “the second part of V.”’ We then have 


d — d, =: N sin Y (460) 


which is the correction to be added to d, to obtain the geocentric 
distance d. Table XIX. is computed with the mean value of 
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x == 57’ 30’, which will not produce more than 1” error in 
d —d,in any case. But, if we wish to compute the correction 
for the actual parallax, we shall have, after finding WV by the 
table, 

ue 


d—d,= Nain X oe 


(460*) 


z being in seconds. 

The trouble of finding the declinations of the bodies and the 
use of Table XIX. would be saved if the Almanac contained the 
logarithm of V in connection with the lunar Ephemeris. The 
value of log Nin the Almanae would, of course, be computed 
with the actual parallax, and (460) would be perfectly exact. 

We have yet to introduce corrections for the elliptical figure 
of the discs of the moon and sun produced by refraction. These 
corrections are obtained by Tables XVII. and XVII, which are 
constructed upon the following principles. Let 


As,, 4S, = the contractions of the vertical semidiameters, 
As, AS = the contractions of the inclined semidiameters; 


then we have (Art. 188) 
AS = AS, cos? g AS = AS, cos? Q 


where g = the angle ZM'S’ (Fig. 29) and Y= ZS’M’. We 
have 
sin H’ — sin h’ cosd’ 


aid cos h’ sin a’ 
But, by (456), 
sin B' sinh’ cosd’ _ A’ 
cosh’sind’ = B(x,—r’) cosh’ cos A’ sind’ ~— A(x, — 1’) cosh’ 
so that 
cos g@ = — A + =) ee. ee 
= A B }(x,— 1) cosh’ 


If we put A = 1 and B = 1, which are approximate values, we 
shall have 


r 4 
cos q —_ — ea Jee 
(z,—1’) cosh 
~ , t 2 
As = AS, | (461) 
(2, -- 1) cosh! 
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in order to ascertain the degree of accuracy of this formula, 
we observe that the errors in cos q produced by the assumption 
A = 1, B = 1, are 
tan h’ sin Hf’ 
= (A — 1) —— ‘=—(1— B 
ae ) tan d’ ia ) cos h’ sind’ 
the errors in cos?g are 


2€ COS q 2’ cos 
and the errors in 4s are, therefore, 


__ 2a8,(A — 1) tan h'cos q A 2as, (1 — B) sin H' cos q 


tan d’ : cos A’ sin d’ 


In order to represent extreme cases, let us suppose q = 0 and 
H’ = 90°, which will give e, and e,’ their greatest values; then 
we shall find for the different values of h’ the following errors: 


h’ e, tan d’ e,' sin a’ 

5° 0".45 0”.02 
10 16 .00 
15 .08 .00 
80 02 -00 
50 .00 .00 


It can only be for very small values of d’ that the error e, can be 
important, even for A’== 5°; and, as these small values of the 
distance are always avoided in practice, our formula (461) may 
be considered quite perfect. 

In the same manner, we shall find 


= mel 
aS = AS, [. eS wT (462) 


which is even more accurate than (461). 
These formutz are put into tables as follows. For the moon, 
Table XVIIA, with the arguments 4’ and z,— 1’, gives the 


value of 
oe eee ee 
_— (x, — 1’)? cos? h’ xf 
where fis an arbitrary factor (== 18000000) employed to give g 
convenient integral values. Then Table XVII.B, with the argu- 
ments g and A’-+ B’, gives 
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AS == (A’ + BY 4 7 


For the sun, Table XVIIL.A, with the arguments H’ and 2’ — P, 
gives the value of 
(A! — P)* cos? H’ 


G = +. x F 
as ‘ 


in which P=; and Table XVIILB gives 
AS = (c" -- D'; >< 5 


In these tables A’-+ B’ is called the “whole correction of the 
moon,” and C’+D’ the “whole correction of the sun.” Ags 
these quantities are furnished by the previous computation of 
the true distance, the required corrections are taken from the 
tables without any additional computation. 

The values of as and aS are applied to the distance as follows: 
when the limb of the moon nearest to the star or planet is 
observed, as is to be subtracted, and when the farthest limb is 
observed, as is to be added; when the sun is observed, both as 
and aS are to be subtracted from d. 

In strictness, these corrections should be applied to the dis- 
tance d’, and the distance thus corrected should be employed in 
computing the values of A’, B’, C’, and D’. This would 
require a repetition of the computation after as and aS had been 
found by a first computation; but this repetition will rarely 
change the result by 0’.5. In the extreme and improhable case 
when the distance is only 20° and one body is at the altitude 5° 
and the other directly above it in the same vertical circle (so that 
the entire contraction of the vertical semidiameter comes into 
account), such a repetition would change the result only 1/’.8; 
and even this error is much less than the probable error of 
sextant observations at this small altitude, where the sun and 
moon already cease to present perfectly detined discs. 


250. I shall now recapitulate the steps of this method. 
Ist. The local mean time of the observation being 7, and the 
assumed longitude L, take from the Ephemeris, for the approxi- 
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mate Greenwich time 7’-++ Z, the quantities s, S, z, P, 0, and a. 
(For the sun we may always take P == 8’'.5; for a star, S == 0, 
P=: 0.) 

2d. If h’, H’’, d” denote the observed altitudes and distance 
of the limbs, find 


s'=- s + correction of Table XII, 
m, == x-+ correction of Table XTII., 


and the apparent altitudes and distance of the centres, 
= hs 8, H' =: H"= S, d'=—d"+s'+S8 


upper signs for upper and nearest limbs, lower signs for lower 
and farthest limbs. 

For the altitudes A’ and HY’, take the “reduced refractions” 
r’ and R’ from Table XIV., correcting them by Table XIV.A 
and B for the barometer and thermometer. Then compute the 
quantities 


A’ = («,— 17’) Asinh' cot d’ C’= —(R’'- P)Csin H'cotd’ 
B' = —(x,—7) Bsin H’cosecd’ D'= (R'— P)Dsinh'cosecd’' 


for which the logarithms of A, B,C, and D are taken from 
Table XV. In this table the argument z, — 7’ is called the 
“reduced parallax and refraction of the moon,’ and #’ — P the 
reduced retraction and parallax of the sun (or planet) or star.” 
For a star this argument is simply A’. 

When d’> 90°, the signs of A’ and C’ will be reversed. It 
may be convenient for the computer to determine the signs by 
referring to the following table : 


A! B' c”’ D' 
d' < 90° + ee am + 
a> | — | — | + | + 


3d. The terms A’ and B’, which depend upon the moon’s 
parallax and refraction, may be called the first and second parts 
of the moon’s correction, and the sum A’-++ B’ the “ whole cvr- 
rection of the moon.”” In like manner, C’ and D’ may be called 
the first and second parts of the sun’s, planet’s, or star’s correc: 
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tion, and the sum C’-+ D’ the “whole correction of the sun, 
planet, or star.” 

The sum of these corrections = A’+ B’+ C’+ D’ may be 
called the “first correction of the distance.” Taking it as the 
upper argument in Table XVI, find the second correction = z, 
the sign of which is indicated in the table. 

4th. Take from Table XVII.A and B the contraction of its 
inclined semidiamcter = as. If the sun is the other body, take 
also the contraction from Table XVIILA and B,=aS. The 
sign of either of these corrections will be positive when the 
farthest limb is observed, and negative when the nearest limb is 
observed. 

Sth. The correction for the compression of the earth is = 
Nsin ¢, ¢ being the latitude; and \ may be accurately com. 
puted by the formula 

IN: An Bue n>} 


sin d, tan d, 


or it may be found within 1’ by Table XIX., the mode of con 
sulting which is evident. The sign of Vsin g will be determined 
by the signs of Vand sin gy, remembering that for south latitudes 
sin g is negative. 

All the corrections being applied to d’, we have the geocen- 
tric distance d; and hence the corresponding Greenwich time 
and the longitude. 


ExampLe.—Let us take the example of the preceding article 
(p. 399), in which the observation gives 


1856, March 9th, @ = 85° 


T = 5 14°65 DA” == 52° Bt 0" Barom. 29.5 in 
Assumed L =10 0 0 © "..- 8 56 23 Therm. 58° F. 


Approx. Gr. T. = 15 14 6 DY Od" =H 36 586 


By the Ephemeris, we have 


s = 16’ 28".1 n= 60'1".9 S=16'9"0 P=8"A 
Table XII. + 14.0 Tab. XII. 43.9 ¢=414° 4 —4° 
= 16 87 1 n,= 605 8 


The computation may be arranged as follows: 
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DA= 52° 34.0 © H" = 8° 56'.4 ad” -= 44° 36’ 58”.6 
¢= + 16.6 S = 16.1 s = 16 37 .1 
h’= 52 50.6 H = 9 12.6 S = 16 8.0 
d'=45 9 43.7 
Table XIV. 1’18".1 5’ 49”.6 
«6 a. oe (es — 6. 
46 cc RB, SEN 23 — 6. 
r= 111.1 R'== 587 .6 
= 60 5) 8 P= 8 6 
tf, —r= 5854.7 R'—~-P= 6529.0 
(Table XV.)log 4 0.0019 (Table XV.)log C 9.9978 
log (7, -- 7’) 3 5484 log (R' -- P) 2.6172 
log sin h’ 9.9015 log sin JT’ 9.2042 
log cot d’ 99975 log cot a’ 9.9975 
log .4’ 3.4495 log C" ni.7167 
A'—z + 46°58".9 C’ = ~- 82.1 
(Table XV.) log B 9.9981 (Table XV.) log D 9.9987 
log (7, - 7’) 3.5484 log (?' - P) 2.6172 
log sin 7Z' 9.2042 log sin h’ 9.90145 
log cosecd' 9.1493 log cosec d's .1498 
log B’ n2.9000 log D' 2.5667 
B' = —13'14'.3 D= + 0 8.7 
A’+ B'= + 33 39 .6 C'+ D'= +516 .6 Ist corr. = + 88’ 56”.2 
(Table XVI.) 2d corr. = -— 18.4 
Table XIX. 1st Part of V = — 6” (Table XVIL.) Ae 0. 
2d “Ma (Table XVIII.) AS== — 9. 
N= ~—8. @ = 80°. N sin 9 = --—~ 4.6 
d = 45 48 12 8 


This result agrees with that found by the rigorous method on 


p. 401, within 1”. 
To find the longitude, we now have, by the American Ephe- 


meris for March 9, 


(Fy == 15% 0" 0" (d) = 45°40'54” QQ = 0.2510 4Q=417 
d = 45 48 18 
719 log = 2.6425 
t - 018 8 log t = 2.8935 
Table XX. een | 
T,-15 18 2 
T= 5 14 6 
L = 9 58 56 


BY LUNAR DISTANCES. 415 


251. In consequence of the neglect of the fractions of a second 
in several parts of the above method, it is possible that ‘he computed 
distance may be in error several seconds, but it is easily seen 
that the error from this cause will be most sensible in cases 
where the distance is small; and, since the lunar distances are 
given in the Ephemeris for a number of objects, the observer 
can rarely be obliged to employ a small distance. If he confines 
himself to distances greater than 45° (as he may readily do), the 
method will rarely be in error s0 much as 2”, especially if he 
also avoids altitudes less than 10°. When we remember that 
the least count of the sextant reading is 10’, and that to the 
probable error of observation we must add the errors of gradua- 
tion, of eccentricity, and of the index correction, it must be con- 
ceded that we cannot hope to reduce the probable error of an 
observed distance below 5’’, if indeed we can reduce it below 
10’. Our approximate method is, therefore, for all practical 
purposes, a perfect method, in relation to our present means of 
observation. 


252. If the altitudes have not been observed, they may be 
computed from the hour angles and declinations of the bodies, 
the hour angles being found from the local time and the right 
ascensions. But the declination and right ascension of the moon 
will be taken from the Ephemeris for the approximate Green- 
wich time found with the assumed longitude. If, then, the assumed 
longitude is greatly in error, a repetition of the computation may 
be necessary, starting from the Greenwich time furnished by the 
first. As a practical rule, we may be satisfied with the first 
computation when the error in the assumed longitude is not 
more than 80°. In the determination of the longitude of a fixed 
point on land, it will be advisable to omit the observation of the 
altitudes, as thereby the observer gains time to multiply the 
observations of the distance. But at sea, where an immediate 
result is required with the least expenditure of figures, the alti- 
tudes should be observed. 


253. At sea, the observation is noted by a chronometer regu- 
lated to Greenwich time, and the most direct employment of the 
resulting Greenwich time will then be to determine the true 
correction of the chronometer. This proceeding has the advan. 
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tage of not requiring an exact determination of the local time at 
the instant of the observation. 

For example, suppose the observation in the example above 
computed had been noted by a Greenwich mean time chrono- 
meter which gave 15* 10” 0°, and was supposed to be slow 4™ 6°. 
The true Greenwich time according to the lunar observation 
was 15* 13" 0°, and hence the true correction was + 3" 0°. With 
this correction we may at any convenient time afterwards deter- 
mine the longitude by the chronometer (Art. 214). 

In this way the navigator may from time to time during a 
voyage determine the correction of the chronometer, and, by 
taking the mean of all his results, obtain a very reliable correc- 
tion to be used when approaching the land. He may even 
determine the rate of the chronometer with considerable accu- 
racy by comparing the mean of a number of observations in 
the first part of the voyage with a similar mean in the latter 
part of it. 


254. To correct the longitude found by a lunar distance for errors 
of the Ephemeris.—In relation to the degree of accuracy of the 
vbservation, we may in the present state of the Ephemeris regard 
all its errors as insensible except those which affect the moon’s 
place. If, therefore, the longitude of a fixed point has been 
found by a lunar distance on a certain date, the corrections of 
the moon’s right ascension and declination are first to be found 
for that date from the observations at one or more of the prin- 
cipal observatories, and then the correction of the longitude will 
be found as follows. Let 


a, d = the right ascension and declination of the moon given 
in the Ephemeris for the date of the observation, 
A, J = those of the sun, planet, or star, 
éa,dd== the corrections of the moon’s right ascension and 
declination, 
éd = the corresponding correction of the lunar distance, 
éL- the corresponding correction of the computed longi- 
tude; 


In Fig. 30, M and S being the geocentric places of the two 
bodies, as given in the Ephemeris, and ¢ denoting the distance 
MS, we have 


cos d = sin é sin Jd + vos é cos J cos (a — A) (463) 
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by differentiating which we find 


cos 6 cos 4 sin(a — A) ; 
we tee en me ee oe 


sd = 
sin 
cos 6 Jj — 5 J ‘Ur ey 
sca ue cel caegas ae (464) 
sin d 
If then 
v = the change of distance in 3°, 
we shall have 
Ba 
éL==—sdx - (465) 


if 


in computing which we employ the proportional logarithm of the 
Ephemeris, Q = log ‘ ~ “reduced to the time of the observation. 
ExaMpLe.—At the time of the observation computed in Art 
250, we have 
Moon,a = 2°11" 14 d= + 14° 184 


Sun, A == 23 22 26 jd=—-— 4 8.1 
a—-A=s 2 49 19 d = 45 48.2 
— 42° 19'.8 


with which we find, by (464), 
dd = 0.908 da + 0.35C 63 
and hence, by (465), with log Q —= 0.2511, 
é6L=- -- 1.62 9a — 0.62 53 


Suppose then we find from the Greenwich observations da = 
—~ 0°38 — — 5’.7 and dé .~ -- 4’'.0, the correction of the longi- 
ude above tound will be 


SL = +1187 


250. To find the longitude by a lunar distance not given in the 
Kphemeris.—The regular lunar-distance stars mentioned in Art. 
247 ure selected nearly in the moon's path, and are therefore in 
general most favorable for the accurate determination of the 
Greenwich time. Nevertheless, it may occasionally be found 
expedient to employ other stars, not too far from the ecliptic. 
Sometimes, too, a different star may have been observed by 
mistake, and it may be important to make use of the observation 

Vou. [1.—27 
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The true distance d is to be found from the observed distance 
by the preceding methods, as in any other case. Let the local 
time of the observation be 7, and the assumed longitude LZ. 
Take from the Ephemeris the moon’s right ascension @ and de- 
clination @ for the Greenwich time 7'-+- L, and also the star's 
right ascension A and declination 4; with which the correspond- 
ing true «distance d, is found by the formula 


cos dj == sin d sind + cos 0 cos J cos (a — A) 


Then, if d = d,, the assumed longitude is correct; if otherwise, 
put 

A == the increase of a in one minute of mean time, 

& = the increase of 6: “ ef ae 

y =the increase ofd “ sf < . 


then we have, by (464), 


cos 6 cos 4 sin (a — A) , 


—— 


cos 6 sin J — sin 6 cos J cos (a -- A) é 
eee ee . B 
sin d, sin d, 
and hence the correction of the assumed longitude in seconds 
of time, 

60 

A 

For computation Ly logarithms, these formule may be ar- 
ranged as follows: 


LL (d — d,) 


| ee tan J 
cos (a — A) 
sin 4 cos (6 — M) 
08 d, == —_—______—— 
ues si. M 
(466) 
eee ee + f.cot d,tan(é — M) 
sin d, 
af) = — A= 4) 


EXAMPLE.—Suppose an observer has measured the distance 
of the moon from Arcturus, at the local mean time 1856 March 
16, T = 10* 30” 0°, in the assumed longitude L = 6’ 0” 0’, and, 
reducing his observation, finds the true distance 

d = 78° 595’ 10” 
what is the true longitude? 
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For the Greenwich time 7’+ ZL = 16" 30” we find 


a=: SATO 8 = 4 28°12 TL = t= 4 8140 
A-= 14 9 7.04 Ja +19 55 44.8 p== — & 62 
a —A = — §* 22" 0950 — — 80° 80’ 7.5 


with which we find by (466), 


dj== 78° 55! 85". y= — 25".59 
d— d, = — 25" 6L, = -+ 58*.6 


and therefore the longitude is 6* 0” 58'.6. 


256. In order to eliminate as far as possible any constant 
errors of the instrument used in measuring the distance, we 
should observe distances from stars both east and west of the 
moon. If the index correction of the sextant is in error, the 
errors produced in the computed Greenwich time, and conse- 
quently in the longitude, will have different signs for the two 
observations, and will be very nearly equal numerically: they will 
therefore be nearly eliminated in the mean. If, moreover, the 
distances are nearly equal, the eccentricity of the sextant will 
have nearly the same effect upon each distance, and will there- 
fore be eliminated at the same time with the index error. Since 
even the best sextants are liable to an error of eccentricity of as 
much as 20’, according to the confession of the most skilful 
makers, and this error is not readily determined, it is important 
to eliminate it in this manner whenever practicable. If a circle 
of reflexion is employed which is read off by two opposite 
verniers, the eccentricity 1s climinated from each observation ; 
but even with such an instrument the same method of observa- 
tion should be followed, in order to eliminate other constant 
errors. 

It has been stated by some writers that by observing distances 
of stars on opposite sides of the moon we also eliminate a con- 
stant error of observation, such, for example, as arises from a 
faulty habit of the observer in making the contact of the moon’s 
limb with the star. This, however, is a mistake; for if the 
habit of the observer is to make the contact too close, that is, to 

ring the reflected image of the moon’s limb somewhat over 
the star, the effect will be to increase a distance on one side of 
the moon while it diminishes that on the opposite side, and the 
effect upon the deduced Greenwich time will be the same in 
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both cases. This will be evident from the following diagram, 
(Fig. 31). Suppose a and 6 
are the two stars, M the 
moon’s limb. If the observer 
. - : judges a contact to exist when 
the star appears within the 
moon’s disc as at c, the distance 
ac is toosmall and the distance 
he too great. But, supposing the moon to be moving in the direc- 
tion from ato 6, each distance will give too early a Greenwich 
time, for each will give the time when the moon's limb was 
actually atc. 

If, however, we observe the sw in both positions, this kind 
of error, if really constant, will be eliminated; for, the moon’s 
bright limb being always turned towards the sun, the error will 
increase both distances, and will produce errors of opposite sign 
in the Greenwich time. Hence, if a series of lunar distances 
from the sun has been observed, it will be advisable to form two 
distinct means,—one, of all the results obtained from increasing 
distances, the other, of all those obtained from decreasing dis- 
tances: the mean of these means will he nearly or quite free 
from a constant error of observation, and also from constant in- 
strumental errors. 


Fig. 31. 


M 


FINDING THE LONGITUDE AT SEA. 


257. By chronometers.—This method is now in almost universal 
use. The form under which it is applied at sea differs very 
slightly from that given in Art. 214. The correction of the 
chronometer on the time of the first meridian (that of Green- 
wich among American and English navigators) is found at any 
place whose longitude is known, and at the same time also its 
daily rate is to be established with all possible care. The rate 
being duly allowed for from day to day during the voyage, the 
Greenwich time is constantly known, and therefore at any 
instant when the local time is obtained by observation, the lon- 
gitude of the ship is determined. 

The local time on shipboard is always found from an altitude 
of some celestial object, observed with the sextant from the sea 
horizon. (Art. 156.) The computation of the hour angle is 
then made by (268), and the resulting local time is compared 
directly with the Greenwich time given by the chronometer at 
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the jnstant of the observation. The data from the Ephemeris 
required in computing the local time are taken for the Greenwich 
time given by the chronometer. 


EXaMPLE.—A ship being about to sail from New York, the 
muster determined the correction on Greenwich time and the 
rate of his chronometer by observations on two dates, as follows: 


1860 April 22, at Greenwich noon, chron. correction = -+ 3" 10°.0 


“ 6 30, 66 66 “ : == + 8 43 .6 
Rate in& days = 4+ 33.6 
Daily rate = ee 42 


On May 18 following, abont 7" 30" A.M., the ship being in lati- 
tude 41° 33’ N., three altitudes of the sun’s lower limb were 
observed from the sea horizon as below. The correction of the 
chronometer on that day is found from the correction on April 80 
by adding the rate for 18 days. (It will not usually be worth 
while to regard the fraction of a day in computing the total rate 
iit sea.) The record of the observation and the whole computa- 
tion may be arranged as follows: 


1860 May 18, ¢ == 41° 88’ 


Chronometer Oh 37™ Q1¢, © 29° 40°10” Barom. 30.32“ 
“« 87 68. - « 46 0 Therm. 69° F, 
* 38 20. “ 60 50 
Mean <= 9 87 61.8 Mean = 29 45 40 
Correction =—=+ 4 59.2 Indexcorr.=: — 1 10 
(ir. date = May 17, 21 42 50.6 Dip =--—- 4 2 
for which time we take from the 29 40 28 
Ephemeris the quantities Semid. = + 16 50 
©’s 6 = 19° 88’ 89” Refraction =: ~ 1 42 
Semidiameter <= 15’ 60” Parallax = + 8 
Equation of time = — 8” 499.8 h=29 64 44 
—- 4] 338 0 sec 0.12588 
P= 70 21 21 cosec 0.02604 
s= 70 564 38 cos 9.51464 
s—h = 40 59 49 sin 9.81692 
9.48348 
Apparent time =: 7432" 6.8 gin 9.74174 
Eq. of time -.-- 8 49.8 
Local mean time = 19 28 16.5 
Gr. ve ee = 21 42 «250.5 
Longitude == 214 34 = 38° 38'.5 W. 


In this observation, the sun was near the prime vertical, a posi- 
tion most favorable to accuracy (Art. 149). 
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The method by equal altitudes may also be used for finding 
the tiine at sea in low latitudes, as in Arts. 158, 159. 


258. In order that the longitude thus found shall be worthy 
of confidence, the greatest care must be bestowed upon the 
determination of the rate. As a single chronometer might 
deviate very greatly without being distrusted by the navigator, 
it is well to have at least three chronometers, and to take the 
mean of the longitudes which they severally give in every case. 

But, whatever care may have been taken in determining the 
rate on shore, the sea rate will generally be found to differ from 
it more or less, as the instrument is affected by the motion of the 
ship; and, since a cause which accelerates or retards one chro. 
nometer may produce the same effect upon the others, the agree. 
ment of even three chronometers is not an absolutely certain 
proof of their correctness. The sea rate may be found by 
determining the chronometer correction at two ports whose 
(difference of longitude is well known, although the absolute 
longitudes of both ports may be somewhat uncertain. For this 
purpose, a ‘“ Table of Chronometric Differences of Longitude’”’ is 
given in Rapgr’s Practice of Navigation, the use of which is 
illustrated in the following example. 


Exampie.—At St. Helena, May 2, the correction of a chro- 
nometer on the local time was — 0* 238” 10°38. At the Cape of 
Good Hope, May 17, the correction on the local time was 
+ 1* 14" 28°.6; what was the sea rate? 


We have 
Corr. at St. Helena, May 2d =: — 0 23" 10°.3 
Chron. diff. of long. from Raper =-+ 1 36 45. 
Corr. for Cupe of G.H., May2d =-+1 18 34.7 
a as ae “« Wth =+1 14 28.6 
Rate in days=- + 58.9 
Daily sea rate =: 4+ 3.59 


259. By lunar distances.—Chronometers, however perfectly 
made, are.liable to derangement, and cannot be implicitly relied 
upon in a long voyage. The method of lunar distances (Arts. 
247-256) is, therefore, employed as an occasional check upon the 
chronometers even where the latter are used for finding the 
longitude from day to day. When there is no chronometer on 
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board, the method of lunar distances is the only regularly avail- 
able method for finding the longitude at sea, at once sufficiently 
accurate and sufficiently simple. 

As a check upon the chronometer, the result of a lunar distance 
is used as in Art. 258. 

In long voyages an assiduous observer may determine the sea 
rates of his chronometers with considerable precision. For this 
purpose, it is expedient to combine observations taken at varioue 
times during a lunation in such a manner as to eliminate as far 
as possible constant errors of the sextant and of the observer (Art. 
256). Suppose distances of the sun are employed exclusively. 
Let two chronometer corrections be found from two nearly equai 
distances measured on opposite sides of the sun on two different 
dates, in the first and second half of the lunation respectively. 
The mean of these corrections will be the correction for the 
mean date, very nearly free from constant instrumental and 
personal errors. In like manner, any number of pairs of equal, 
or nearly equal, distances may be combined, and a mean chro- 
nometer correction determined for a mean date from all the 
observations of the lunation. The sea rate will be found by 
comparing two corrections thus determined in two different 
lunations. This method has been successfully applied in voyages 
between England and India. 


260. By the eclipses of Jupiter's satellites—An observed eclipse 
of one of Jupiter’s satellites furnishes immediately the Green- 
wich time without any computation (Art. 225.) But the eclipse 
is not sufficiently instantaneous to give great accuracy; for, with 
the ordinary spy-glass with which the eclipse may be observed 
on board ship, the time of the disappearance of the satellite may 
precede the true time of total eclipse by even a whole minute. 
The time of disappearance will also vary with the clearness of 
the atmosphere. Sincc, however, the same causes which accele- 
rate the disappearance will retard the reappearance, if both 
phenomena are observed on the same evening under nearly the 
same atmospheric conditions, the mean of the two resulting 
longitudes will be nearly correct. Still, the method has not the 
advantage possessed by lunar distances of being almost always 
available at times suited to the convenience of the navigator. 


261. By the moon's altitude.—This method, as given in Art. 243, 
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may ve used at sea in low latitudes; but, on account of the 
unavoidable inaccuracy of an altitude observed from the sea 
horizon, it is even less accurate than the method of the preceding 
article, and always far inferior to the method of lunar distances, 
although on shore it is one which admits of a high degree or 
precision when carried out as in Aft. 245. 


262. By occultations of stars by the moon.—This method, which 
will be treated of in the chapter on eclipses, may be successfully 
used at sea, as the disappearance of a star behind the moon’s 
limb may be observed with a common spy-glass at sea with 
nearly as great a degree of precision as on shore; but, on account 
of the length of the preliminary computations as well as of the 
subsequent reduction of the observation, it is seldom that a 
navigator would think of resorting to it as a substitute for the 
convenient method of lunar distances. 


CHAPTER VIII. 


FINDING A SHIP'S PLACE AT SEA BY CIRCLES OF POSITION. 


263. In the preceding two chapters we have treated of 
methods of finding the position of a point on the earth’s surface 
by the two co-ordinates latitude and longitude ; and therefore in all 
these methods the required position is determined by the inter- 
section of two circles, one a parallel of latitude and the other a 
meridian. In the following method it is determined by circles 
oblique to the parallels of latitude and the meridians. The prin- 
ciple which underlies the method has often been applied; but its 
value as a practical nautical method was first clearly shown by 
Capt. THomas H. SumMNnErR.* 

Let. an altitude of the sun (or any other object) be observed 
at any time, the time being noted by a chronometer regulated t» 
Greenwich time. Suppose that at this Greenwich time the sun 


ee amet 


we ee erm nteeneee 


* A new and accurate method of finding a ship’s position at sea by projection on Merca- 
tor’s chart- by Capt. THomas H. Sumner. Boston, 1843, 
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is vertical to an observer at the point M of the globe (Fig 32). 
Let a small circle AA’A” be described on 

the globe from M as a pole, with a polar dis- Migy a: 

tance MWA equal to the zenith distance, or 
complement of the observed altitude, of the 
sun. It is evident that at all places within 
this circle an observer would at the given 
time observe a smaller zenith distance, and 
at all places without this circle a greater 
zenith distance; and therefore the observa- 
tion fully determines the observer to be on 
the circumference of the small circle AA’A’’. If, then, the 
navigator can project this small circle upon an artificial globe or 
a chart, the knowledge that he is upon this circle will be just as valuable 
to him in enabling him to avoid dangers as the knowledge of either his 
latitude alone or his longitude alone ; since one of the latter elements 
only determines a point to be in a certain circle, without fixing 
pon any particular point of that circle. 

The small circle of the glove described from the projection o1 
the celestial object as a pole we shall call a circle of position. 

264. To find the place on the globe at which the sun is vertical (or the 
sun’s projection on the globe) at a given Greenwich time.—The sun’s 
hour angle from the Greenwich meridian is the Greenwich 
apparent time. The diurnal motion of the earth brings the sun 
into the zenith of all the places whose latitude is just equal to 
the sun’s declination. Hence the required projection of the 
sun is a place whose longitude (reckoned westward from Green- 
wich from 0* to 24") is equal to the Greenwich apparent time, 
and whose latitude is equal to the sun’s declination at that time. 


265. From an altitude of the sun taken at a given Greenwich time, 
'o find the circle of position of the observer, by projection on an artificial 
globe.—Find the Greenwich apparent time and the sun’s declina- 
tion, and put down on the globe the sun’s projection by the 
preceding article. From this point as a pole, describe a small 
virele with a circular radius equal to the true zenith distance 
deduced from the observation. This will be the required circle 
of position. 


266. The preceding ptoblem may be extended to any celestial 
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object. The pole of the circle of position will always be the 
place whose west longitude is the Greenwich hour angle of the 
object (reckoned from 0* to 24") and whose latitude is the declli- 
nation of the object. The hour angle is found by Art. 54. 


267. To find both the latitude and the longitude of a ship by cireles of 
position projected on an artificial globe.—First. Take the altitudes 
of two different objects at the same time by the Greenwich 
chronometer. Put down on the globe, by the preceding problem, 
their two circles of position. The observer, being in the circum- 
ference of each of these circles, must be at one of their two points 
of intersection; which of the two, he can generally determine 
from an approximate knowledge of his position. 

Second. Let the same object be observed at two different times, 
and project a circle of position for each. Their intersection 
gives the position of the ship as before. If between the observa- 
tions the ship has moved, the first altitude must be reduced to 
the second place of observation by applying the correction of 
Art. 209, formula (880). The projection then gives the ship's 
position at the second observation. 


268. From an altitude of a celestial body taken at a given Greenwich 
time, to find the circle of position of the observer, by projection on u 
Mercator churt.—The scale upon which the largest artificial globes 
are constructed is much smaller than that of the working charts 
used by navigators. But on the Mercator chart a circle of 

position will be distorted, and can only 

Fig. 33. be laid down by points. Let Z, 0’, L' 

. (Fig. 33) be any parallels of latitude 

p crossed by the required circle. For each 

of these latitudes, with the true altitude 

found from the observation and the polar 

distance of the celestial body taken for 

the Greenwich time, compute the local 

time, and hence the longitude, “by chro. 

nometer” (Art. 257). Let /, Ul’, ’’ be the 

longitudes thus found. Let A, A’, A’ he the points whose 

latitudes and longitudes are, respectively, L,1; LD’, VU; 1”, Us 

these are evidently points of the required circle. The ship is 

consequently in the curve AA’A”, traced through these 
points. 


~» 
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In practice it is generally sufficient to lay down only twe 
points; for, the approximate position of the ship being known, 
if L and L/ are two latitudes between which the ship may be 
ussumed to be, her position is known to be on the curve AA’ 
somewhere between A and A’. When the difference between 
IL and L’ is small, the arc AA’ will appear on the chart as e 
straight line. 


269. To find the latitude and longitude of a ship by circles of position 
projected on a Mercator chart.—First. Let the altitudes of two 
objects be taken at the same time. Assume two latitudes em- 
bracing between them the ship’s probable position, and find two 
points of each of their two circles of position by the preceding 
problem, and project these points on the chart. Each pair of 
points being joined by a straight line, 
the intersection of the two lines is B 


very nearly the ship’s position. Thus, ‘ 
if one object gives the points A, A’ < 
(Fig. 34) corresponding to the lati- L 


tudes L, Z’, and the other object the : : 
points B, B’ corresponding to the same latitudes, the ship 8 
position is the point C, the intersection of AA’ and BB’. 

It is, of course, not essential that the same latitudes should be 
used in computing the points of the two circles; but it is more 
convenient, and saves some logarithms. 

If greater accuracy is desired, the circles may be more fully 
laid down by three or more points of each. 

Second.—The altitude of the same object may be taken at two 
different times, and the circles laid down as before; the usual 
reduction of the first altitude being applied when the ship changes 
her position between the observations. 

It is evident from the nature of the above projection that the 
most favorable case for the accurate determination of the inter- 
section C’ is that in which the circles of position intersect at right 
ungles. Hence the two objects observed, or the two positions 
of the same object, should, if possible, differ about 90° in azimuth. 
This agrees with the results of the analytical discussion of the 
method of finding the latitude by two altitudes, Art. 183. 

If the chronometer does not give the true Greenwich time, the 
only effect of the error will be to shift the point C towards the 
east or the west, without changing its latitude, unless the error is 


Fig. 34. 
A’ 
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so great as to affect sensibly the declination which is taken from 
the Ephemeris forthe time given by thechronometer. Thismethod 
is, therefore, a convenient substitute for the usual method of find- 
ing the latitude at sea by two altitudes, a projection on the sailing 
chart being always sufticient for the purposes of the navigator. 
Instead of reducing the first altitude for the change of the ship s 
position between the observations, we may put down the circle 
ot position for each observation and afterwards shift one of them 
Fig. 35. by a quantity due to’ the ship’s run. 
B A’ a! , Thus, let the first observation give the 
position line AA’ (Fig. 35), and let Aa 
represent, in direction and length, the 
ship’s course and distance sailed be- 
tween the observations. Draw aa’ 
parallel to AA’. Then, BB’ being the position line by the 
second observation, its intersection C' with aa’ is the required 
position of the ship at the second observation. 


270. If the latitude is desired by computation, independently 
of the projection, it is readily found as follows. Let 


l., l, = the longitudes (of A and B) found from the first and 
second altitudes respectively with the latitude Z, 
l’, l, == the longitudes (of A’ and B’) found from the same 
altitudes with the latitude D’, 
L, = the latitude of C. 


From Fig. 34 we have, by the similarity of the triangles ABC 
and A’ B’C, 
l’—1':—= B'C: BC 
whence 
(i! — i) + G—):—h= BB: BO= L'— Li L,—L 


(L'— L) (4 — bh) 
(U,’ Raat l’) i (¢, a l,) 


This formula reduces SuMNER’s method of “ double altitudes” 
to that given long ago by LauanpE (Astronomie, Art. 3992, and 
Abrégé de Navigation, p. 68). The distinctive feature of SUMNER’s 
process, however, is that a single altitude taken at any time is 
made available for determining a line of the globe on which the 
ship is situated. 


ae en (467) 
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271. To find the azimuth of the sun by a position line projected on 
the chart.—Let AA’ (Fig. 36) be a position line on 


the chart, derived from an observed altitude by ee i 
Art. 268. At any point Cof this line draw CM my 
perpendicular to AA’, and let VCS be the meri- 

dian passing through C; then SC is evidently e 


the sun’s azimuth. The line CM is, of course, 
drawn on that side of the meridian MS upon va 
which the sun was known to be at the time of 
the observation. 

The solution is but approximate, since A.A’ should be a curve 
line, and the azimuth of the normal CM would be different for 
different points of AA’. It is, however, quite accurate enough 
for the purpose of determining the variation of the compass at 
sea, which is the only practical application of this problem. 


J 


CHAPTER IX. 


THE MERIDIAN LINE AND VARIATION OF THE COMPASS. 


272. THE meridian line is the intersection of the plane of the 
meridian with the plane of the horizon. Some of the most use- 
ful methods of finding the direction of this line will here be 
briefly treated of; but the full discussion of the subject belongs 
to geodesy. 


273. By the meridian passage of a star.—If the precise instant 
when a star arrives at its greatest altitude could be accurately 
distinguished, the direction of the star at that instant, referred 
to the horizon, would give the direction of the meridian line; but 
the altitude varies so slowly near the meridian that this method 
only serves to give a first approximation. 


274, By shadows.—A good approximation may be made as 
follows. Plant a stake upon a level piece of ground, and give it 
fs vertical position by means of a plumb line. Describe one or 
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more concentric circles on the ground from the foot of the stake 
asa centre. Atthe two instants before and after noon when the 
shadow of the stake extends to the same circle, the azimuths of 
the shadow cast and west are equal. The points of the circle at 
which the shadow terminates at these instants being marked, let 
the included arc be bisected ; the point of bisection and the centre 
of the stake then determine the meridian line. Theoretically, a 
smal: correction should be made for the sun’s change of declina- 
tion, but it would be quite superfluous in this method. 


275. By single altitudes.—With an altitude and azimuth instru- 
ment, observe the altitude of a star at the instant of its passage 
over the middle vertical thread (at any time), and read the 
horizontal circle. Correct the observed altitude for refraction. 
Then, if 

h = the true altitude, 

g == the latitude of the place of observation, 
p = the star’s polar distance, 

A = the star’s azimuth, 

A’ = the reading of the horizontal circle, 


we have, from the triangle formed by the zenith, the pole, and 
the star, 


gin (s — g) sin (s — A) 


tan? 4.4 == (468) 


COS $ COS (Ss — p) 
in which 
s=t(e +h-+ p) 


In this formula the latitude may be taken with the positive sign, 
whether north or south, and p is then to be reckoned from the 
elevated pole ; ccnsequently, also, A will be the azimuth reckoned 
from the elevated pole. 

It is evident that in order to bring the telescope into the plane 
of the meridian we have only to revolve the instrument through 
the angle A, and therefore either A’+ A or A’— A, according 
to the direction of the graduations of the circle, will be the 
reading of the horizontal circle when the telescope is in the 
meridian. 

The same method can be followed when the azimuth is ob- 
served with a compass and the altitude is measured with a sex- 
tant; and then A’— A is the variation of the compass. 
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276. From the first equation of (50), g and é being constant, 


Wwe have 
dh 
GA > eee 
mo cos A tan q¢ 


and therefore an error in the observed altitude will have the 
least effect upon the computed azimuth when tan g is a maxi- 
mum; that is, when the star is on the prime vertical. There- 
fore, in the practice of the preceding method the star should be 
us far from the meridian as possible. 


277. By equal altitudes of a star.—Observe the azimuth of a star 
with an altitude and azimuth instrument, or a compass, when at 
the same altitude east and west of the meridian. The mean of 
the two readings of the instrument is the reading when its 
sight line is in the direction of the meridian. This is the 
method of Article 274, rendered accurate by the introduction 
of proper instruments for observing both the altitude and the 
azimuth. 


278. If equal altitudes of the sun are employed, a correction 
for the change of the sun’s declination 1s necessary, since equal 
azimuths will no longer correspond to equal altitudes. Let 


A’ = the east azimuth at the first observation, 
A= “ west * "  gecond ss *¢ 
6 = the declination at noon, 
48 == the increase of declination from the first to the second 
observation, ° 


then, by (1), we have, 4 being the altitude in each case, 


sin (6 — 4 Ad) =: sin g sin Ah — cos ¢ cos A cos A’ 
sin (6 + 340)= sin ¢ sin h — cos ¢ cos h cos A 


the difference of which gives 
2 vos 6 sin $ Ad == 2 cos ¢ cos hgin}(A + 4’) sin} (A — A’) 
whence, since 4d is but a few minutes, we have, with sufficient 


accuracy, 
Ad cos 6 


A~Al= 


= —___—_— (469) 
cos g cos A sin A 
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It will be necessary to note the times of the two observations 
in order to find ad. If we take half the elapsed time as the 
hour angle ¢ of the western observation, we shall have, instead 
of (469), the more convenient formula 


| ay ean otis (470) 
Cos ¢g sin f 


It will not be necessary to know the exact value of A, if only 
the same imstrumenial altitude is employed at both observations. 

Now let A,’ and A, be the readings of the horizontal circle at 
the two observations, then the readings corresponding to equal 


azimuths are 
A,'and A, — (A — A’) 


and, consequently, the reading for the meridian is the mean of 


these, or 
$ (A! a A,) = 3 (A — A’) 


That is, the reading for the meridian is the mean of the ob. 
served readings diminished by one-half the correction (470). 
We here suppose the graduations to proceed from 0° to 360°, 
and from left to right. 


279. By the angular distance of the sun from any terrestrial object.— 
If the true azimuth of any object in view is known, the direction 
of the meridian is, of course, known also. The following method 
ean be carried out with the sextant alone. Measure the angular 
distance of the sun’s limb from any well-defined point of a 
distant terrestrial object, and note the time by a chronometer. 
Measure also the angular height of the terrestrial point above 
the horizontal plane. The correction of the chronometer being 
known, deduce the local apparent time, or the sun’s hour angle ¢ 
(Art. 54), and then with the sun’s declination ¢ and the latitude ¢ 
compute the true altitude A and azimuth A of the aun by the 
formule (16), or 


tan ip ee tan A Br dali tan h = cot (g — M) cos A (471) 
cos ¢ sin(g — M) 


Now, let O, Fig. 37, be the apparent position of the terrestrial 
point, projected upon the celestial sphere; S the apparent place 
of the sun, Z the zenith, Pthe pole; and put 
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D =. the apparent angular distance of the Fig. 37. 
sun’s centre from the terrestrial point 
== the observed distance increased by 


the sun’s semidiameter, - 

H _= the apparent altitude of the point, 

i’ == the sun’s apparent altitude, 

a .: the difference of the azimuth of the Ov 
sun and the point, 

A’... the azimuth of the point. H 


The apparent altitude h’ will be deduced from the true altitude 
by adding the refraction and subtracting the parallax. Then in 
the triangle SZO we have given the three sides ZS = 90° — WV’, 
ZO --= 90° — H, SO = D, and hence the angle SZO = a can be 


found by the formula 
sin (s — /) sin (s — h’) 


2 polar 9, 
neu cos s cos (s — D) ll 
in which 
s=4(H +h + D) 
Then we have 
A’=Ata (473) 


and the proper sign of a to be used in this equation must be 
determined by the position of the sun with respect to the object 
at the time of the observation. 

If the altitude of the sun is observed, we can dispense with 
the computation of (471), and compute A by the formula (468). 
The chronometer will not then be required, but an approximate 
knowledge of the local time and the longitude is necessary in 
order to find d from the Ephemeris. 

If the terrestrial object is very remote, it will often suffice tu 
regurd its altitude as zero, and then we shall find that (472) 


reduces to 
tan }a = )/[tan }(D + 2h’) tan} (D — A’)] (474) 


This method is frequently used in hydrographic surveying tu 
determine the meridian line of the chart. 


EXAMPLE.—From a certain point B in a survey the azimuth 
of « point Cis required from the following observation : 


Chronometer time <= 4 12m 12° Altitude of C = H-== 0° 80’ 20” 
Chronom. correction = — 2 0 Distance of the nearest limb of the 
Local mean time =4 10 12 aun from the point C == 48° 17’ 10” 
Equation of time =-~— 4 109 Semidiameter =< 16 1 
Local app. time, ¢=4 6 1.1 D=48 38 11 


Vou. I.—28 
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The sun’s declination was 0 = + 4° 16’ 55”, the latitude was 
y == + 88° 58’ 50’; and hence, by (471), we find 


A == 74° 36’ 36” h == 24° 37’ 58” 
Refraction and parallax — 1 54 
h’ == 24 39 52 


and, by (472), 
a == 43° 35’ 6” 


& 


Now, the sun was on the right of the object, and hence 
A'’= A —a=8l1° I’ 80” 
Therefore, a line drawn on the chart from B on the left of the 


line BC, making with it the angle 31° 1’ 30’, will represent the 
meridian. 


280. By two measures of the distance of the sun from a terrestrial 
object.—In the practice of the preceding method with the sextant, 
it is not always practicable to measure the apparent altitude of 
the terrestrial object. We may then measure the distance of 
the sun from the object at two different times, and, first com- 
puting the altitude and azimuth of the sun at each observation, 
we may from these data compute the altitude of the object and 
the difference between its azimuth and that of the sun at either 
observation, by formule entirely analogous to those employed 
in computing the latitude and time from two altitudes, Art. 178, 
(304), (805), (806), and (807). - 


281. By the azimuth of a star at a given time.-—When the time is 
known, the azimuth of the star is found by (471): hence we 
fiave only to direct the telescope of an altitude and azimuth 
instrument to the star at any time, and then compare the read- 
ing of its horizontal circle with the computed azimuth. 

This method will be very accurate if a star near the pole is 
employed, since in that case an error in the time will produce a 
comparatively small error in the azimuth. It will be most aceu- 
rate if the star is observed at its greatest elongation, as in the 
following article. 


282. By the greatest elongation of a circumpolar star.—At thé 
instant of the greatest elongation we have, by Art. 18, 
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in which A is the azimuth reckoned from the elevated pole. At 
this instant the star’s azimuth reaches its maximum, and for 2 
certain small interval of time appears to be stationary, so that 
the observer has time to set his instrument accurately upon the 
star. 

In order to be prepared for the observation, the time of the 
elongation must be (at least approximately) known. The hour 
angle of the star is found by the formula 


and from ¢ and the star’s right ascension the local time is found, 
Art. 55. 

The pole star is preferred, on account of its extremely slow 
motion. 

If the latitude is unknown, the direction of the meridian may 
nevertheless be obtained by observing the star at both its eastern 
and its western greatest elongations. The mean of the readings 
of the horizontal circle at the two observations is the reading for 
the meridian. 


283. One of the most refined methods of determining the 
direction of the meridian is that by which the transit instrument 
is adjusted, or by which its deviation from the plane of the 
meridian is measured; for which see Vol. IT. 


284. At sea, the direction of the meridian, or the variation of 
the compass, is found with sufficient accuracy by the graphic 
process of Art. 271. 
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CHAPTER X. 
ECLIPSES. 


285. THe term eclipse, in astronomy, may be applied to any 
obscuration, total or partial, of the light of one celestial body by 
another. But the term solar eclipse is usually confined to an 
eclipse of the sun by the moon; while an eclipse of the sun by 
one of the inferior planets is called a fransit of the planet. An 
eclipse of a star or a planet by the moon is called an occultation 
of the star or planet. A lunar eclipse is an eclipse of the morn 
by the earth. 

All these phenomena may be computed upon the same general 
principles ; and the investigation of solar eclipses, with which we 
shal] set out, will involve nearly every thing required in tne 
other cases. 


SOLAR EOLIPSES. 


PREDICTION OF SOLAR ECLIPSES FOR THE EARTH GENERALLY. 


286. For the purposes of general prediction, and before enter. 
ing upon any precise computation, It is convenient to know the 
limits which determine the possibility of the occurrence of an 
eclipse for any part of the earth. These limits are determined 
in the following problem. 


287. To find whether near a given conjunction of the sun and moon, 
an. eclipse of the sun will occur.—In order that an eclipse may occur, 
a the moon must be near the ecliptic, and, 
ig. 38. 

M therefore, near one of the nodes of her 
orbit. Let MS (Fig. 38) be the ecliptic, WV 
the moon’s node, VM the moon’s orbit, S 
and M the centres of the sun and moon at 
the time of conjunction in longitude, so 
that JZS is a part of a circle of latitude and is perpendicular ta 


\ 
\y 
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NS. Let S’, M’, be the centres of the sun and moon when at 
their least true distance, and put 


jf -= the moon’s latitude at conjunction =- SM, 

{ .= the inclination of the moon’s orbit to the ecliptic, 

i the quotient of the moon’s motion in longitude divided 
by the sun’s, 

»'_= the least true distance =. S’AM", 

y == the angle SMS' 


We may regard NAS as a plane triangle; and, drawing WM’ P 
perpendicular to MS, we find 


SS’ — f tan SP== if tany 


nnd hence 


SP = 3(A -- 1) tany M'P= p—Apstany tan] 
Lt P(A — 1) tan?y + (1 — 4 tan J tan y)’] 


l'o find the value of 7 for which this expression becomes a mini- 
mum, we put its derivative taken relatively to 7 equal to zero, 
whence 

A tan / 


tan 7 = ——— —— 
(A — 1? sie 2% tan? 


which substituted in the value of ©? reduces it to 


A — 1? 


—— 7 ene ee ne ee 


(A — 1)? + # tan? / 


4 
7? — 


l* then we assume J’ such that 


tan /’ = 


A 
; tan [ (475) 


—_- 


we have for the least true distance 
~ = f cos I’ (476) 


The apparent distance of the centres of the sun and moon as 
seen from the surface of the earth may be less than 2 by the 
difference of the horizontal parallaxes of the two bodies : so that 
if we put 


x == the moon’s none pene 
n’ =: the sun’s 
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we have 
minimum apparent distance = © — (zx —z’) 


An eclipse will occur when this least apparent distance of the 
centres is less than the sum of the semidiameters of the bodies; 
and therefore, putting 


s < the moon’s semidinmeter, 
s’. the sun’s 


we shall have, in case of eclipse, 


Y-(r—wW)cist+s 
or 


pool’ <z—r’+s+s' (477) 


This formula gives the required limit with great precision ; 
but, since J’ is small, its cosine does not vary much for different 
eclipses, and we may in most cases employ its mean value. We 
have, by observation, 


ee ee ed 


Greatest values. Least values. | Mean values. 
I 5° 20’ 6” ae Oy 22 : 5° 8! 44” 
™ 61’ 32” | a2’ 90” | on 11” 
zn i) 8 8.5 
Ss 16 46 l4 24 15 35 
s’ 16 18 15 45 16 1] 


a 16.19 10.89 18.5 


Se a rare rie a ee ee er a ap fa tle nr 


From the mean values of J and 4 we find the mean vulue ot 
sec J’ = 1.00472, and the condition (477) becomes 


B(x — 2 +s +8')X 100172 
or 


Bcnr-ris+ewv+(r--r' | sts’) x 00472 


where the small fractional term varies between 20’ and 380”. 
Taking its mean value, we have, with sufficient precision for all 
but very unusual cases, 


, 


Banat ssf 25" (478) 


FUNDAMENTAL EQUATIONS. 489 


If in this formula we substitute the greatest values of z, s, 
and s’, and the least value of z’, the limit 


& < 1° 34’ 58” 


is the greatest limit of the moon's latitude at the time of con- 
junction, for which an eclipse can occur. 

If in (478) we substitute the least values of z, s, and s’, and 
the greatest value of 7’, the hmit 


B < 1° 23" 15” 


is the least limit of the moon’s latitude at the time of conjunc- 
tion for which an eclipse can fail to occur. 

Hence a solar eclipse is certain 1f at new moon P< 1° 23’ 15”, 
impossible if B >> 1° 34! 53, and doubtful between these limits. For 
the doubtful cases we must apply (478), or for greater precision 
(477), using the actual values of z, z’, s, s’, A,and J tor the date. 


ExaMPLe.—On July 18, 1860, the conjunction of the moon 
and sun in longitude occurs at 2% 19".2 Greenwich mean time: 
will an eclipse occur? We find at this time, from the Ephemeris, 


8B == 0° 383’ 18" 6 


which, being within the limit 1° 23’ 15’, renders an eclipse cer- 
tain at this time. 


Having thus found that an eclipse will be visible in some part 
of the earth, we can proceed to the exact computation of the 
phenomenon. The method here adopted is a modified form of 
Besseu’s,* which is at once rigorous in theory and simple in 
practice. For the sake of clearness, I shall develop it in a series 
of problems. 


Fundamental Equations of the Theory of Eclipses. 


288. To investigate the condition of the beginning or ending of a solar 
eclipse at a given place on the earth's surface.—The observer sees the 
limbs of the sun and moon in apparent contact when he is situated 
in the surface of a cone which envelops and is in contact with 
the two bodies. We may have two such cones: 


~ a —____ 


ar ee renee ag 


* See Astronomische Nuchrichten, Nos. 151, 152, and, for the full development of the 
method with the utmost rigor, Besseu’s Astronomsche Untersuchungen, Vol. 11. 
HAansEn’s development, based upon the same fundamental equations, but theoreti- 


eally less accurate. may also be consulted with advantage: it is given in Astronom. 
Nach., Nos. 339-342. 
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First. The cone whose vertex falls between the sun and the 
moon, as at V, Fig. 39, and which is called the penumbral cone. 
An observer at C, in one of the elements CBV of the cone, sees 
the points A and B of the limbs of the sun and moon in apparent 
exterior contact, which is either the first or the last contact; that 
is, either the beginning or the ending of the whole eclipse. 


Fig. 40. 


Second. The cone whose vertex is beyond the moon (in the 
direction of the earth), as at V. Fig. 40, and which is calléd the 
umbral cone, or cone of total shadow. An observer at C in the 
element CV BA, sees the points A and B of the limbs of the sun 
and moon in apparent iderior contact, which is the beginning or 
the ending of anwar eclipse in case the observer is farther 
from the moon than the vertex of the cone (as in the figure), and 
which is either the beginning or the ending of total eclipse in 
vase the observer is between the vertex of the cone and the 
moon. 

If now a plane is passed through the point C, at right angles 
to the axis SVD of the cone, its intersection with the cone will 
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be a circle (the sun and moon being regarded as spherical) whose 
radius, C'D, we shall call the radius of the shadow (penumbral or 
uinbral) for that point. The condition of the occurrence of one 
of the above phases to an observer is, then, that the distance of 
the point of observation from the axis of the shadow is equal to the 
radius of the shadow for that point. The problems which follow 
will enable us to translate this condition into analytical language 


289. To find for any given time the position of the axis of the 
shadow.—The axis of the cone of shadow produced to the celes- 
tial sphere meets it in that point in which the sun would be 
projected upon the sphere by an observer at the centre of the 
moon. Let O, Fig. 41, be the centre of 


the earth; S, that of the sun; J/, that of si At. 


the moon. The line ALS produced to 
the infinite celestial sphere meets it in 
the common vanishing point of all lines 
parallel to AZS; that is, tn the point Z, in 
which the line OZ, drawn through the 
centre of the earth parallel to ZS, meets 
the sphere. The position of the axis of 
the cone will be determined by the right 
ascension and deelination of the point Z. 

In order to determine the point Z, let the positions of the sun 
apd moon be expressed by rectangular co-ordinates (Art. 32), of 
which the axis of x 1s the straight line drawn through the centre 
of the earth and the equinoctial points, the axis of y the inter- 
section of the planes of the equator and solstitial colure, and 
tre axis of z the axis of the equator. Let x be taken as positive 
towards the vernal equinox; y¥ as positive towards the point of 
the equator whose right ascension is 90°; z as positive towards 
the north. 

Let 


a, 6, r = the right ascension, declination, and distance from 
the centre of the earth, respectively, of the moon’s 
centre, 

a’, 3’, r’ =: the right ascension, declination, and distance from 
the centre of the earth, respectively, of the sun’s 
centre; 


The co-ordinates x, y, z will be, by (41), 
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Of the sun. Of the moon. 
r’ cos 0’ cosa’ r cos 6 COS « 
r’ cos 8’ sin a’ rcos osin a 
r’ sin 6’ rsin é 


Now let another system of co-ordinates be taken parallel to the 
first, the centre of the moon being the origin. The position of 
the stu in this system will be determined by the right ascension 
and declination of the sun as seen from the moon; that is, by 
the right ascension and declination of the point Z. 

If we put 


a, d = the right ascension and declination of the point Z, 
= tne distance of the centres of the sun and moon, 


the co-ordinates of the sun in the new system are 


G cos d cosa 
G cos d sina 
G sin d 


But these co-ordinates are evidently equal respectively to the 
difference of the corresponding co-ordinates of the sun and moon 
in the first system; so that we have 


G cos d cos a —= 7” cos 3’ cosa’ — 7 COS 6 CO8a 
G cos d sin a — r’ cos 0’ sina’ — r cos 3 sina 
G sin d — 7 sin a! — rgsin o 


which fully determine a, ¢, and G in terms of quantities which 
may be derived from the Ephemeris for a given time. 

But, as @ and d differ but little from a@’ and 4d’, it is expedient 
to put these equations under the following form. (See the 
similar transformation, Art. 92.) 


G cos d sin (a — a’) = — 7 cos 5 sin (a — a’) 
G cos d cos (a — a’) = 7 cos 6’ — r cos 6 cos (a — a) 
G sin d =- 1” sin 6’ — resin 6 


If these are divided by r’, and we put 


G r 
ee oe -—2= b 
p49 7 
they become 
gcosdsin(a -a') = -— bcos 4 sin (a — a’) 
g cos d cos(a_ -- a’) -= cos 6’ — b cos 6 cos (a — a’) (479) 


g sin d - sin d’— 4 gin 3 
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where the second members, besides the right ascensions and 
declinations, involve only the quantity 8, which may be expressed 
in terms of the parallaxes as follows: 


Let 


mr == the moon’s equatorial horizontal parallax, 
nz’ == the sun’s es . = 


then we have (Art. 89) 


If, further, 
== the sun’s mean horizontal parallax, 


and r’ is expressed in terms of the sun’s mean distance from the 
earth, we have, as in (146), 


. sin 7 
sin 72’ — 9 
y 
and hence 
sin z 
b= -—* (480) 
r’ sin zt 


which is the most convenient form for computing 6, because r’ 
and z are given in the Ephemeris, and z, 1s a constant. 


290. The equations (479) are rigorously exact, but as 6 1s only 
about 4,, and @ — a’ at the time of an eclipse cannot exceed 
1° 43’, a — a’ is a small are never exceeding 17’’, which may be 
found by a brief approximative process with great precision 
The quotient of the tirst equation divided by the second gives 


b cos 6 sec 8’ sin (a — a’) 


iG.) S22 
1 — bcos 6 sec 6’ cos (a — a’) 

where the denominator differs from unity by the small quantity 
6 cos d sec 0” cos (a — a’); and, since 6 and 0’ are nearly equal, 
this small difference may be put equal to l, and we may then 
write the formula thus :* 


b 
a@—a-—-— - —cosdsec 0'(a - a’) 


TE nite a eee BIE “Brn a SN 


* Developing the formula for tan (a — a’) in series, we have 


bcos d sec d’sin (a --a') 6? cos? db sec? d’sin 2 (a -~ a’) 


— &e. 


a—a= — 


sin 1” 2 sin 1” 


where the second term cannot exceed 0.04, and the third term is altogether inap 
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If we take cos (a — a’) == 1 and cos (a — a’) = 1, we have, 
from the second and third of (479), 


g cos d = cos 6’ — b cosa 
g sin d == sin 0’ — bain 6 
whence 
g sin (d — 8’) = — bain (6 — 3’) 
g cos (d — 3’) = 1 — 6 cos (6 — 8’) 


from which follows 


TT ee nO Daca A 2 


Tes b Cos (6d — 6’) 


or, nearly, * 


b 
a6 Se (th a 8" 
| eee / ) 


From the above we also have, with sufficient precision for the 
subsequent application of g, the formula 


g==-1—6 


The formule which determine the point Z, together with the 
quantity G, will, therefore, be 


a aaa cos 6 sec 0’ (a — a’) 

ae ee ae ~(é — a’) Gor 
1—b 

g=l1— b, G=r'g 


wd In many cases it will suffice to take the extremely simple 


forms 
a==a’—-b(a— a’) d = 0’—6(6 — 3’) 


291. To find the distance of a given place of observation from the 
axis of the shadow ata given time—Let the positions of the sun, 


a 


preciable. The formula adopted in the text is the same as 


a --a'= -- 6 cos d sec db’ (a — a’) (1 — &)7' 
=. ~ beos d sec d’(a—a’) — 6? cos d sec db’ (a — a’) -- &o 


which, since cos d sec 6’ may in the second term be put equal to unity, differs from 
the complete series only by terms of the third order The error of the approximace 
formula is, therefore, something less than 0”.01. 

* The error of this formula, as can be easily shown, will never exceed 0”.088. 
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the moon, and the observer be reterred by rectangular co-ordi- 
nates to three planes passing through the centre of the earth, of 
which the plane of zy shall always be at right angles to the axi- 
of the shadow, and will here be called the principal plane of refer- 
ence. et the plane of yz be the plane of the declination circle 
passing through the point Z The plane 
of xz will, of course, be at right angles 
to the other two. 

The axis of z will then be the line OZ, 
Fig. 41, drawn through the centre of the 
earth parallel to the axis of the shadow. 
and will be reckoned as positive towards 
4. The axis of y will be the intersection, 
OY, of the plane of the declination circle 
through 4 with the principal plane. and 
will be taken as positive towards the 
north. The axis of rs will be the intersection. O.Y. of the plat 4 
of the equator with the principal plane, and will be taken us 
positive towards that point, 1, whose right ascension is 90° + a. 

Let HM’ and S’ be the true places of the moon and sun upun 
the celestial sphere, P the north pole; then, if we put - 


Fie Ol (hea). 
Z 


rey, 2 = the co-ordinates of the moon, 


we have, by (Art. 31), 
& w= F COS M'X 
—reos M'Y 
z—recos MZ 


which, by the formule of Spherical Trigonometry applied to the 
triangles M’P.Y, M'’PY, M’' PZ, become 


r==rcos é sin (a — @) \ 
y == r [sin 6 cos d — cos 49 sin d cos (a — @)] (482) 
z =r [sin ésin d + cos 6 cosd cos (a — a)] 

or 


%—=7r cos 6 sin (a — a) 
y =r [sin (0 — d) cos? $(a—a) + sin (6+ d) sin? 4 (a --a)] > (482*) 
2 == r [cos (6 — d) cos? 4(0 —a) — cos (6 +4- d) sin? 4 (a -— a)] 


and if the equatorial radius of the earth is taken as the unit of 
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r, x, y, 2, we shall have the value of r, required in these equa- 


tions, by the formula 
1 


= 
Sin 7 
The co-ordinates 7 and y of the sun in this system are the 
same as those of the moon, and the third co-ordinate is z + G; 
but the method of investigation which we are here following 
does not require their use. 
Now let 


E, 7, € = the co-ordinates of the place of observation, 
y == the latitude of the place, 
g’ = the reduced latitude (Art. 81), 
p = the radius of the terrestrial spheroid for the lati- 
tude g, 
yp -: the given sidercal time ; 


then, if in Fig. 41 we had taken J/ tor the place of observation, 
M’ would have been the geocentrie zenith with the right ascen- 
sion and declination g’, and, the distance of the place from the 
origin being », we should have found 


E == p COS ¢’ Bin (# — @) 
7 == p [sin ¢g’ cos d — cos ¢g’sin d cos (u — a)] (483) 
£ == ep [sin ¢g’sin d +. cos ¢g’ cos d cos (4% — @)] 
These etyuations, if we determine A and B by the conditions 
A sin B -: p sin g’ 
A cos B == p cos ¢’ cos (uw — @) 


may be computed under the form 


== p cos g’ sin (u — @) 
7 == Asin (B — d) oa 
€ = Acos(B— d) : 


The equations (482) might be similarly treated; but the most 
accurate form for their computation is (482*). 

The quantity # — @ is the hour angle of the point Z for the 
meridian of the given place. To facilitate its computation, it is 
convenient to find first its value for the Greenwich meridian. 
Thus, if we pnt for any given Greenwich mean time 7' 


p, == the hour angle of the point 7 at the Greenwich meridian, 
w = the longitude of the given place, 
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we have 

[2 — A= fy, — w 
To find , we have only to convert the Greenwich mean time 7 
into sidereal time and to subtract a. 

By means of the formule (482) and (483) the co-ordinates of 
the moon and of the place of observation can be accurately com- 
puted for any given time. Now, the co-ordinates 7 and y of the 
moon are also those of every point of the axis of the shadow: so 
that if we put 


4A — the distance of the place of observation from the axis 
of the shadow, 


we have, evidently, 

At == (w — EY + (y¥ — 7) Sate 
[The co-ordinates z and ¢ have also been found, as they will be 
required hercafter. | 


292. The distance 4 may be determined under another form, 
which we shall hereafter find useful. Let AL’, Fig. 42. 
Fig. 42, be the apparent position of the moon’s 
centre in the celestial sphere as seen from the 
place of observation; P the north pole; Z the 
point where the axis of the cone of shadow 
meets the sphere, as in Fig. 41; J, C, the 
projections of the moon's centro and of the 
place of observation on the principal plane. 
The distance CM, is equal to d, and is the 
projection of the line joining the place of 
observation and the moon’s centre. The plane by which this 
line is projected contains the axis of the cone of shadow, and 
its intersection with the celestial sphere is, therefore, a great 
circle which passes through 4, and of which ZM! is a portion. 
Elence it follows that CM, makes the same angle with the axis 
of y that A7’Z makes with PZ: so that if we jane CN and WN 
parallel to the axes of y and x respectively, and put 


Q— PZM' = NCM, 


we have, from the right triangle C\J1,N, 


4 sin Q=-ax-—é 
Jcos Q-=y—y \ Coy 


the sum of the squares of which gives again the formula (484). 
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293. To find the radius of the shadow on. the principal plare, or on 
any giren plane parallel to the principal plane.—This radius is evi- 
dently equal to the distance of the vertex of the cone of shadow 
from the given plane, multiplied by the tangent of the angle of 
the cone. In Figs. 39 and 40, p. 440, let HF be the radius of 
the shadow on the principal plane, CD the radius on a parallel 
plane drawn through ©. Let 


H =the apparent semidiameter of the san at its mean dis- 
tance, 

k = the ratio of the moon’s radius to the earth's equatorial 
radius, 

J = the angle of the cone — AVF, 

¢ == the distance of the vertex of the cone above the princi- 
pal plane - VF, 

£ = the distance of the given parallel plane above the prin- 
cipal plane —- DF, 

{ == the radius of the shadow on the principal plane = HF, 

L =the radius of the shadow on the parallel plane = CD. 


If the mean distance of the sun from the earth is taken us 


unity, we have 
the earth’s radius = sin z,, 


the moon’s radius = ksinz, — MB, 
the sun’s radius) —= sin 7 = SA, 


und, remembering that G - 7r’g found by (481) is the distance 
MS, we easily deduce from the figures 
npn oe (486) 
rg 
in which the upper sign corresponds to the penumbral and the 
lower to the umbral cone. 

The numerator of this expression involves only constant quan- 
tities. According to BrssEet, Hf =- 959.788; Encke found 
rz, -- 8.57116; and the value of 4, found by Burckuarpr from 
eclipses and occultations, is k = 0.27227 ;* whence we have 


log [sin Hf + X sin z,] = 7.6688033 for exterior contacts, 
log [sin H — k sin z,] = 7.6666918 for interior contacts. 


~~ me rr er rrr ere Pee ar Ark sate 


* The value of & here adopted 13 precisely that which the more recent investiga- 
tion of OupemMans (Astron. Nach., Vol. LI. p. 30) gives for eclipses of the sun. 
For occultations, a slightly increased value seems to be required. 
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Now, taking the earth’s equatorial radius as unity, we have 


ie 
sin f 
MF =z (Art. 291) 
und hence 
a ia Ee z (487) 
sin f 


the upper sign being used for the penumbra and the lower fo: 
the umbra. 

We have, then, 

-ectanf...ztan/ +ksecf 
an oa ae Lar \ ee) 

For the penumbral cone, c -- ¢ is always positive, and there- 
fore ZL is positive also. 

For the umbral cone, ¢ — € is negative when the vertex of 
the cone falls below the plane of the observer, and in this case 
we have total eclipse: therefore for the case of total eclipse we 
shall have L = (ec — €) tan fa negative quantity. It is usual to 
regard the radius of the shadow as a positive quantity, and 
therefore to change its sign for this case; but the analytical dis- 
cussion of our equations will be more general if we preserve 
the negative sign of Z as the characteristic of total eclipse. 

When the vertex of the umbral cone falls above the plane of 
the observer, LZ is positive, and we have the case of annular 
eclipse. 

For brevity we shall put 


i=- tan f 
Ce it¢ (489) 


294. The analytical expression of the condition of beginning or 
ending of eclipse is 
or, by (484) and (489), 
(@ — + Y— n= — tty (490) 


It is convenient, however, to substitute the two equations 
(485) for this single one, after putting J for 4, so that 


4= DL 


(I — it) sin Q =a —é 
(i — if) cos 9 = y — \ (491) 
VoL. I.—29 
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may be taken as the conditions which determine the beginning 
or ending of an eclipse at a given place. 

The equation (490), which is only expressed in a different form 
by (491), is to be regarded as the fundamental equation of the 
theory of eclipses. 


295. By Art. 292, so long as 4 is regarded as a positive quan- 
tity, Y 1s the position angle of the moon’s centre at the point Z; 
and since the are joining the point Z and the centre of the moon 
also passes through the centre of the sun, Q is the common 
position angle of both bodies. 

Again, since in the case of a contact of the limbs the are 
joining the centres passes through the point of contact, @ 
will also be the position angle of this point when all three 
points—sun’s centre, moon's centre, and point of contact—le 
on the same side of Z In the case of total eclipse, however, 
the poimt of contact and the moon’s centre evidently le on 
opposite sides of the point 4; and if /— ¢{ in (490) were a 
positive quantity, the angle Y which would satisfy these equa- 
tions would still be the position angle of the moon’s centre, but 
would differ 180° from the position angle of the point of con- 
tact. But, since we shall preserve the negative sign of / — ig 
for total eclipse (Art. 293), (and thereby give Q values which 
differ 180° from those which follow from a positive value), the 
angle Q will in all cases be the position angle of the point of contact. 


296. The quantities a, d, x, y, l, and ¢ may be computed by 
the formulre (480), (481), (482), (486), (487), (488), for any given 
time at the first meridian, since they are all independent of the 
place of observation. In order to facilitate the application of 
the equations (490) and (491), it is therefore expedient to com- 
pute these general quantities for several equidistant instants 
preceding and following the time of conjunction of the sun and 
moon, and to arrange them in tables from which their values 
for any time may be readily found by interpolation. 

The quantities «and y do not vary uniformly; and in order to 
obtain their values with accuracy from the tables for any time, 
we should employ the second and even the third differences in 
the interpolation. This is effected in the most simple manner 
by the following process. Let the times for which z and y have 
beer’ computed be denoted by 7% — 2, 7% - lV, % 2+ 1, 
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T, + 2', the interval being one hour of mean time; and let the 
values of x and y for these times be denoted by xr_2, x4, &e., 
y—2, y—1, &c. Let the mean hourly changes of x and y from the 
epoch 7, to any time 7’'= 7, + rt be denoted by x’ and y’. Then 
the values of x’ and y’ for the instants 7, - 2’, 7,- 1’, &e. will 
be formed as in the following scheme, where ec denotes the third 
difference of the values of x as found from the series 7_», r_1, &e. 
according te the form in Art. 69, and the difference for the 
instant J, is found by the first formula of (77). The form for 


zomputing y’ is the same. 


Time x x! 
f etl (a » (UP) | 
T,-— 1* Pex Ue hs | 
T, Uy \(r,— 81) — ge | 
| T, + 1* xy ry ara vy | 
| Ti+ 2 r, ' (7, 2) | 


If then we require »r and y for a time 7’ = TJ, + t, we take 
7’ and y’ from the table for this time, and we have 


x=, + 4’ 
y-~ yd yt 

297. Exampie.—Compute the elements of the solar eclipse of 
July 18, 1860. 

The mean Greenwich time of conjunction of the sun and 
moon in right ascension is July 18, 2" 8" 56". The computation 
of the elements will therefore be made for the Greenwich hours 
( 1, 2, 38, 4, and 5. For these hours we take the following 
quantities from the American Ephemeris: 


For the Moon. 


a me . — 


‘ a 
time. 


Greenwich mean s rT 


July 18, 0 116° 44/ 247.30 21° 52’20".3 | 59! 45.80 


1 117. 21 59 .10 42 32 8 
| 2 117 59 30 45 32 36 
3 118 36 58 .35 29 31 


Om we 


119 14 22 .65 2 17 
119 51 48 35 154. 


oOo > 


| 
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For the Sun. 


- 


Greenwich mean ; ' F 
rf a d log r 
ime. 


SS, 


RE tee 


July 18, 0* 117° 59’ 41.85 | 20° 57’ 56.20 0.0069675 
y 


<I er ete rae SESE So 


| 1 118 2 12 .50 57 29 .42 61 
: 2 118 4 43 14 57 2 .60 47 
| 3 118 7 18.77 56 85 .75 38 
4 118 9 44 .89 56 8 .86 19 
| 5 | 118 12 15 Ov 55 41 94 05 | 


rr A et RR PE A SNIP ae OASIS cri PP PPP PWIA | 


The formule to be employed will be here recapitulated, tor 
convenient reference. 
I. For the elements of the point Z: 


b= ——% log sin x, — 5.61894 
r’ sin x 
a= a — cos 6 sec & (a — a’) or,nearly, a=a —b(a—cy 
, b Sf f r 
— §/— ——- (8 — 8’) a d= 8'—b(8— 8’) 
1—b 
g=1—b 


II. The moon’s co-ordinates: 


1 
r= — 
sin z 
x =r cos 6 sin (a — @) 
y = 7 sin (6 — d) cos?4(a — a) + r sin (6 + d) sin*$(a — a) 
z =r cos (é — a) cos? 4(a — a) — r cos (6 + d) sin? 4(a — a) 


III. The angle of the cone of shadow and the radius of the 
shadow: 


For penumbra: or exterior contacts. For umbra: or interior contacts 
.666691 
sin f = [7.668803] sin f = [7.666691] 
r'g rg 
k k 
e=2z+—, logk=9.485000, ¢ = z— —— 
sin f sin f 
t= tanf i= tanf 


i= ic l =: ic 
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IV. The values of a, d, x, y, log i, and J, will then be tabulated 
and the differences z’ and y’ formed according to Art. 296. 
I give the computation for the three hours 1", 2, and 3}, 


in extenso. 


I. Elements of the point Z. 


ys 


ad a 


2 


Ba 


a — a’|—0° 40’ 13”.40|—0° 6’ 12”.69/4-0° 29’ 44”,58 


6—S|+ 45 38 .38)-+ 


log cosec 7 = loge} 1.7596999 1.7595414 1.7593865 
ar. co. log 7’| 9.9930339 9.9980353 9.9930367 
Constant log sin 7,| 5.61894 
(1) log 6} 7.37167 7.87152 7.87136 
(2) ar. co. log (1 — 2)| 0.001023 0.001023 0.001022 
log cos d| 9.96805 9.96855 9.96905 
log sec J'} 0.02973 0.02970 0.02968 
log (a — a’)! n3.38263 n2.49511 3.25154 
log (@ —a’)| 0.75310 9.86590 n0.62265 
a — a | 5".66) +- 0".7 4”.19 
(1) + (2) 7.387269 1.37254 7.87238 
log (6 — 0d’)! 3.43191 3.82916 3.19185 
log (d -- d’)| n0.80460 n0.70169 n0.56423 
d — d’ |—~ 6,38) — 5”.03]— 3".67 
aj118° 2’ 18",16)118° 4’ 43”.87/118° 7 9”.68 
d| 20 67 23 .04| 20 66 57 .57| 20 56 32 .08 
log (1 — 4) = logg| 9.998977 9.998977 9.998978 


IT. Co-ordinates 2, y, and z. 


a — a|/—0° 40’ 19”.06/—0° 6’ 13”.42)-0° 29' 4 48".77 


d—di+ 45 9.70/4- 35 88 .88/4- 25 59 .12 
5 -+d|/ 42 89 55 .84) 42 29 83 .97) 42 19 38 .28 
log sin (a — @)} 78.0692116 | n7 1817014 7.9381239 
log cos J} 9 9680502 9.9685481 9 9640490 
log r cos d sin (a — a) = log z| 29.7969617 | 28.9097909 9, 6665594 
a | —0.626559 —0.081244 0.464044 
log cos?}$(a—a)} 99999850 | 9.9999998 | 9 9999920 
log sin(d-—d); 8.1184932 8 0157434 7.8784502 
log (8) =logrsin (d —- ico ame) 9.8781781 9.7752846 9.6378287 
log sin? 4(a—a)} 6.5863780 3.7613304 §.2741910 
log sin(d -+-d)| 9.8310485 9.8296235 9.8281695 
tog (4) ==log rsin (d -++- d) sin? na 7.1271264 §.3405043 6.8617470 
(3)|+-0.755402 +.0.596053 -+-0.43 1329 
(4)|+0.001340 -+0,000022 -+0.000727 
(3) + (4) y |+0.756742 |+0.696075 +0.436056 
log cos (6-—-d)| 9.9999625 9.9999766 9.9999876 
log (5) =logrcos (6 — pe ai 1.7596 474 1.7595178 1.7593661 
log cos (6-+d)| 9.8664780 9.8676822 9.8688939 
ve) =logr eos (8-+ dint} (aa 7.1625559 5. 3885630 6.9024714 
log [(6) — ‘6)] = log z} 1.7596364 1.7695176 1.7593601 


85 83 .80|+ 25 65 .45 


eo seme 
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Ill. Logi and J, for exterior contacts. [Constant log = 7.668803] 


log r’y 

Const. — log r’g = log sin f 

log sec f 

log & cosec f 

log [z + k coseo f] = loge 
log tan f = log: 
log te = log? 
L 


Log 7 and / for interior contacts. 


Const. — log r’y = log sin f 


yA 


().005943 
7.662860 
0.000005 
1.772140 
2.066963 
7.662866 
9.729828 
0.586819 


7.660748 


log sec f| 0.000005 


log k cosec f 
log [z — k cusee f] -=- log ¢ 
log tan f == log 2 
log 2¢ 


1.774252 


nQ,293985 


7.660753 


== log Z| 7.954738 


Z |—0.009010 


2h 


0.005942 
7.662861 


1.772189 
2.066904 
7.662866 
9.729770 
0.536747 


[Constant log 


7.660749 


1.774251 
n0.297418 
7.660754 
ni 958167 
—(). 009082 


3A 


0.005941 
7.662862 


1.772188 
2.066826 
7.662867 
9.729693 
0.536652 


= 7.666691] 


7.660760 


1.774250 
2). 801919 
7.660755 
n1.962674 
‘—(.009176 


IV. The computation being made for the other hours in tne 
sume manner, the results are collected in the following tables. 


| O* | 117° 59’ 52”.44 | 20° 57’ 48”.50 


1 }118 218 .16 57 23 .04 
2 4 43 .87 56 57 .57 
3 7 9.58 56 32 .08 
4 9 35 .27 56 6 .58 
5 12 0.95 56 41 .06 


Exterior Contacts. 


0 536867 
0.536819 
0.536747 
0.536652 
0.586538 
0.536391 | 


meena ty 


Tnterior Contacts. 


2 SS OY A chee et a 


log 2 log t 
7.662864 |—- 0.008960/ 7.6607b2 
65 0.009010 £3 
66 0.009082) 54 
67 0.009176 55 
68 0.009293 56 


| : 
O* | — 1.171856 
1 | — 0.626559 | + 0-545297 
| 2 | — 0.081244 0.545315 
| famous | San 
| 4 | + 1.009245 eae 
, 6 | + 1.654284 54505 


[a] 


|\--——- ae ewe | ee |] 


g|—78 


—60) 


y 


+.0.917040 


__ 0.160298 
0.756742 a oe 
— 45), 7 441 0.160667 417 


+1% 
+ 0.436056) 9, 161359] 395120 


69 0.009434 57 


a —_ 


For the values of the hourly differences of z and y, we find 


from the above, by Art. 296, 
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x" log z’ y log 7’ 
| o*| 0.545306 | 9.736640 || —o.160483 | n9.205429 
, 1 | 0.545315 648 | — 0.160007 5927 
T,—2 | 0.545310 644 || — 0.160846 6410 
8 | 0.545288 626 || — 0.161019 6877 
4| 0.545245 592 || — 0.161186 7327 
5 | 0.545176 587 || — 0.161345 7756 


and for any given time 7'== 7) + rt, we have 


oe == — 0.081244 + 2’ 
y = + 0.596075 + yr 292) 


Finally, to facilitate the computation of the hour angle 
jp— a= pn, — w (Art. 291), we prepare the values of yp, for each 
of the Greenwich hours. Thus, for 7’ = 1", we have 


From the Ephemeris, July 18, 1860, 


Sid. time at mean noon = 7 46" 4.03 
Sid. equivalent of 1’ meant. = 1 O 9 .86 
Greenwich sid. time =: 8 46 13 .89 

“¢ «6% in are, = 131° 33’ 287.35 


a =118 2 18.16 
py, == 13 81 10.19 


Thus we form the following table, to which is also added for 
future use the value of the logarithm of 


uw’ = the hourly difference of », in parts of the radius; 


| log p»’ = log 54002”.15 sin 1” 
My Hourly diff. Bh = a bee 


renee 


» | 858° 31’ 87.0 
13 31 10.2 
28 31 12 3 | 54002”.15 


58 31 16 .6 


0 
1 
2 
3 43 31 14 4 
4 
5 73 31 «(18 .7 


I proceed to consider the principal problems relating to the 
general prediction of eclipses, in which the preceding results 
will be applied. 
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Outline of the Shadow on the Surface of the Earth. 


298. To find the outline of the moon’s shadow upon the earth at a 
given time.—This outline is the intersection of the cone of shadow 
with the earth’s surface; or, it is the curve on the surface of the 
earth from every point of which a contact of the sun’s and 
moon’s limbs may be observed at the given time. Let 


T = the given time reckoned at the first meridian, 


and let a, d, z, y, /, and log i be taken from the general tables 
of the eclipse for this time. Then the co-ordinates , 7, ¢ of any 
place at which a contact may be observed at the given time must 
satisfy the conditions (491), 


(1 — 12) sinQ = 2 —é& 


(1 — it) cosQ = y — 9 oe 


Let 
3 = the hour angle of the point Z, 
w = the west longitude of the place; 


then we have 
o=—wp—a=—p,—wo 


ind the equations (483) become 


E = p cos g’sin 8 
7 == p sin ¢g’cosd — pcos ¢’ sin d cos 9 \ (494) 
=p sin g’sin d+ pcos ¢’ cos d cos 3 


The five equations in (498) and (494) involve the six variables 
>, 7, C, 9’, 3, and Q, any one of which may be assumed arbi- 
trarily (excluding, of course, assumed values that give impossible 
or imaginary results); then for cach assumed value of the arbi- 
trary quantity we shall have five equations; which fully deter- 
mine five nnknown quantities, and thereby one point of the re- 
quired curve. [shall take @ as the arbitrary variable. : 

In the present form of the equations (494), they involve the 
unknown quantity p, which being dependent upon g’ cannot be 
determined until the latter is found. This seems to involve the 
necessity of at first neglecting the compression of the earth, by 
putting p = 1, and after an approximate value of g’ has been 
found, and thereby als6 the value of o, repeating the computation. 
But, by a simple transformation given by Bessgt, this double 
“Cmputation is rendered unnecessary, and the compression of 
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the earth is taken into account from the beginning. If gy 18 the 
geographical latitude, we have (Art. 82) 


COS ¢ sin g (1 — ee) 


COS ¢' = ————_~ sin gy’ = —_—_+______— 
' e V(1 — eesin’g) cs V(1 — ee sin’ ¢) 
in which 
log ee = 7.824409 log 7/(1 — ee) = 9.9985458 


If we take a new variable ¢,, such that 


cos gy 
VY (1 — ee sin’ g) 


sin 97/(1 — ee) 
VY (lL — ee sin’ g) 
COS 9, == p COB ¢’ 


V(1 — ee) sin 9, =p sing’ 
tan 9, 


y 1— ee) 


cos ¢, = 
we shall have 
sin 9, = 7/(1 — cos* ¢,) = 


or 


tan 9 = 


Hence the equations (494) become 


& = cos ¢g, sin 3 
7 = sin ¢, cos d 7/(1 — ee) — cos g, sin d cos 8 
¢ = sin g, sin d 7/(1 — ee) + cos ¢, cos d cos 8 


Put 
pe, sin d, = sin d P, sin d, = sin d 7/(1 — ee) i 
p, cos d, = cos d7/(1 — ee) p, cos d, = cos d (495) 


The quantities p,, d,, p,, d,, may be computed for the same times 
as the other quantities in the tables of the eclipse, and hence 
obtained by interpolation for the given time. The factors 
p, and p, will be sensibly constant for the whole eclipse. Wa 
now have 
& = COs ¢, sin 
7 =p, sin ¢g, cosd, —p, cos ¢, sin d, cos # 
> = p, 8in ¢g, sir ad, + p, cos ¢g, cosd, Cos 8 
Let us put 
n, == 
Ps 
and assume ¢,, so that 
B+ yw? + >," = 1 (496) 
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or, which is equivalent, let us take the system 
& == COS ¢, sin 
7, == 5in ¢, cos d, — cos ¢, sin d, cos 9 } (497) 
¢, == sin g, sin d, + cos g, cos d, cos 


The quantity C, differs so little from ¢ that we may in practice 
substitute one for the other in the small term i¢; but if theo- 
retical accuracy is desired we can readily find € when ¢ ia 
known ; for the second and third of (497) give 


COS ¢g, COS 3 ==: --- 7, sin d, + €, cos d, 
sing, == 7», cosd, + {, sin d, 


which substituted in the value of ¢ give 
f= p, 5, cos(d, — d,) -— p, 7, sin(d, — d,) (498) 


Our problem now takes the following form. We have first 
the three equations 


(l — 7f,) sn QY—xr—E 
(1 — 2%,) cosQ=—y — p,7, (499) 
Patt tial 


which for each assumed value of Q determine , 7,, and ¢,. Then 
we have 


cos g, sin == é 
COS y, COS # == — 9, sin d, + 6, cos d, (590) 
sing,== 7, cosd, + ¢, sin d, 


which determine g, and 3. Then the latitude and longitude of 
a point of the required outline are found by the equations 


tan g = ———_1— w= pw, — 8 (501) 


To solve (499), let 8 and y be found by the equations 
sin fsiny = 2 —lsinQ=a 


| (502) 
sin 8 cosy = 4% — 108% _ 
then we have 
& == sin # siny + 17, sind 
%,~° sin 7 cosy + it, cos Q 
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where we have omitted p, as a divisor of the small term if, cos Q, 
since we have very nearly p,= 1. Substituting these values in 
the last equation of (499), we find 


¢,7 = cos’? # — 27%, sin 8 cos (@ — yx) — (1%,) 


Neglecting the terms involving ? as practically insensible, this 
gives, 
<,== ch [cos 8 — sin £ cos (Q — 7)] 


In order to remove the ambiguity of the double sign, let us put 
4 = the zenith distance of the point Z (Art. 289) ; 
then, since } = w — ais the hour angle of this point, we have 
cos Z =: sin ¢ sin d + cos ¢ cos d cos ¥ 


which by means of the preceding equations is reduced to 


(50°) 


Hence cos Z and ¢, have the same sign. 

But, in order that the eclipse may be rvsible from a point un 
the earth’s surface, we must, in general, have Z less than 90° ; 
that is, cos Zmust be positive, and therefore 0, must be taken 
only with the positive stgn. The negative sign would give a 
second point on the surface of the earth from which, if the earth 
were not opaque, the sume phase of the eclipse would also be 
observed at the given time. In fact, every element of the cone 
of shadow which intersects the earth’s surface at all, intersects 
it in two points, and our solution gives both points. 

If we put : 

pe cos (7) (504) 
sin 1”’ 
we have 
7,== cos 8 — sin # sins 


or, with sufficient accuracy, 
¢, == cos (6 + ¢) (505) 


Thus, # and 7 being determined by (502), ¢, is determined by 
(504) and (505): hence also € and 7, by the equations 


E=m-a+t if, sin Q 
7, = b + i, cosQ \ oye 
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The problem is, therefore, fully resolved; but, for the conve- 
nience of logarithmic computation, let c and C be deterrained 
by the equations 


csin C= 7, 
ecosC = €, \ (607) 
then the equations (500) become 
cos ¢, sin # = & 
cos y, cos § = ¢ cos(C + d,) om ) 
sin gy, = csin(C + d,) 


The curve thus determined will be the intersection of the 
yenumbral cone, or that of the umbral cone, with the earth's 
surface, according as we employ the value of | for the one or the 
other. 


299. The above solution is direct, though theoretically but 
approximate, since we have neglected terms of the order of 7?. 
It can, however, readily be made quite exact as follows. We 
have, by substituting the values of ¢, and y, in (498), and neg- 
lecting the term involving the product 7 sin (d,— d,), which is 
of the same order as 7?, 


€ = p,cos (8 + ¢) — p, Sin f cos y sin (d, — d,) 


and, putting 
e’ = (d, — d,) cosy 


we have, within terms of the order 7?, 
v= p,cos (@ + € + e’) (509) 


The substitution of this value of € in the term 7¢ involves only 
an error of the order 7°, which is altogether insensible. The 
exact solution of the problem is, therefore, as follows. Find / 
and 7 for each assumed value of Q, by the equations 


sin # sin y == 2 —lsinQ=a 


y  fcosQ b 
P, Py 


sin 8 cosy = 


then e and e’ by the equations 


a £608 (8 — 1) 


e’ == (d, — d,) cos 7 
sin 1” 4, 2 
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Find f’ and y’ by the equations 


sin 3’ sin y’ — a -+ ip, cos (f + « + ¢’) sin@ = & 
ip, CO8 (,5 + ¢ + €') cosQ 


sin 8’ cosy’= b +- F 
1 


1 


then we have, rigorously, 

=, = Cos f" 
and these values of &, 7,, and ¢, may then be substituted in (500) 
which can be adapted for logarithmic computation as before.* 


300. It remains to be determined whether the eclipse is begin- 
ning or ending at the places thus found. A point on the earth’s 
surface which at a given time 7' is upon the surface of the cone 
of shadow will at the next consecutive instant 7’ -+ dT be 
within or without the cone according as the eclipse is beginning or 
ending at the time 7’; the former or the latter, according as the 
distance 4 = )/[(x —&)*-++ (y — 7)*] becomes at the time 7+ a7 
less or greater than the radius of the shadow /— 7z. In the case 
of total eclipse / — ig is a negative quantity, but by compariug 
4? with (J -- ic) we shall obtain the required criterion for sl 
cases; and, therefore, the criterion of beginning or ending, either 
of partial or of total eclipse, will be the negative or positive value 
of the differential coefficient, relatively to the time, of the 
quantity 

ca E ely a) ee 


or the negative or positive value of the quantity 


dx =) ( dy dy tdi. a | 
aes ee see ees ee ee ee ee eo ES eet 
ie (= ar)? YO" a9 an 1 aT 


an ereine oo nt ee te: 


* In this problem, as well as in most of the subsequent ones, I have not followed 
Bssset’s methods of solution, which, being mathematically rigorous, though as 
simple as such methods can possibly be, are too laborious for the practical purposes 
of mere prediction. As a refined and exhaustive disquisition upon the whole theory, 
Besszu’s Analyse der Finsternisse, in his Astronomische Untersuchungen, stands alone. 
On the other hand, the approximate solutions heretofore in common use are mostly 
quite imperfect; the compression of the earth, as well as the augmentation of the 
moon’s semidiameter, being neglected, or only taken into account by repeating the 
whole computation, which renders them as laborious as a rigorous and direct method. 
1 have endeavored to remedy this, by so arranging the successive approximations, 
when these are necessary, that only a small part of the whole computation is to be 
repeated, and by taking the compression of the earth into account, in all cases, from 
the commencement of the computation. In this manner, even the first approxima- 
tions by my method are rendered more uccurate than the common methods. 
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where we omit the erg variation of 7. For brevity, let us 


write 2’, y’, &c. for— = 

: aT” + (i 
by #; then, after substituting the values of x — € = (1 — ?¢) sin Q, 
y¥— 4 = (f — if) cos Q, we have 


&c. and denote the above quantity 


P== L[(7” ~&)sinQ + (y'— 7’) cos Q — ('— ie')] 
in which D=:1-— 7¢. If we put 
P! = (a2’ — &)sin @ + (y' — 9’) cos Q — (Ul — ie’) (510) 


we shall have 
P= LP' 


The quantity P will be positive or negative according as L and 
P' have like signs or different signs. 

For exterior contacts, and for interior contacts in annular 
eclipse, J. is positive (Art. 298), and hence for these cases the eclipse 
is beginning or ending according as P’ is negative or positive ; but for 
total eclipse, Z being negative, we have beginning or ending 
according as P’ is positive or negatine. 

We must now develop the quantity P’. Taking one hour as 
the unit of time, 2’, ’, U’, &’, 7’, 2’, will denote the hourly changes 
of the several quantities. The first three of these may be 
toniwen from the general tables of the eclipse for the given time; 
but &’, 7’, ¢’ are obtained by differentiating the equations (494), 
in which the latitude and longitude of the point on the earth’s 
surface are to be taken as constant. Since 3 = 4,— @, we shall 


add a ' 
have 7 ae ao ; and hence, putting 
os in 1” d' = sin 1” 
we find 


£’ —— p'p cos ¢' con 3 = p'( —y sin d + % cos d) 
== 2’ [-— y sind + * cos d + (l — 1%) sin d cos Q] 
yi = w Esin d — d's 
pe [x sin d — (1 — 7%) sin d sin Q} — d’% 
C’=- — wEcosd + d’y 
= p’[—ax cos d + (1 — (2) cos d sin Q] + d’ [y — (— if) cos QI 


i 
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Substituting these values in (510), and neglecting terms involving 
i? and id’ as insensible, we have 


P'= a — b'cos 04+ e¢ sind — ¢ (w’ cos d sin @ — d’ cos Q) 


in which a’, 6’, and c’, denote the following quantities: 


a’ —U — pix cosd 
= — y' + pr sind bom 
é= w+y'ysind-+ pil cosd 
The values of these quantities may be computed for the same 
times as the other quantities in the eclipse tables, and their 
values for any given time will then be readily found by interpo- 
lation. For any assumed value of Q, therefore, and with the 
value of © found by (509), the value of P’ may be computed, and 
its sign will determine whether the eclipse is beginning or 
ending. In most cases, a mere inspection of the tabulated values 
of a’, b’, and ¢’, combined with a consideration of the value of 
Q, will suffice to determine the sign of P’; but when the place 
is near the northern or southern limits of the shadow, an accu- 
rave computation of P’ will be necessary; and, since other appli- 
cations of this quantity will be made hereafter, it will be proper 


to give it a more convenient form for logarithmic computation. 
Put 


esin H = 0! fsin f= ad’ ; : 
ecos H=¢’ f cos F = p’ cos d On) 
then we have 
P’=a+esin(Q@ — £) — Sfsin (Q — F) (513) 


Since a’ and Fare both very small quantities, and a very precise 
computation of P’ will seldom be necessary when its algebraic 
sign is alone required, it will be sufficient in most cases to neglect 
these quantities, and also to put 2, for ¢, and then we shall have 
the following simple criterion for the case of partial or annular 
eclipse : 

If esin(Q@ — L) < 2,/f sin Q, the eclipse is beginning. 

If esin (Q — £) > %,/ sin Q, the eclipse is ending 
For total eclipse, reverse these conditions. 


301. In order to facilitate the application of the preceding as 
well as the subsequent problems, it is expedient to prepare the 
values of d,, log p,, d,, log p,, a’, 6’; ¢’, e, HE, f, F, and to arrange 
them in tables. 
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For our example of the eclipse of July 18, 1860, with the 
values of d given on p. 454, we form the following table by the 
equations (495): 


ne 


dy | log p, d, | log fr 
ial a Se iss ae ne eee eee St Sam i Bes es at 
o | a1 1 3975 | 9.99873824 | 20° 53’ 58”.0 | 9.9998143 | 
1 1 14.0 28 | 53 32 .6 45 
2 0 48.5 22 538.7 «8 46 
| 8 0 22 9 21 52 41.8 47 
4 | 20 59 57 4 20 52 16 4 48 
| 5 59 31.8 19 51 50.9 50 


i 


The values of z’, y’, and J’, required in (511), derived also from 
the eclipse tables on p. 54, by the method of Art. 75, are as 
follows : 


re reel 


id 


, 


x y’ 


ree 


| 
-+- 0.545277 , — 0.160108 | -— 0.000088 


5312 0486 061 
5310 0846 084 
9256 1188 107 
D134 1512 130 
4928 1818 154 


fence, by (511) we find the values of a’, b’, c’ to be as follows. 
The values for interior contacts are seldom required. 


For exterior contacts. For interior contacts. 


emer eerree ff —mmeiinlin seein einen | wememetitea nel Sa | enemies ernment | Antemnemmnwentate inner 


UW |4 0,001856/-+ 0.050842/-+ 0.631779/|+ 0.001350 
1 |+ 0.900766|+ 0.101816)+ 0.616776||-- 0.000762 
2 {+ 0.000176|-+ 0.153241|-+ 0.601711||-+ 0.000175 
3 
4 


Sinaia ater Nene 


+ 0. 

+ 0.101816|-+ 0.616162 
+. 0.158241/4 0.601097 
+ 0.204612|-+ 0.585957 
+ 0.255925|+4- 0.570728 
+ 0.307171|4 0.655895 


— 0.000415}-+ 0.204612|+ 0.586571||— 0.000413 
-— 0.001005|+ 0.255925}+ 0.571342|/— 0.001000 
6 —|— 0.001595|+ 0.807171!-+ 0.556010||— 0.001586 


| 


The values of e, E, f, F, for exterior contacts, deduced from 
these values of 6’ and c’, and from d’ = — 25.5 sin 1/’, by (512), 
are as follows: 


OUTLINE OF THE SHADOW. 465 


| | i iiee I | log f 
pilates aa eet ne sient 

Oh {4° 887 21” 9.801939 — 0° V 44” _ 9.888244 
1 i 9 22 25 795965 “ | 264 
2 | 141717 7930384 | « | 285} 
3 | 19 18 48 798255 | « | 305 | 

4 | 24 7 46 796604 P | $26 

5 | 28 55 5 | 28 55 7 802923 ? | 347 


302. To illustrate the preceding formule, let us find some 
points of the outline of the penumbra on the earth’s surface at 
the time 7= 2’ 8" 12'._ For this time, we have 


x = — 0.00672 log py== 9.99878 log ¢ == 7.66287 
y = + 0.57409 d= 21° 0! 45” 
1 = + 0.53678 == 80 84 18 


Let us find the points for Y@ = 50° and Q = 800°. The com 
putation may be arranged as follows: 
Q | Hoe 300° 


By (502): a@==sin Psiny | — 0.41788 -++ 0.45810 
b=sin P cosy | + 0.22975 + 0.30662 
— 61° 11’ 52” 56° 12’ 16" 


ps 28 28 52 338 27 7 

Hence by (504): € —~ § 48 — 6 59 

Be 28 23 9 33 20) & 
By (505): log ¢, = log cos (8 + «) 9 94437 9.92193 
iz, sin @ | -+ 0.00310 — 0.00333 
iz,cos QM | -+ 0.00260 + 0.00192 
By (506): & | — 0.41478 + 0.45477 
7, | -- 0.23235 + 0.30854 
By (507): log yn, == log ec sin C 9.36614 9.48931 
log — == log ¢ cos C 9.94437 9.92193 
log ¢ 9.95901 ; 9.94969 

C 14° 47’ 39” 20° 16’ 9” 

C+ d, 30 48 24 41 16 54 
By (508): me 2 == los og COs ¢, sin 3 n9.61782 9.65779 
log ¢ cos (C + 4,) = log cos ¢g, cos & 9.86803 9.82560 
log tan ¢ n9.74979 9.83219 
log cos ¢, 9.92764 9.90803 
log ¢ sin (C + d,) = log sin ¢, 9.72620 9.76908 
log tan ¢, 9.79856 9.86105 
log fil — ee) 9.99855 9.99855 
log tan ¢ 9.80001 9.86250 


*§ | — 29° 20’ 20” 84° 11’ 46” 
t,— d= w 59 5433 | 856 22 27 
y 32 15 3 3604 tu 
Vox. I.—30 
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To find whether the eclipse is beginning or ending at these 
places, we have, from the table on p. 465, for 7’= 2* 8 12", 


log e 9.7931 
E 14° 58’ 
Q—E 35 2 285° 2’ 
log e sin (Q — £) 9.5521 n9.7780 
log f 9.3883 
log £,f sin Q 9.2170 n9.2477 


At the first point, therefore, we have ¢ sin(Q@ — £) > ¢, fsin Q, 
and the eclipse is ending. At the second point, we have 
esin(@ — #) < ¢, fsin Q, and the eclipse is beginning. 


Rising and Setting Limits. 

303. Zo find the rising and setting limits of the eclipse—By these 
limits we mean the curves upon which are situated all those points 
of the earth’s surface where the eclipse begins or ends with the 
sun in the horizon. It will be quite sufficient for all practical 
purposes to determine these limits by the condition that the 
point Z is in the horizon. This gives in (503) cos Z= 0, or 
¢, = 0, and, consequently, by (496), we have 

E? -|- z= 1 (514) 
as the condition which the co-ordinates of the required points 
must satisfy. 

Now, let it be required to find the place where this equation 
is satistied at a given time 7. Let x and y be taken for this 
time, then we have, by putting ¢,== 0 in (499), 

i sin Q = 27 ¢ 
lcosQ@=y-— 7 
Let 
msin M—xr ping =€ 
1 
m cos M = y p COBY == 7 ve 


then, from the equations 


isin Q =m sin M — psiny } 
{cos @ = m cos M — pcosy (516) 


we deduce, by adding their squares, 
[? — m? — 2mp cos (A — y) 4+ p’ 
?—(m— p)? 


ee 


2mp 


2 sin? 4(M -~- 7) = 1 — cos (M — 7) = 
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If then we put 4 =: M — 7, we have 


‘ ctenpean te 
Pe pleated {~ a er ree nr rR 
ee rll timp 


(517) 


in which 44 may always be taken Jess than 90°. but the double 
sign must be used to obtain the two points on the surface of 
the earth which satisfy the conditions at the given time. 

In this formula, m, AZ, and ¢ are accurately known for the 
given time, but p is unknown. It is evident, however, from 
(514) and (515), that we have nearly p = 1, and this value may 
he used in (017) for a first approxtmation. To obtain a more 
correct value of y, let us put.é — sin 7’; then, by (514), we have 
¥, == cos 7’, and, consequently, since 7= p,7,, 


p sin y = sin 7’ 
p COS7 == p, cos 7’ 
Hence we have 
tan 7’ .— p,tany 
__ sin’ _ p, cos y’ (518) 
sing cosy 
and with this value of p the second computation of (517) will 
give a very exact value of 7. With this second value of ya still 
more correct value of p could be found; but the second approxi- 
mation is always sufficient. 
With the second value of ;, therefore, we find the final value 
of 7’ by the formula 
tan 7’ == p, tan y 


and then, substituting the values ¢ == sin 7’, 7, == cos 7’, 2,== 0. in 
(900), we have, for finding the latitude and longitude of the 
required points, the formule 


cos g, sin == ~~ sin 7’ 
cos ¢, cos ? == — cos ’ sin d, 
sing,=  cos/ cosd, 
(519) 
tan 
w = p,— 8 tan Pn ei AS 
y/ (1 — ee) 


In the second approximation, we must compute A and 7 by 
(517) separately for each place. 
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304. The sun is rising or setting at the given time at the 
places thus determined, according as & (which is the hour angle 
of the point Z) is between 180° and 360° or between 0° and 180°. 

To determine whether the eclipse is beginning or ending, we 
may have recourse to the sign of P’ (518); and it will usually be 
sufficient for the present problem to put both a’ and € = 0 in 
that expression, and then the cclipse is beginning or ending 
according as sin (Q — £) is negative or positive. Now, by (516), 
we find 


Lsin (Q — #) = msin (M— FE) — psin (y — £) 
Hence, for points in the rising or setting limits, 


If msin(M— F) < psin(y — F), the cclipse is beginning, 
If msin (M— EF) > psin (y — £), the cclipse is ending. 


305. In order to apply the preceding method of determining 
the rising and setting limits, it is necessary first to find the 
extreme times between which the time 7 is to be assumed, or 
those limits of 7’ between which the solution is possible. The 
two solutions given by (517) must reduce to a single one when 
the surface of the cone of shadow has but a single point in 
common with the earth’s surface,—i.e. in the case of tangency of 
the cone and the terrestrial spheroid. Now, the two solutions 
reduce to one only when 4 = 0, and both values of 7 become = U1; 
but if 2 = 0, the numerator of the value of sin 44 must also be 
zero; and hence the points of contact are determined by the 
conditions 


lt+m—_p=0 and t—_mtp=0 
or by the conditions 


m..ptl and m==p—l 


There may be tour cases of contact, two of exterior and two of 
interior contact. The two exterior contacts are the first and last, 
or the beginning and the end of the eclipse generally; the axis of the 
shadow is then without the earth, and therefore we must have 
for these cases m = 7/22-+ 7? = p + U. 

The first interior contact corresponds to the last point on the 
earth’s surface where the eclipse ends at sunrise; the second, 
to the first point where it begins at sunset. But these interior 
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contacts can occur only when the whole of the shadow on the 
principal plane falls within the earth, and for these cases, there. 
fore, we must have m = p — I. 
For the beginning and end genorally we have, therefore, by 
(515), 
( Pp + t) sin M = x 
(p +!) cos M=y 


l.et Z’ be the time when these conditions are satisfied, and put 
Ds 7 ee 


in which 7, is the epoch of the eclipse tables, for which the 
values of z and y are x, and y,. Then, x’ and y’ being the mean 
hourly changes of xz and y for the time 7, we have 


== Ly + cy’ 


y=y + ty 
Putting 
m, sin MW = wx, nsin NV = - } (520) 
m,cos M, - y, n cos N = y 


the above conditions become 


(p+ ?)sin M =m, sin M,+1.n8in V 
(p+) cos M =m, cos M,+r.ncos V 
whence 
(p +1) sin (1 -~ N) =m, sin (MM, — NV) 
(p + 0) cos (A — N) = m, cos (M, — N) + nr 


yo that, if we put M — N.= 1), we have 
m, sin (M, — WV) 
Sides 
p+l 
ae eae a cos (M, — N) (521) 
T= T+ 


in whicn cos y may be taken with either the negative or the 
positive sign; and it is evident that the first will give the 
beginning and the second the end of the eclipse generally. 

For the two interior contacts we have 


m, sin (M, — NV) 


—l 
: (522) 
— me > 
t= Es me cos } — 7. cos (Mm, ~N} 


sin | = 
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These interior contacts cannot occur when p -- / is less than 
ing sin (M, — IV), which would give impossible values of sin 4. 
In these formule we at first assume p == 1, and, after finding 


un approximate value of y, we have, by (517), in which 4 --- 0, 
y = M, and in the present problem Mf =: N+ a: therefore 

yr=N+4 (523) 
with which p is found by (518), and the second computaticn of 
(521) or (522) will then give the required times. We must 
employ in (528) the two values of W found by taking cos W with 
the positive and the negative sign; and therefore different values 
of p will be found for beginning and ending, so that in the 
second approximation separate computations will be necessary 
for the two cases. 

In the first approximation the mean values of 2’, y’, and { 
may be used, or those for the middle of the eclipse. With the 
approximate values of + thus found, the true valnes of 2’, ¥’, 
and { for the time 7’== 7), -| zt may be taken for the second 
approximation. 

After finding the corrected value of ~, we then have also the 
true value of ; ==: N+ ¥y tor each point, and hence also thie 
true value of 7’ by (518), with which the latitude and longitude 
of the points will be computed by (519). For the local apparent 
time of the phenomenon at each place we may take the value 
of J in time, which is very nearly the sun’s hour angle. 


306. When the interior contacts exist, the rising and setting 
limits form two distinct enclosed curves on the earth's surface. 
If we denote the times of beginning and ending generally, de- 
termined by (521), by 7, and 7), and the times of interior con- 
tact, determined by (522), by 7)’ and 7,’, a series of points on 
the rising limit will be found by Art. 303, for a series of times 
assumed between 7, and 7;’, and points of the setting limit for 
times assumed between 7,’ and 7; 

When the interior contacts do not exist, the rising and setting 
limits meet and form a single curve extending through the whole 
eclipse. The form of this curve may be compared to that of the 
figure 8 much distorted. <A series of points upon it will be 
found by assuming times between 7, and 7. 


307, ExaMpLe.—Let us find the rising and setting limits of 
the eclipse of July 18, 1860. 


3 
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First.—To find the beginning and ending on the earth gene 
rally, we have for the assumed epoch T, = 2*, page 455, 


m, sin M, = x, == — 0.081244 nsin N = x’ = + 0.5453 
m, cos M, = y, = + 0.596075 n cos N = y’ = — 0.1608 
which give 
log nm, = 9.77930 log n == 9.75474 
M, = 352° 14’ 19” N == 106° 25'.8 
log m, sin (M, — N) — n9.73938 ="* cos (M, — N) = — 0.4886 


For a first approximation, taking p = 1, we find, by (521), 


p +l = 1.5367 log siny = 79 .5528 
PH cos } = = 2.525 
T, ——* cos (M,—-N) = + 2.484 


Approx. beginning 7T,= 234.909 (July 17) 
“ end T, = 4.959 (July 18) 


Taking cos negative for beginning and positive for ending, 
we have then, by (518) and (523), 


Beginning. End. 
RY 200° 55’.4 339° 4'.6 
N+y=y 307 21.2 | 85 30.4 
log tan 7 n0.11782 ; 1.10466 
log p, 9.99873 | 9.99873 
log tan ;’ n0.11605 ' 1.10889 
log sin 7’ 9.89985 | *9.99865,5 
log sin y 9 90032 i 9.99866,3 
log p 9.99953 / 9.99999 
p 0.99892 . 0.99998 
0.53687 | 0.53640 
pt+l 1.58579 i 1.58638 


For the above computed times we further find 


log x’ = log n sin V 9.73664 | 9.78654 
log y = logncos NV | n9.20588 | n9.20774 
: logn | 9.75467 9.75477 


N L06° 23’ 50% ; 106° 29! 8” 
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For a second approximation, therefore, recomputing (4521), we 
now find 


log sin ¥ n9.55316 n9.55269 
log cos 4 n9.97032 9.97039 
Tr 23.9098 4.9587 
+ 200° 56’ 27” 839° 4! 58” 
yoy 3807 20 17 85 384 6 


N+ 
and by (518): log tany’ | »0.11629 1.10942 


Then, for the latitude and longitude of the points, we have, 
by (519), 


d, 21° 1°42" ' 20° 59° 33” 
pn, | 857 9 57 72 54 8 
® | 254 38 57 91 35 48 
,—-8=w | 12 31 0 341 18 25 
9 3438384 | 4+ 9 46 


Therefore the eclipse begins on the earth generally on July 17, 
23" 54".5 Greenwich mean time, in west longitude 102° 31’ 0” 
and latitude 34° 38’ 34’, and ends July 18, 4" 57”.5 in longitude 
841° 18’ 25” and latitude 4° 9’ 46”. 

It is evident that for practical purposes the first approximation, 
which gives the times within a few seconds, is quite sufficient, 
especially since the effect of refraction has not yet been taken 
into account. (See Art. 327.) 

Secondly.— We now pass to the computation of the curve which 
contains all the points where the eclipse begins or ends at sun- 
rise or sunset. In the present example, this curve extends 
through the whole eclipse, since we have m, sin (Z,— NV) >1—I: 
hence the required points will be found for Greenwich times 
ussumed between July 17, 23*.91 and July 18, 4*.96. Let us take 
the series 


T, 0*, 0.2, 0.4, 0.6, O.8........ 4°.6, 4.8 


The computation being carried on for all the points at once, the 
regular progression of the corresponding numbers for the suc- 
cessive times furnishes at each step a verification of its correct- 
ness. To illustrate the use of the formule, I give the computa- 
tion for 7'= 2".0 nearly in full. For this time, we find, from 
p- 454 and p. 464, 


£=msin M— — 0.08124 l = 0.53675 d, == 21° 0’ 49” 
y =mcos WM = + 0.59608 log p, == 9 99873 
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and hence 
M = 352° 14’ 21” log m == 9.77931 m == 0.60160 


Then, by (517), taking p = 1, we have 
ar. co. log 4mp 9.61863 


[+m —p 0.18885 .......... log 9.14098 
[—m-+p =0.938515 .......... log 9.97088 
A=: 26° 497 log sin? } £ 8.73049 


With this first approximate value of A we find the value of p for 
each of the two points, by (518), as follows: 


M+A=:y7 19° 3° | 825° 25 
log tan 9.53820 | 9.83849 
log p, tan 7 = log tan 7’ 9.53693 : 9.83722 
/ 
or — log p 9.99887 | 9.99914 
COs y_ | 
p 0.99740 ; 0.99802 
Repeating (517) with these values of p: 
ar. co. log 4mp 9.61976 9.61949 
log (1 + m — p) 9.14907 9.14715 
log (1 -—— m + p) 9.96967 9.96996 
log sin? $A 8.73850 8.73660 
+A +27° 4° 4" | — 27° 0! 26" 
Mae. == y 19 18 25 | 3825 138 55 
log tan 7 9.54448 i n9.84148 
log tan 7’ 9.54321 | = 9.84021 


Hence, by (519), 


8 | 185° 45' 4” | 249° 386! 45" 
For T= 2%. (p. 455), , 28 8112 | 28 81 12 


1,- 3=w 252 46 8 | 145 54 27 

61 52 2 50 13 46 

Local app. time = # in time, 9° 3". 16” 10™.45 
ee Sunrise 


To find whether the eclipse is beginning or ending at these 
points, we have, from p. 465, and by Art. 304, 


E 14° 17’ 
log m sin (M — #) n9.3538 n9.3538 
log p sin (7 — #) 8.9406 n9.8772 
Beginning. Ending. 


In the same manner are found the results given in the following 
table: 
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Greenwich 
Mean Time. 


a eee 


Latitude. 
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SOLAR ECLIPSE, July 18, 1860.—RISING AND SETTING LIMITS. 


co 


Long. W. from 
Greenwich. 


FN ne ne Ee ” (Ee eed 


110° 35’ 


aes aot a si aE = Dh Sa 8 a a 8 a hh 
| 
es DARIN OS aa wae Wa PP DOlDARN Oi DOD epb:< 


4 44° 
52 
58 


27’ 
34 

1 
10 


21 


121 
132 
144 
157 


171 46 


187 
204 
221 
237 


266 
279 
290 
300 


315 
320 
329 
330 


—-3340~«C4 


337 
340 
$42 
343 


99 
99 
101 
103 


106 
110 : 


114 


119 ° 


126 


AG 


252 


134 


33 
21 
2 
6 


o6 
o6 
o1 
ot 


33 
17 
36 


12 


308 12 


0 
50) 
i) 
17 


19 
my 


be éé 


Local 
App. Time. 
v 

16° 31".7 | Begins at Sunrise. 
15 59 8 ef «“ 

15 28 .7 re as 

14 53 .9 66 6 

14 13 .7 “6 as 

13 27 0 a < 

12 34 .4 “6 “ 

11 38 3 “6 Sunset. 
10 42 .7 Mf “ 
9605 | «  « 

8) 3 0 “ “ 

g 19 9g 6c se 

7 41.0 & “ 

7 7 z éé &c 

6 41 3 st é“ 

6 21 2 “6 “c 

6 6 l “ “ 

5 54 .8 ‘6 e 

5 46 .5 es oh 

5 41 .0 66 “6 
6387.8 | «& « 

5 36 .8 “¢ a“ 

5 38 .0 Ends ‘6 

5 41 25 6“ as 

5 48 .4 s s 

17 17 .4 | Begins at Sunrise. 
17 27 9 rt} “ 

17 32 6 “c “ 

17 34 6 Ends of 
17 34 3 é“< &“ 

17 31 8 66 ac 

17 96 Al «“ 4 

17 18 3 ‘6 ‘“ 

17 5 2 & ée 

16 45 0 sh rf 

16 10 .5 66 ef 
15 10 9 6 - 

18 81 .2 “6 

11 32 .9 | ‘6 Sunset. 
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wuLAn WCLIPSE, July 18, 1860.—RISING AND SETTING LIMITS. (Continued. ) 

_—— ~ ee 

; _W. Loca | 

Greenwich Latitude. eoneenwiel | App. ime. | | 

| Mean Tine. | P , | 
| | | Ww | Nd 

— a = 

35.0 | + 62° 42" | 265° 37’ 9*11"6 | Ends at Sunset. | 

2 ( 858 44 | 277 27 7 8 36.3 | « te | 

A b4 42 | 286 49 | 8 10.8 | * wo 

6 50 35) 24 47 | 7 51.0 | « w | 

8 46 21 , 301 53 | 7 84 6 : “ ! 

4.0 | 41 55 | 308 26 | 7 20.3 _ ‘ ! 

2 87 10; 314 40 | 7 TA & Ho 

A 31 57 , 820 43 | 6 55 2 | “ oo | 

6 2 55 | 326 48 | 6 42.9 | «& an 

| 8 18 11 | 333 18 6 28.9 | « “ | 


a tee mi 


These potats being projected upon a chart (see p. 504), the 
whole curve may be accurately traced through them. It will be 
seen that the method of assuming a series of equidistant times 
gives more points in those portions of the eurve where the 
curvature is greatest than in other portions, thus facilitating the 
accurate delineation of the curve. This advantage appears to 
have been overlooked by those who have preferred methods 
(such, for example, as Hansen’s) in which a series of equidistant 
latitudes is assumed. 


308. The preceding computations have been made for the 
penumbra; but we may employ the same method to determine 
the rising and setting limits of total or annular eclipse by 
employing in the formule the value of / for interior contacts. 
These limits, however, embrace so small a portion of the earth’s 
surface that they are practically of little interest. 


Curve of Maximum in the Horizon. 


809. To find the curve on which the maximum of the eclipse is seen 
at sunrise or sunset,— When a point of the earth’s surface whose 
co-ordinates are §, 7, and ¢ is not on the surface of the cone of 
shadow, but at a distance J from the axis of the cone, we have 
the conditions (485), 

JsinQ@=—«a«r—§& 


4 
4vosQ=y—y7 j (024) 
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The amount of obscuration depends upon the distance by 
which the place is immersed within the shadow, that is, upon the 
distance L-— J, 1 being the radius of the shadow on the paralle\ 
plane at the distance ¢ from the principal plane. For the 
maximum of the eclipse, therefore, we have the condition 


al dA 
dT aT 


Differentiating the above equations relatively to the time, and 
denoting the derivatives of x, y, &e. by accents, as in Art. 3800, 
we have 

dd qdqQ 


—~ sin QO — J cos Q.—<- == a’ — F' 
dT ¢ ¢ aT 
da ; dQ 
—— COS dsin QO. — — 7’ — n’ ‘ 
rT; Q + Q qe 
which give 
dJ 


—— == (4' ~ 3’) sin @ + (y'— 7/) cos 


The equation L = | — if gives 


and, therefore, 
l’— if’— (2’— &') sin @ — (7 — 7’/) cosQ = 0 (525) 


or, by (510 
» by O10), P'=0 (526) 


This is, therefore, the general condition which characterizes 
the maximum of the eclipse at a given time. In the present 
problem we have also the condition that the sun is in the horizon, 
for which we may, as in Art. 303, substitute the condition ¢,= 0. 
Since, however, the instant of greatest obscuration is not subject 
to any nice observation, a very precise solution of the problem 
is quite unimportant, and we may be satisfied with the approx!- 
mate solution obtained by supposing ¢ = 0, and at the same 
time neglecting the small quantity a’ in P’. The condition 
(526) will then be satisfied when in (518) we have 


sin (Q — #) = 0 
that is, when 


Q-= EH or QY=-- 180° + # 
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Hence, for any given time, the conditions (524) become 


+ 4ain H—=uw-—é& 
+dScoshH=y—y 


which with the condition 
e+ ay == 1 


must determine the required points of our curve. The angle # 
is here known for the given time, being directly obtained from 
its tabulated values, but J is unknown. Putting, as in the 
preceding problem, 


moin Mo= x psmy = ¢ 
m cos Moy p COB y = 
we have 
+ Jsin # — msin M — psiny 
+ Jcos b=: m cos M — p cosy 
whence 


()=- msin (M — #)— psin(y — £) 
+ 4 =m cos (LU — #) — p cos (y — £#) 


Therefore, putting y -- y —#, we have 


m sin (M — E) 
sin y= ——_____--“ 
P (527 


+ 4=—meos(M —~ #)—pecosy 


The first of these equations will give two values of), since we 
may take cos y with the positive or the negative sign; but, as 
only those places satisfy the problem which are actually within 
the shadow, we must have J < /, or, at least, 4 not greater than l. 
That value of a2 which would give 4>7 must, therefore, be 
excluded: so that in general we shall have at a given time but 
one solution. 

It will be quite accurate enough, considering the degree of 
precision above assigned, to employ in (527) a mean value of p, 
or, since p falls between p, and unity, to take log p = $log p,. 
But, if we wish a more correct value, we have only to take 


y=4+H (928) 


and then find p as in (518); after which (527) must be recom- 
puted. 
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Having found the true value of y by (527), and of 7 by (528), 
we then have 7’ by the equation 


tan 7’ == p, tan y 


and the latitude and longitude of each point of the curve by (519). 

The limiting times between which the solution is possible will 
oe known from the computation of the rising and setting limits, 
in which we have already employed the quantity m sin (f— F); 
and the present curve will be computed only for those times for 
which m sin(M— £)<l. These limiting times are also the same 
as those for the northern and southern limiting curves, which 
will be determined in Art. 313. 


810. The degree of obscuration is usually expressed by the 
fraction of the sun's apparent diameter which is covered by the 
moon's disc. When the place is so far immersed in the penumbra 
as to be on the edge of the total shadow, the obscuration is total ; 
in this case the distance of the place from the edge of the 
penumbra is equal to the absolute difference of the radii of the 
penumbra and the umbra, that is, to the algebraic sum + Z,, 
LE, denoting the radius of the umbra (which is, by Art. 293, 
negative); but in any other case the distance of the place within 
the penumbra is Z— J: hence, if D denotes th degree of 
obscuration expressed as a fraction of the sun’. apparent 
diameter, we shal] have, very nearly, 

E- J 
Beet (529) 
baa. 
This formula may also be used when the eclipse is annular, in 
which case J, 18 essentially positive; and even when J is zero, 
and the eclipse consequently central, the value of D given by 
the formula will be less than unity, as it should be, since in that 
ease there is no total ob.curaticn. 
In the present problem we have 


jj ee (529*) 


in which / and J, are the radii of the penumbra and umbra on 
the principal plane, as found by (488). 


ExaMpLe.—lIn the eclipse of July 18, 1860, compute the curve 
on which the maximum of the eclipse is seen in the horizon. 
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In the computation of the rising and setting limits, the 
quantity m sin (JZ— £) was less than unity only from 7'= 0.6 
to T’= 4*.2: so that the present curve may be computed for the 
series of times 0.6, 0".8..... 4*.0, 4°.2. For an approximate 
computation we may take log p = 3 log p,= 9.9994, and employ 
only four decimal places in the logarithms throughout. 

The computation for 7'= 2" is as follows. For this time we 
have already found (p. 473) 


log m 9.7793 
M 352° 14’.4 
E 14 17.3 
Hence, by (527), M—E 337 57.1 
log m sin (M — £) n9 3538 
log p 9.9994 
log sin ¥ n9.3544 
log cos 4 9.9886 
log p cos 4 9.9880 
log m cos (M — EF) 9.7463 


m cos(M — EF’) -t 0.5575 
pcos 4 + 0.9727 
y) 0.4152 


Here, if cos W were taken with the negative sign we should 
find J = 1.5802, which is greater than 1. Taking it, theretore, 
with the positive sign only, we have 


¥ — 13° 4'.3 
log p, = 9.9987 log tan y 8.3271 
log tan 7 8.3258 
with which we find, by (519), 
B 176° 37'.2 
hy 28 31.2 
w 211 54 
Y 69 1 
App. time = # in time 11° 467.5 
Sunset. 


To express the degree of obscuration according to (529*) we 
have, taking the mean values of / and 4, (p. 454), 


1== 0.5366 1—_4= 0.1214 
J == — 0.0092 _ 0.1214 96 
i+i= 0.5274 0.5274 0 


In the same manner all the following results are obtained: 
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SOLAR ECLIPSE, July 18, 1860.—CURVE OF MAXIMUM OF THE ECLIPS!. 
IN THE HORIZON. 


eer rE SSRI a FS SS GSS SSP gr PPOA Sn ee es 


: | Long. W. pe re Local Degree of 
Latitude. Greenwich. | Time. Obscuration. 


Greenwich | 
Mean T. ? 
e ! | 
O6 |4 25°44 | 107° 417 | im19"3 | 030 | 
0.8 37 47 «| 117 47 | 16 50.9 76 
1.0 ! 47 3 | 127 49 | 16 22.8 97 
1.2) 5+ 81 | 189 1 15 50 0 74 
L 4 | 60 38 | 152 24 1 8.5 56 
1.6 | 65 20 169 0 14 14.1 41 | 
1.8 68 16 189 16 | 138 5 0 31 si! 
2.0 | 69 1 211 54 11 46.5 | 2300 
2.2 67 34° | 233 382 ° 10 31.9 | 18 | 
» 4 64 20 | 251 42 . 9 31.23 Ai 
26 59 55 | 266 «11 8 45 3 Wo 
2.8 | 54 41 | 27750 x 10.8 2 | 
3.0 |. 48 52 > 287 81 . 7 44 0 28 
$8.2 {| 42 85 +: 295 56 7 22 4 37 | 
3.4 35 49 | 303 30 : 7 4.1 50 | 
36 28 28 | 310 33 | 6 47 9 oT 
3.8 20 21 317 22 | 6 382 6 389 | 
|; £0 |;+11 2 824 15 | 617 2 87 
| 4.2 |— 0 45 331 14 | 6 1.1 48 | 


Northern and Southern Limiting Curves. 


811. To find ‘the northern and southern limits of the eclipse on the 
rarth’s surface.—These limits are the curves in which are situated 
all the points of the surtace of the earth from which only a single 
eontact of the discs of the sun and moon can be observed, the 
moon appearing to pass either wholly south or wholly north of 
the sun. They may also be defined as curves to which the out- 
line of the shadow is at all times in contact during its progress 
across the earth. 

The solution of this problem is derived froin the consideration 
that the simple contact is here the muximum of the eclipse, so 
that we must have, as in (526), 


Pre 0 
and consequently, by (513), 
a’ + esin(@ — £) = Sfsin(Q — F). (580) 
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For any given time 7, therefore, we are to find that point of 
the outline of the shadow on the surface of the earth for whicl. 
the value of Q and its corresponding ¢ satisfy this equation. 
This can be effected only indirectly, or by successive approxima- 
tions. For this purpose, we must know at the outset an approx 
mate value of Y; and therefore, before proceeding any further, 
we must show how such an approximate value may be found. 

We can readily determine sufficiently narrow limits between 
which @ may be assumed. For this purpose, neglecting a’ in 
(530), as well as #, which are always very small, we have. 
approximately, 


esin(Q — H£) = ¢f sin Q 


The extreme values of ¢ are 7 = Oandz-=1. The first gives 
sin (@ -- #) = 0, and therefore for a first limit we have 


Q=E£E or Q = 180° + # 
The second gives 
¢e sin(Q — H) = fin 
whence 
tan (Q -- 4 #) = ie tan} Z# 
Put _ 
tan 4 = : ane Aree 4H 


—+ 


then the equation tan (9 — 4) -- tan y gives for our second 
limits 
Q=4H+4 or Q=10°+LsH+y 
To compute y readily, put 


tan y == I 
2 
then 
tan 4 = tan (45° + ») tand# 
and @ is to be assumed 


between # and 4 # + 4 


or between 180° + Hand 180° + 34+ 4 
Vou, 1-31 
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These limits may be computed in advance for the principal 
hours of the eclipse from the previously tabulated values of 
#, e, and f, and an approximate value of Q@ may then be easily 
inferred for a given time with sufficient precision for a first 
approximation. 

‘When the shadow passes wholly within the earth, there are 
two limiting curves, northern and southern. For one of these 
Q is to be taken between # and } H+; forthe other, between 
180° 4+- Hand 180° + } H+). Since #is always an acute angle, 
positive or negative, it follows that when @ is taken between 
f and 4 & + 4), its cosine is in general positive, while it is nega- 
tive in the other case. The equation 7=y—(l- if) cos Y 
shows that q will be less in the first case and greater in the 
second, and hence the values of Q between E and 4 E + o belony 
to the southern limit, and the values of Q between 180° -|- H and 
180° + 4 #+ w belong to the northern limit. 

There is only one limit, northern or southern, when one of the 
series of values of @ would give impossible values of ¢ in the 
computation of the outline of the shadow by Art. 298. But when 
the rising and setting limits have been determined, the question 
of the existence of one or both of the northern and southern 
limits is already settled ; for if the rising and setting limits extend 
through the whole eclipse in north latitude, only the southern 
limiting curve of our present problem exists, and vice versa; 
while if the rising and setting limits forin two distinct curves, 
we have both a northern and southern liniting curve; and the 
latter must evidently connect the extreme northern and southern 
points respectively of the two enclosed rising and setting curves. 
In our example of the eclipse of July 18, 1860, there exists only 
the southern limiting curve of the present problem, the penum 
bral shadow passing over and beyond the north pole of the earth. 

Having assumed a value of Q, we find ¢, by the equations (502), 
(504) and (505), and then ¢ by (509). This computed value of £ 
and the assumed value of Y being substituted in (530), this equa. 
tion will be satisfied only when the true value of Q has been 
assumed. To tind the correction of Q, let us suppose that when 
the equation has been computed logarithmically we find 


log ¢ f sin <@ — F) -- log [a’ + e sin (Q — #)] =x 


If then aQ and d¢ are the corrections which Q and ¢ require in 
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order to reduce x to zero, we have, by differeutiating this equation, 


oe an 
a’ +esin(Q@— A) 4! “A'S 


in which A is the reciprocal of the modulus of common logarithms. 
In this differential equation we may neglect a’ without sensibly 
affecting the rate of approximation. If then we put 


ad’ 


we shall have 
Ax 


4) a Tas aes ah eee ae 


~ cot(Q— E)— cot(Q—F)+g 


This value of d@ is yet to be reduced to seconds by multiplying 
it, by cosee 1 or 206265”. 
To find g, we may take, as a sufficiently exact expression for 
computing @Q, 
dt, 
r, aq 


and by differentiating (502) (omitting the factor p,, which will 
not sensibly affect 9), 


g=— 


cos # sin y df + sin # cos y dy = —l cos QdQ 
cos f cosy di — sin fsinydy—= IJIsin QdQ 


whence, by eliminating dy, 


i 
dQ : cos 8 
By (505) a sufficiently exact value of ¢, for our present pur- 
pose is 


¢, == cos £ 
whence 
» 
pa == — sin f a8 
dQ dQ 
g = sin # sec? 2 sin(Q@ — 7 (582) 


Putting, finally, 


G = cot (9 — £)— cot (Q@ - Ff) = _sin (# — F) 


oo —— —— (533) 
sin (Q a f) sin (Q— F’) 
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we have 
dQ =: =--—— (534) 


in which 5.67664 is the logarithm of A x 206265”. 
When the true value of Y has thus been found, the corre- 


sponding latitude and longitude on the earth’s surface are found 
as in Art. 298. 


312. The preceding solution of this problem (which is com- 
monly regarded as one of the most intricate problems in the 
theory of eclipses) 1s very precise, and the successive approxi 
mations converge rapidly to the final result. For practical pur. 
poses, however, an extremely precise determination of the limit- 
ing curves of the penumbra is of little importance, sinee no 
valuable observations are made near these limits. 1 shall, there- 
fore, now show how the process may be abridged without making 
any important sacrifice of accuracy. 


Fig. 43. 
In the first place, it is to be observed 
that great precision in the angle 9 
L_ is unnecessary. If LI, Fig. 438, is 
4 the limiting curve which is tangent 
:! at A to the shadow whose axis is at 


“ ¢, and if Q is in error by the quan- 
tity ACA’, the point determined will be (nearly) A’ instead of A. 
Now, although A’ may be at some distance from A, it is evident 
that it will still be at a proportionally small distance from the 
limiting curve. [nu fact, we may admit an error of several 
minutes in the value of @ without sensibly removing the computed 
point from the curve. The equation (530), which determines Q, 
may, therefore, without practical error be written under the 
approximate form 

esin(Q — #)= %,/ sing 


and in this we may employ for @, the value 
fj == Coss 


Hence, having found # from (502) by employing the first assumed 
value of Q, we then have 
en) 2 OEE 


cog 


sin @ € 
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whence 
tan(@— 32) -- ee a A tan 3 # 
coe f COs 2 
by which a second and more correct value of @ can be found. 
This equation will be readily computed under the following form: 


tan vo = f cos 8 
€ (535) 
tan (Q — 3 #) =~ tan (40° + v’) tan4 F 


The value of Q@ thus determined may be regarded as final, and 
we may then proceed to compute the latitude and longitude bys 
the equations (502) to (508). In this approximate method, loga- 
rithms of four decimal places will be found quite sufficient. 


313. For the computation of a series of points by the preceding 
method, it Is necessary first to determine the extreme times 
between which the solution is possible. It is evident that the 
first and last points of the curve are those for which ¢,= 0, and, 
consequently, Q-= &, or Y= 180°+ #. It is easily seen that 
these points are also the first and last points of the curve of 
maximum in the horizon (Art. 309), and, therefore, the limiting 
times are here the same as for that curve. If, however, we wish 
to determine these hmiting times independently (that is, when 
the rising and setting limits have not been previously computed), 
the following approximative process will give them with all the 
precision necessary. 

Since Q= &, or = 180°+ #, we have, at the required time, 


Fr Elan # -OR 
136 
yozy leo kh ; ( 


together with the condition (514), for which we may here employ 
Pp pal 


If we put § = sin y, this condition gives 7 = cos 7. We have, 
by (512), 


, ' 


: Cc 
sin # = — cos H = — 
e é 


and we may here regard eas constant. Let the required time 
be denoted by 7= 7,+ 7, 7, being an assumed time near the 
middle of the eclipse. Let 8,’, ¢,’, be the values of b’ and c’ for 
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the time 7, and denote their hourly changes by 6” and ¢’’; then 
we have, fur the time 7, 

b= b) + b"r oat! + er 
and hence, £, being the tabulated value of # for the time 7), 


” yi 


. b C 
sin # == sin &, + — + cos £ = cos h, + —T 
e € 


If, also, 7,, ¥,, are the values of x and y for the time 7%, 2’ and y’ 
their hourly changes, we have 
LSS aks y=y+y't 


und the equations (5386) become 


/ 


sin y == 2, + é sin By + (a = uy 
= l 
eos y == yy = Leos By +(y = 


Let m, 1, n, N, be determined by the equations 
m sin M = wv, = sin &, 


m cos A =: y, = l cos A, 


nsin N=wv' = - b" (537) 


n cos NV = y' +- 


in which the upper sign is to be used for the southern and the 
lower sign for the northern limit; then, from the equations 
siny == msin M+ nsin NV.t 
cosy = mcos M+ ncosN.t 


we derive 
sin (y — .V) = msin (.W — N) 


cos (y — NV) = mcos(.M — NV) + nr 


Hence, putting y — V= yd, 
sin y = msin (WM — NV) 


~ — Co8 _ moos (M — N) (588) 
n n 
T = Z, +- T 


It is evident that cos y is to be taken with the negative sign for 
the first point and with the positive sign for the last point of 
the curve. 
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To find the latitude and longitude of the extreme points, we 
take y == N+ 4, tan 7’ = p, tan 7, and proceed by (519). 


ExaMPLE.—To find the southern limit of the eclipse of July 
18, 1860. 

First. To find the extreme times.—Taking T,== 2", we have, 
from our tables, pp. 454, 455, and pp. 464, 465, 


Ly == — 0.0812 x’ = + 0.5452 

y, == + 0.5961 y' = — 0.1610 
(= 0.5867 

Ey= 14°17 6’ — + 0.0514 

loge = = 9.7977 ce = — 0.0151 


where we take mean values of x’, y’, &. From these we find 
by (537), taking the upper signs in the formule, 


log m = 9.3555 M — 289° 35’ 
log n == 9.7182 N = 106 28 
M— N=-183 7 
Hence, by (538), 


log sin (M — NV) = 78.7354 log cos (JM — WN) = n9.9994 
log sin ¥ == 78.0909 mcos(M—N) _ . 
log cos = 0.0000 Ce er re 
pew 24915 
tT=- — 1] 480 


or t:= + 2 .346 
Therefore, for the first and last points of the curve we have, 
respectively, the times 
T= 2* — 1*480 _- 04.520 
j==2 +2 346 = 4 346 
To find the latitude and longitude of the extreme points corre- 
sponding to these times, we have 


First Point. Last Point. 
ener ene fata raee  eat ee e wt e 
vy) tsoe 4a’ | oe ae 
—=N+4) 287 10 105 46 
log tan y n0.5102 n0.5492 
log o, == 9.9987 log tan,’ n0.5089 n0.5479 
d, 21° V4 20° 59’.8 
ty 6 19.2 63 42.7 
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Henne, by (519), 


w 102° 40’ 339° 30’ 
g 16=«9 — 14 47 


Second. To find a series of points ou the curve.—We begin by 
computing the limits of @ for the hours 0", 1", 2", 3", 4*, 5’. Thus, 
tor 0* we have, from the table p. 465, and by (531), 


T | (Hi 
log f | 9.3882 
loge | 9.8019 
log tan » | 9.5863 
y{ 21° 51.6 
s}#| 2 16.7 
log tan (45° + v) | 0.3533 
log tan $3 H | 8.5997 
log tan ¥ | 8.9530 
y| 5° 7.7 
,H+ 4/7 24.4 


For the southern limiting curve, Q falls between Hand 4H+ y, 
i.e., for 0*, between 4° 33’ and 7° 24’. In the same manner we 
form the other numbers of the following table: 


rr Lower limit of Y. , Upper limit of Q. 
0” 4033 0 | 78 
I 9 22 15 18 
2 1417 | 28 18 
19 i+ 380 58 
4 24.0 8 38 4 


5) 28 55 44 36 | 


The points of the curve are to be computed for times between 
0.520 and 4*.3846, and we shall, therefore, assume for 7 the 
series 0*.6, 0*.8, 1%.0..... 4*,0, 4*.2, which, with the extreme 
points above computed, will embrace the whole curve. 

Instead of determining Q for each of these times by the 
method of Art. 312, it will be sufficient to determine it for the 
hours 1*, 2", 3", 4", and, hence, to infer its values for the inter- 
vening times. Thus, for 7 - 1", assuming @= 12°, which is a 
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mean between its two limiting values, we proceed by the equa. 
tions (502), for which we can here use 


sin # siny = x --- l sin Q 
sin 8 cosy = y -- (cos Q 


as follows: 


For 7, = 1". ( r| — 0.6266 log cos 2! 9 7396 
| De cn ae log?., 9.5928 
l 0.5368 e 
Assume 4) 12° log tan y | 9.38319 | 
a=xr—IlsinQ@| - 0.7382 vo 12° 7.1 
b=y —lcosQ@| + 0.3920 4H} + 41.2 
log a = log sin f sin 7 nN9.86H82 | log tan(45°- v') | 0.1894 
log 6 = log sin £ cos y 9.5933 | tan }£| 8.9137 
log sin 8 9.9221 tan(Q — +E)! 9.1031 
Q--}R * 79435! 
Q@ |. 547 
We thus find, 
for T= 1* gn Qa 4a 
Q = 11° 59, 22° 20’, 30° 16’, 82° 17’. 


From these numbers we obtain by simple interpolation suffi- 
ciently exact values of Q for our whole series of points. And 
since it is plain from Art. 312, that even an error of half a 
degree in Q will not remove the computed point from the true 
curve by any important amount, we may be content to employ 
the following series of values as final : 


r | @ r | @ ri @ | rT i @ | 
046 | 8° 1*.6 18° | 2.6 | 28° 8 31° | 
0.8 | 10 1.8 | 20 2.8 | 29 32 | 
.1.0 | 12 2.0 | 22 - 30 | es 32 ; 
4.2] 14 24 | 3 oie 4.2 | 32.5 
(1.4 | 16 12.4126 | i 3.4] 381 | | 


For each time 7’ we now take z, y, and J, from the tables of 
the eclipse, and, with the value of @ for the same time, deter- 
mine the required point on the outline of the shadow by the 
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eomplete equations (502) to (508) inclusive, the use of which has 
already been exemplified in Art. 302. Employing only four 
decimal places in the logarithms, we shall find that the curve 
may be traced through the points given in the following table: 


SOLAR ECLIPSE, July 18, 1860.—SOUTHERN LIMIT. 


— 


| . Long. W. from | 
} Greenwich Latitude. Greenwich 
G) 


Mean Time. | ¢ 
0*.520 4+. 16° 5! 102° 40" 
| 06 21 32 s8 31 
0.8 25 6 76 37—| 
1.0 26 36 92 
12 27 17 68 9 
14 27 27 58 14 
16 27 15 58 57 
| 18 26 47 50 9 
20 26 4 46 43 
2.2 25 9 43 38 
24 24 38 40 34 
2.6 22 48 87 45 
2.8 21 5 84 33 
3.0 19 9 31 25 
3.2 16 41 27 50 
84 14 14 24 39 
| 86 11 9 20 44 
/ 88 8 5 16 55 
| 4.0 44 8 11 46 
| 4.2 — 0 39 5 17 
| 4. 


814. We have applied the preceding method only to the deter- 
mination of the extreme limits of the penumbra, which may be 
designated as the extreme limits of partial eclipse. The same 
method will determine the northern and southern limits of total 
or annular eclipse, by employing the value of / for the total 
shadow—that is, for interior contacts. The latter are, indeed, 
more important, practically, than the former, and therefore in 


CURVE OU CENTRAL ECLIPSE. 491 


special cases somewhat greater precision might be desired than 
has been observed in the preceding example. In any such case, 
recourse may be had to the rigorous method of Art. 311. Since 
the limits of total or annular eclipse often include but a very 
narrow belt of the earth’s surface, extending nearly equal 
distances north and south of the curve of central eclipse, 
they may be derived, with sufficient accuracy for most purposes, 
from this curve, by a method which will be given in Art. 320. 

The curve upon which any given degree of obscuration can 
be observed may also be computed by the preceding method. It 
is only necessary to substitute J for /, and to give J a value cor- 
responding to D according to the equation (529). All the curves 
thus found begin and end upon the curve of maximum in the 
horizon. 


Curve of Central Kelipse. 


315, To find the curve of central eclipse upon the surface of the 
curth.—This curve contains all those points of the surface of the 
earth through which the axis of the cone of shadow passes. The 
problem becomes the same as that of Art. 298 upon the suppo- 
sition that the shadow is reduced to a point—that is, when 
(—. i¢:~ 0, and, consequently, by (493), 


Sup 


Hence, putting 


Py 


the equations (502) to (508) are reduced to the following ex- 
tremely simple ones, which are rigorously exact: 
sin # siny = 2 
sin 8 cosy = ¥y, 
esin C= y, 
c cos C' == cos 8 
COs ¢, sin # == x (539) 
cos ¢, cos 8 = ¢ cos (C + d,) 
sin g, = csin (C+ d,) 
tan ¢, 
VY (1 —ee) 
It will be convenient to prepare the values of y, for the prin- 
cipal hours of the eclipse; and then for any given time 7’ taking 
the values of z, y,, d,, 4, from the eclipse tables, these equations 
determine a point of the curve, 


tan 9 == w = p,— 8 
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316. The extreme times between which the solution is possible. 
or the beginning and end of central eclipse upon the earth, are 
found as follows. At these instants the axis of the shadow 
ig tangent to the earth’s surface, and the central eclipse is 
observed at sunrise and sunset respectively. Hence, Z being the 
zenith distance of the point Z, we have cos Z = 0, or, by (503), 
z,= 0, whence, by (499), 


e+ 4° = I 
r+ y= 1 


which is equivalent to putting sin 8 = 1, or cos 8 = 0, in the 
first two equations of (539), so that we have’ 


or 


sin y = 2, cos y = Y, 


Let x’ and y,’ denote the mean hourly changes of x and y, com- 
puted by the method of Art. 296. Let the required time of 
beginning or ending be denoted by 7= 7+ 7, J, being an 
arbitrarily assumed epoch; then, if (x) and (y,) are the values of 
xz and y, taken for the time 7, we have for the time 7, 


siny = (x) + 2’r 
copy = (¥,) + 9,7 
Let m, M, n, N, be determined by the equations 


= : ns 
St a 
then, from the equations 

siny = msin M-+nsin NV.+t 

cosy = mcos M + ncosN.r 
we deduce, in the usual manner, 


sin (y — V) = m sin (M — NV) 
cos (y — NV) = mcos(M — N) + nr 
or, putting y = 7 — WN, the solution is 
sin 4 = msin (M— N) 
- — O84 __ m cos (M — N) 


- = (541) 


Da Totes 
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where cos yy is to be taken with the negative sign for the 
beginning and with the positive sign for the end. 

To find the latitude and longitude of the extreme points cor- 
responding to these times, we have, in (539), cos 8 = 0, sin 8 = 1, 
and, therefore, C== 90°, c = cos 7: hence, taking y = N+ q, 


COS g, Ain F => Bin 7 
COS ¢, CON F - cosy sin d, 
sin gy. = O87 CON d, (542 
tan 
tan g= Reakued i w= fy — 3? 
py (1 — ee) 


317. To find the duration of total or annular eclipse at any point of 
the eurve of central eclipse.—This is readily obtained from numbers 
which occur in the previous computations. Let 7'= the time 
of central eclipse, é== the duration of total or annular eclipse. 
then 7”= T = 37 is the time of beginning or end. Let xz and 
y be the moon’s co-ordinates for the time 7; € and 4 those of 
the point on the earth at this time; 2’, y’, &’, 7’, the hourly in- 
crements of these quantities; then, at the time 7” we have, by 
(491), 


, 


gut — (2 — 4’) 
syt — (9 ¥ byt) 


(d— (f) sin OQ ar F 

(4 —2)cosQ- y + 

But we here have r = &, y = y, and we may put € = €, = cos £, 
whence 

(i —7cos #) sin @-: ¥ (2 —@’) 


tol col 


(1 — i cos 8) cos @ = F (y' — 7’) 
For the values of &’ and 7’ we have, with sufficient precision, 
since / is very small, 


E’== p'(— y i.d -+ cos 8 ccs d) 
y/==p xrsind 


Hence, by (511) and (512), we find, very nearly, 


x’ — &'= c' — p' cos d cos 3 :-= c — f cos 8 
y’ —7f = — I 


If, therefore, we put 


LE = 1 —icos 3 a= —f cos B (543) 
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we have 


at bt 
Lan Q = — Leos Q= - 
my 2 @ 2 


where we omit the double sign, since it is only the numerical 
value of ‘that is required. Hence, we have, for finding ¢, the 
equations 

_ 7200 Z sin @ 


< (544) 


a 
tan Q = 7 t 
the last equation being multiplied by 3600, so that it now gives 
¢in seconds. 
The value of cos f is to be taken from the computation of the 
central curve for the given time 7; and @, log 7, log f, ce’, 6’, from 
our eclipse tables. 


318. To find where the central eclipse occurs at noon.—In this case 
we have, evidently, x = 0, and hence, in (539), 


sin # = y, (545) 


by which £ is to be found from the value of y, which corresponds 
to the time when z=-0. We then have C=, e=1,9= 0, 
and therefore the required point is found by the formule 


as p+ d, = By (946) 


in which d, and yp, are taken for the time when zx = 0. 


319. The formule (589), (545), and (546) are not only extremely 
simple, but also entirely rigorous, and have this advantage over 
the methods commonly given, that they require no repetition to 
take into account the true figure of the earth. It may be 
observed here that the accurate computation of the central curve 
is of far greater practical importance than that of the limiting 
curves before treated of. 

The formule (541) must be computed twice if we wish to 
obtain the times of beginning and end with the greatest pos- 
sible precision; for, these times being unknown, we shall have 
at first to employ the values of x’ and y’ for the middle of the 
eclipse, and then to take their values for the times obtained by 
the first computation of the formule. With these new values a 
second computation will give the exact times. 
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ExampLe.—To compute the curve of central and total eclipse 
in the eclipse of July 18, 1860. 


It is convenient first to prepare the values of y, == 4 for the 
v; 
principal hours of the eclipse, as well as its mean hourly differ- 
ences. With the value log p,— 9.99873 we form, from the values 
of y given ‘n the table p. 454, the following table: 


anf oy | x _ 


or 4. 0.91972 — 0.16095 
1 73896 114 
9 59782 182 
3 43683 149 
4 27450 | 166 
5 1287 | 182 


fe Rem neeerrreremnem a OU eee am 


To find the tines of beginning and end we may assume 7,= 2'; 
und for this time we have 


(r) == msin AM = — 0.08124 x’ == nsin N= -+ 0.5453 

(y,) = m cos M = + 0.59782 y, = n cos N == — 0.1613 

whence logm-=-: 97054 logn-= 9.7548- 
Mz 852° 18’ 40” N- 106° 2817 


Employing but four decimal places in the logarithms for a first 
approximation, we find, by (541), 


_ ne vos (Mf —-) 


en ae 0*.435 

OX. ae = 1 468 

t, <= — 1.033 

t = + 1.908 
Approximate time of beginning = 2’ — 1°.033 — 0*.967 
“ “ end = 2 -+ I 203 = 3 .908 


Taking now 2’ and y,' for these times respectively, and re- 
peating the coniputation, we have 
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Beginning. 
a==neinN + 0.54531 
y,':=ncvon N — 0.16113 
or 9.75482 
N 106° 27" 42" 
— MEOn CN). on aady 
wey 1 4684 
t 
T 0) 9665 
4 213° 23° 12” 


End. 


+ 0.54525 

~ 0.16164 
0.75489 
106° 30’ 45” 


en ee 


+ 0*.4357 


+ 1.4685 


8 9042 
326° 37/ 40” | 


For the latitude and longitude of the points of beginning and 
end, we now take; = NV+ wW, and with the values of d, and 
u, (pp. 455, 464) tor the above computed times, we have 


Beginning. 
yo N+ 4; 319° 50’ 54” 
d, 21 #1 18 

KB, | 138 1 1 


whence, by (542), 


re 45° 36’ 50” 
w!| 126 3 8 
Local App. Time = # | 16> 279 


End. 


teres 


- 


73° 8! 25” 
| 210 0 
57 6 38 | 


| 15° 45’ 34” 
320 53 9 


| Gages 


For the series of points on the curve we take the times 14.0, 


1*,2, 


VA seek ‘i 


extreme times above found, and proceed by (539). 


»* 0 we have 
T 


xz == sin # sin 7 

y, == sin 8 cosy 

log sin 8 

log cos & = log ¢ cos C 
log y, = loge sin C 
log c 

C 

qd, 


3".6, 3*.8, which are embraced within the 


Thus, for 


2, 

—- 0.08124 

+ 0.59782 
9.78054 
9.90173 
9.77657 
9.99856 
86° 51 21” 
21 0 49 
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C+d,| 57°52 10" | 
log x = log cos ¢, sin ¥ n8.90977 | 
log ¢ cos (C + d,) = log cos g, cos 9 972435 
log ¢ sin (C+ d,) = logsing,| 9.92636 
3 301° 17’ 13” 
n,| 28 81 12 
w 37 13 59 
: 57 39 20 
App. Time = # in time, 23* 25" 8.8 


For the duration of totality at this point, we take from pp. 454. 
464, 465, 


1 = — 0.009082 bf = + 0.1582 
log t = 7.6608 ce = + 0.6011 
log f = 9.3883 


aud hence, with log cos 8 = 9.9017 above found, we obtain, by 


(543), 
L == — 0.012734 a — + 0.4061 


and, by (544), disregarding the negative sign of L, 
¢ == 211°.3 = 3" 31*.3 


For the place where the central eclipse occurs at noon, we find 
that x = 0 at the time 7'== 2'.149, at which time we have 


y,== sing | + 0.57378 | 
B 35° 0' 538" =|: 


d, 21 0 45 
?, 56 «1 38 
rr) 56 «6 (57 
pf, == w 30 45 18 


The whole curve may be traced through the points given in the 
following table: 


Vor I —82 
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ROLAR ECLIPSE, July 18, 1860.—CURVE OF CENTRAL AND TOTAL ECLIPSE 


l 
| | 
Latitude: Long. W. from | App. Local | 


| Greenwich Greenwich. | Time. ' Duration of 

| Mean Time. ¢ | Totality. 

| Ww | v 

faunas Ingen mr pats acer See oa care 

| 0.967 | 45° 36.4 | 126° 371) 16*27"9 
1.0 50 37.8 | 118 ll 6 | 17 21.3 | 2” 195 

12 57 16.2 89 14.6) 19 9.1 | 2 351 

14 59 29.1 72 52.81 20 26.6 | 2 55.8 

1 16 | 59 55.1 1 59 5.2 | 21 33.7 | 8 114 

- 18 | 59 116 | 47 16.6; 22 33.0 | 8 23.1 | 
2.0 | 57 39.3 87 14.0! 28 25.1 | 3 313 | 
2.149 | 56 7.0 | 30 453; 0 0.0 | 8 84.7 | 

} 22 | 6 31.5 | 28 426; 011.2 | 8 362 

24 , 52 56.9 21 25.1} 0 52.4 | 8 38.0 | 

e6 |50 09 | 15 39! 129.8 | 3 364 

/ 28 | 46 468 9 218} 2 46 | 3 320 | 

| 3.0 431386 4 22) 2387.9 | 3 246 

| 8.2 39 20.7 | 358 47.1] 310.9 | 3 144 

| 3 4 85 1.6 | 358 12.5] 8453 | 38 1. 
8.6 80 1.5 | 346 35 4 | 423.7 | 2 48.5 

| 8.8 23 28.5 | 336 44.1) 515.1 | 2 18.5 

| 8.904 | 15 45.6 | 320 582 6 24 .8 


Northern and Southern Limits of Total or Annular Kelipse. 


320. To find the northern und southern limits of total or annular 
eclipse.—As already remarked in Art. 814, these limits may be 
rigorously determined by the method of Art. 311, by taking 
1 = the radius of the umbra (i.e. for interior contacts); but I here 
propose to deduce them from the previously computed curve of 
central eclipse. This radius / is assumed to be so small that we 
may neglect its square, which can seldom exceed .0003, and this 
degree of approximation will in the greater number of cases 
suffice to determine points on the limits within 2! or 3’, which is 
practically quite accurate enough. 

The two limiting curves of total or annular eclipse, then, ie 
so near to the central curve that the value ¢, = cos #, for a given 
time 7, already found in the computation of the latter curve, 
may be used for the former in the approximate equation which 
determites Y. Wecan, therefore, immediately find Q by (585), —7.e. 
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tan / = f cos f 
e (547) 


tan (Q — $F) = tan (45° + v’) tang EF 


where f, e, and E are to be taken from the eclipse tables for the 
time 7. 

The co-ordinates of the point on the central curve correspond- 
ing to the time T being € = x and y, = 9, (Art. 315), those for 
a point on the limiting curve may be denoted by x + dz and 
y, + dy, These being substituted for § and 7, in the equations 
(499), we have 


dx = — (1 — i%,) sin@ dy, = — (l — if,) cosQ 


where in the expression for dy, we omit the divisor p,, as not 
appreciably changing the value of so small a term. 

Let ¢,, 3, w be taken from the computation of the central 
curve for the time 7, and let g, + dy,, w + dw, be the cor- 
responding values of y, and w for the point on the limit for 
the same time. Then, by differentiating (500), observing that 
di} = — dw, we have 


cos ¢, cos # dw + sin g, sin #dg, =: — dr 
COS ¢, Sin 3 dw — sin ¢g, cos bdy, = — dy, sin d, + df, cos a, 
cos¢,dg,== dy,cosd, + d%, sin d, 


whence, by eliminating dZ, and substituting 2, for its value given 
by the third equation of (497), we find 


€,C0s g,dw = — dx (cos ¢, cos d, + sin ¢, cos 9 sin d,) 
— dy, sin g,sin # 
¢,dy,= — dx sin 8 sin d,+ dy, cos 8 


Hence, substituting cos £ for €,, 


t—t : 
dw == oS ee (cos % sin Q sin d, -++ sin 8 cos Q) tan ¢. 
cos # 
t—i + ee 
eos ain Q cos d, 
cos 3 
{— i cos B : ; , 
dg, = (sin & sin @ sin d, — cos 3 cos Q) 


cos 
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These values are yet to be divided by sin 1’ to reduce them to 
minutes of arc. It will be convenient to put 


( dite, oe 


—— {== — 
sin 1’ 


sin I’ 


(648) 
y a boos B ’ ” 
COB Asin I’ _ cos f 


in which /’, 2’, and 4 will be expressed in minutes. 

We may in practice substitute dy for dy,, within the limits of 
accuracy we have adopted; for we find, from the equations on 
p. 457, 

dg, 


, nas aes 


cos? ¢ a lL — ee sin’¢ 
ee 7+ —_— y Bes ee ee 
y (1 —ee) cos’¢, ‘ V(1 —ee) 


where the multiplier of dg, cannot differ more from unity than 
1 (1 — ee) does,—ie. not more than 0.00335: so that the substitu- 
tion of one for the other will never produce an error of 1’ so long 
as dg, 18 less than 5°. 

Finally, adapting the values of dw and dg for logarithmic 
computation, by putting 


h sin H = cos Q 
A cos H = sin Q sin d, 
we have (549) 
dw = A[h cos (3 — fH) tan ¢g, + sin @ cos d,] 
dg =Ahsin (6 — A) 


The formule (547) give two values of @ differing 180°. The 
second value will evidently give the same numerical values of 
dw and dg, but with opposite signs; and therefore we may com- 
pute the equations (549) with only the acute value of Q, and then 
the longitude and latitude of a point on one of the limits are 


wo + do, ¢+d¢ 
and those of a point on the other limit are 
w — du, yg — dg 
The first of these limits will be the northern in the case of 
total eclipse, but the southern in the case of annular cclipse 


observing always to take / with the negative sign for total e«lipse. 
as it comes out by the formulse (487) and (489). 
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It is evident that this approximate method is not accurate 
when cos § is very small, that is, near the extreme points of the 
curves; and it fails wholly for these points thomselves, since 
cos # is then zero and the value of 4 becomes infinite. These 
extreme points, however, ure determined directly in a very 
simple manner by the formule (5386), (5387), (538), combined with 
(519), by employing in (536) and (537) the value of / for interior 
contacts; and it is with these formule, thcrcfore, that the com- 
putation of the limits of total or annular eclipse should be com 
menced. 


ExaMPLE.—Find the northern and southern limits of total 
eclipse in the eclipse of July 18, 1860. 

First. To find the extreme points.—The values of 6’ and c’ for 
exterior contacts, from which the values of # on p. 465 are 
derived, differ so little from those for interior contacts that in 
practice, unless extreme precision is required, we may dispense 
with the computation of the latter. For our present example, 
therefore, taking the value of # for 7,= 2" and the mean value 
of log e, as in the computation of the extreme points of the 
southern limit for the penumbra, p. 487, together with 


i= — 0.0091 
we find, by (587), for the northern limit, 


log m =z 9.7854 M = 352° 33'.6 
log n = 9.7558 N = 106 27'.0 


und for the southern limit, 


log m = 9.7731 M = 851° 55'.0 
log n == 9.7542 N =106 27.0 


Hence, by (538), 


Northern ‘Limit. Southern Limit. 
ig a nee ee 
| 
First Point. Last Point. First Point. Last Point. | 


4 218°54°3 | 396° 517 212° 39'°0 | 327°21'.0 | 
T 04.976 | 3a 292 09.951 3.917 


| | 


ween 


Taking y= N + a), and the values of d, and y, for these times 
respectively, with log p, = 9.9987, we find, by (518) and (519), 
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y | 320° 21'3 


log tan y’ | n9.9170 
d, | aie 
g | — 31 
By | 
w | ies - 9 
g | 46 
Second. 
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72° 32.7 || 819° 6/0 
. 0.5012 n9.9363 
| 91° 01.0 1° 12 
| 96 26.7 247 26.7 
56 54.1 | 12 47.1 
| 820 274 125 20.4 
' 16 216 | 45 2.8 


73° 48 0 
0.5355 
21° 0.0 
95 57.7 
d7 16.6 
321 18.9 
15 11.4 


To find a series of points between these extremes, by 


the aid of the curve of central eclipse, we assunie the same series 
of times as in the computation of that curve, and proceed by 
(547), (548), and (549); to illustrate the use of which I add the 


computation for 7’ = 2* in full. 


we have 


For T = 2° 


Then, by (547), 


(p.465) log 2 


log cos 8 
log tan v’ 


} 


¥ 


4H 

log tan (40° + y’) 
log tan} # 

log tan(@— #£) 


Q—3# 
Hence, by (549), 


log cos Q = 


log sin @ sin d, = log h cos H 


log cos f 
log tan ¢, 
& 
d, 
w 
? 
9.5953 
9.9017 
9.4970 
17° 26'.0 
7 8.7 
0.2828 
9.0982 
9.3805 
18° 30'.8 
20 39.0 
log h sin H 
log h 
HH 
Bie 


From the computation, p. 496, 


9.9017 
0.1970 
351° 17'.2 
21 0.8 
37 14.0 
oT 39.3 
By (548), 
tL | — 0.009082 
log l n7 9582 
log lL’ 71.4945 
log t 7.6608 
log @’ 1.1971 
t! 15’.74 
l’'sec 6 | — 39.16 
A | — 54 Of 
9.9712 
9.1020 
9.9751 
82° 18'.2 


268 59.0 
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log A n1.7396 | log 2 n1.7396 
log h 99751 logh = 9.9751 
log cos (% — A) n8.2490 | log sin (% —- 7) n9.9999 
log tan ¢, - 0.1972 log dp 17146. 
log (1) 0.1607 dg + 51'.83 
log’ | 71.7396 
log sin@ cos d, 9.5175 
log (2) n1.2571 
(1) + 1.45 
(2) — 18.08 
dw — 16.68 


Hence, for the time 7'= 2", we have the two points, 


| N. Limit. | S. Limit. 
w+dw | 86° 57/4 87° 30'.6 
y+dy | 58 31.1 56 47.5 


SOLAR ECLIPSE, July 18, 1860. 
Northern Limit of Total Eclipse. Southern Limit of Total Eclipse. 


Latitude. Longitude. | Latitude. Longitude. | 
Gr. T. | Gr. T 
? 2 = g : 

0.976 46° 8’ 126° 33/ 0*.951 45° 3! 125° 20/ 

1 0 00 18 116 27 1.0 10 57 109 56 
4 a7 47 90 57 1.2 d6 45 87 33 

1 4 60 13 74 (0 1 .4 58 45 71 46 

1 6 60 46 59 40 1 .6 o9 4 58 31 
1.8 60 4 47 23 1 .8 58 19 47 11 

2 .0 d8 31 36 57 2 .0 06 48 37 31 
2.2 56 21 28 9 2 2 D4 42 29 16 

2 4 od 43 20 40 2 4 d2 11 22 10 

2 .6 50 43 14 12 2 .6 49 19 15 56 
2.8 47 24 8 44 2.8 46 9 10 39 

3 .0 43 47 38 1 3 .0 42 41 5 3 
3.2 389 49 307 43 3.2 38 52 309 Ol 

3 4 85 20 352 «6 | 3.4 34 38 354 20 
3.6 30 18 845 23 3 .6 29 45 347 48 
3.8 23 31 335 = 8 3.8 23 26 338 20 

3 .892 16 22 ao at | | 3 .917 15 11 321 9 | 
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321. The curves ahove computed are all exhibited in the fol- 
lowing chart. 


; ; — —— 


Ge. 


For the construction of such charts, on even a much larger 
scale, the degree of accuracy with which our computations 
have been made is far greater than is necessary, and many 
abridgments may be made which will readily occur to the 
skilful computer. * 


—— 


wr 2 eT 


* For a graphic method of constructing eclipse charts, see a paper by Mr 
CHauncry Wriaut, Proceedings of the Am. Association for the Adv. of Science, 8th 
meeting (1894), p 95 
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Prediction of a Solar Eclipse for a Given Place. 


822. To compute the time-of the occurrence of a given phase of a 
solar eclipse for a given place.—The given phase is expressed by a 
given value of 4d, and we are to find the time when this value 
and the co-ordinates of the given place satisfy the conditions 
(485). This can only be done by successive approximations. 

Let it be proposed to find the time of beginning or ending of 
the eclipse at the place. The phase is then J =:1- -i¢, and we 
must satisfy the equations (491). Let 7, be an assumed time, 
and T= T,+ 1 the required time. Let x, y, x’, y’, d, l, log i, be 
taken from the eclipse tables (p. 454) for the time 7. Assuming 
that x and y vary uniformly, their values at the time 7 are 
r+2’'randy+y’r. The co-ordinates of the place at the time 
T, are found by (488) or (488*), in which p» is the sidereal time 
at the place. Putting 


t—=pw—a=—p—o 


in which w is the west longitude of the place and #, may be taken 
from the table (p. 455) for the time 7), the formule become 


A sin B = p sin ¢g’ & = pcos g’ sin 9 
A cos B = pcos¢g’ cos # = y = Asin(B— d) (550) 
& -— A cos (B —_— d) 


Let &’, 7’ denote the hourly increments of € and 7; then, assuming 
that these increments also are uniform, the values of the co-ordi- 
nates at the time 7’ are § + &’r andy -+ y’ct. The values of &' 
and 7’ are found by the formule (p. 462) 

&’ — p'p cos ¢’ cos 8 

n= pEsin d—d't 
in which p’ and d’ are the hourly changes of » and d multiplied 
by sin 1’. The rate of approximation will not be sensibly 
affected by omitting the small term d’¢, and the formule for & 
and 7’ may then be written as follows: 

&' = yw’ Acos B 7 = wE sin d (551) 
Put 
Lo= Liss he 


then, neglecting the variation of this quantity in the first ap 
proximation, the conditions (491) become, for the time 7, 
LsinQ@=x—F + (x2—é'\t 
LeosQ=y —y + (Vv —7)t 
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Let the auxiliaries m, M, n, and NV be determined by the equa- 
tions 


msin M == x7 — & n sin N = a’ — &' 
m cos M = y — 7 n cos NV — y! —- 7! \ (652) 
then, from the equations 
Lsin Q@=msin M+ nsin N.r 
Leos Q@=mcos M+ ncosN.r 
we deduce 
LE sin (Q — N) = msin (M — NV) 
L cos (Q — NV) = m cos (M — N) + ner 
Hence, putting J) = QY — XN, we have 
a ia (M— NV) 
4 
(553) 


~ — L084 __ mcos (M — N) 
= —— aaa 


by which rz is found. Since the first of these equations does not 
determine the sign of cos y, the latter may be taken with either 
the positive or the negative sign. We thus obtain two values 
of T= 7,+ 1, the first given by the negative sign of BOs 
being the time of beginning, and the second given by the posi- 
tive sign being the time of ending of the eclipse at the place. 

For a second approximation, let each of the computed times 
(or two times nearly equal to them) be taken as the assumed 
time 7}, and compute the equations (550), (551), (552), (553) for 
beginning and end separately. 

The first approximation may be in error several minutes, but 
the second will always be correct within a few seconds, and, 
therefore, quite as accurate as can be required; for a perfect 
prediction cannot be attained in the present state of the Ephe- 
merides. 

The formula for 7 may also be expressed as follows: 


__m sin (M — N — 4) 


T e 
n sin ¥ 


which in the second approximation will be more convenient 
than the former expression; but when sin y is very small it will 
not be so precise. 
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If we put 


t = the local mean time of beginning or end, 
we have 

t-l +3r—wo. 

$23. The prediction for a given place being made for the 

purpose of preparing to observe the eclipse, it is necessary alse 
to know the point of the sun’s limb at which the first contact is 
to take place, in order to direct the attention to that point. This 
is given at once by the value of 


Q@=N+4 
which is the angular distance of the point of contact reckoned 
from the north point of the sun’s limb towards the east (Art. 295). 

The simplest method of distinguishing the point of contact on 
the sun’s limb is (as BEssEL suggested) by a thread in the eye-piece 
of the telescope, arranged so that it can be revolved and made 
tangent to the sun’s limb at the point. The observer then, by a 
slow motion of the instrument, keeps the limb very nearly in 
contact with the thread until the eclipse begins. The position 
of the thread is indicated by a small graduated circle on the rim 
of the eye-piece, as in the common position micrometer. 

This method is applicable whatever may be the kind of 
mounting of the telescope. Nevertheless, if the instrument is 
arranged with motion in altitude and azimuth, it will be conve- 
nicnt to know the angle of the point of contact from the verter 
of the sun’s limb, which is that point of the limb which is nearest 
to the zenith. The distance of the vertex from the north point 
of the limb is equal to the parallactic angle which being here 
denoted by 7, is found, secord_ ng to Art. 15, by the formuls 

p sin y = cos¢ sin 8 
p Cos y == Sing cos d — cos ¢ sin d cos 8 
(where we have put p for sin ¢ and & for the sun’s hour angle). 


As 7 is not required with very great accuracy, we may here take 


[see (494) ] 
psiny=é& pcoy=—7 


in which & and 7 are the values of the co-ordinates of the place 
at the instant of contact. But, if § and 7 denote the values at the 
time 7, we must take 


psiny = & + §'r pcosy=yn+7't (554) 
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in which we employ the values of §, 7, &’, 7’, and r furnished by 
the last approximation. We then have 


Angular distance of the point of contact from } = Q —y (555 
the vertex towards the east, — N + y—y ) 


324. To find the instant of maximum obscuration for a given place, 
and the degree of obscuration.—At the instant of greatest obscura- 
tion the distance J of the axis of the shadow from the place of 
observation is a minimum.* If we denote the required time by 
T,= T+ 7, the equations of Art. 822 determine 7, for a given 
value of 4 if we substitute J for LZ. Denoting the value of 
Q — N for this case by ,, we have, therefore, 


4 gin 4, m sin (MM — NV) 
4 cos 4, == m cos (M — N) + nr, 


the sum of the squares of which gives 
4? = m' sin? (M— N) + [mcos (M — N) + nr,}? 


Since m and M are computed for the time 7), and WN is sensibly 
constant, the term m? sin? (J7— NV) is constant, and therefore J 
is @ Minimum when the last term is zero, that is, when 


__ mcos(M — N) 


n 


T= 


(556) 
which quantity is already known from the computation of (553). 

We have, also, 
=+tmesin(M -N)=+ Laing (957 ) 


in which the sign is to be so taken as to make J positive. The 
degree of obscuration is then given by the formula (Art. 310), 


_Lb—4 
b+ DL, 


in which D is expressed in fractional parts of the sun’s diameter, 
and L and JL, are the radii of the penumbra and umbra (the 


Sah c= et eee, —- en re ee eer wee 


8 


* More strictly, , — 4 is a maximum, as in Art. 309; but we here neglect the 
small variation of Z. The rigorous solution of the problem may be obtained from 
the condition (526) P’-= 0; but the above approximation is sufficient in practice 
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latter being negative) for the place of observation. From (488) 
we find, by putting sec f= 1, 


; Lb 4 L,-= 2b —k) 
and henee 
: | ees bee 
a : & 
2(L —k) ( 


in which & = 0.2728. 

If we nese the angmentation of the moon's diameter, or. 
which is equivalent, tlie small difference between ZL and J, and 
put 


we have oo”) 


where the lower sign is to be used when sin 4p is negative, so 
that D is always the numerical difference of ¢ and ¢ sin y. In this 
form ¢ may be computed for the eclipse generally, and w will be 
derived from the computation for the penumbra for the given 
place. A preference should be given to the value of y found 
from the computation for the time nearest to that of greatest 
obscuration, which is usually that used in the first approximation 
of Art. 322. 


ExampLE.—F ind the time of beginning and end, &c., of the 
eclipse of July 18, 1860, at Cambridge, Mass. 
The latitude and longitude are 


y == 42° 22’ 49” w == 71° 7 25" 


For this latitude we find, by the aid of Table IIL, or by the 
formulee (87), 


log p sin ¢’ = 9.82644 log p cos go’ = 9.86912 


With the aid of the chart, p. 504, we estimate the time of the 
middle of the eclipse at Cambridge to be not far from 1*. Hence, 
taking 7, = 1’ for our first approximation, we take for this time, 
from the eclipse tables, p. 454, 


xz =: — 0.6266 ed + 0.5453 i = 0.5868 
y = + 0.7567 y’'== — 0.1605 log ¢ == 7.66287 
d= 20°57'4 y= «18° 814.2 log v= 9.41799 
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Hence, by (550) and (551), 


y~ o=9= 380292818 log?= 9.7853 
B= 59 24.6 i~== 9.0028 
£ — — 0.6246 L=lt—it— 0.6840 
n= + 0.4844 
é’— + 0.1038 
n! = 0.0585 


and, by (552) and (553), 


m sin Mf =x — & — — 0.0020 nsin N = 2’— &'= + 0.4415 
mcos M = y — 7 == + 0.2723 ncos N = y'—7’=- 0.1020 
logm==  9,4350 logn= 9.6562 
M=—= 359°34'.7 N= 108°0'.6 
M—-N= 256 34.1 mcos(M—N) __ ‘ 
log sin p= 9.6955 “= n Saat 
log cosj== 9.9387 L cos 4 —=-¢ 1.023 
n 
=e — 0.883 
ess la: 4+ 1.168 
Approximate time of beginning — 0.117 
+ " end = 2.163 


Taking then for a second approximation 7,= 0*.12 for begin- 
ning, and 7,= 2*.16 for end, we shall find* 


| Beginning. End. 
| a 
T, 0*.12 2*.16 
2 i — 1.10642 + 0.00601 
y 4+ 0.89783 + 0.57084 
z +. 0.54528 + 0.54530 
y’ | — 0.16015 — 0.16090 
d 20° 57? 45” 20° 56’ 53” 
I, 0 19 8 30 55 13 
l 0.53686 | 0.586738 
) 289° 11! 43” 319° 47’ 48” 
E — 0.69868 — 0.47755 
; + 0.58915 + 0.42428 
log ¢ 9.66935 9.88504 
gE! | + 0.06868 +. 0.14798 
y! | — 0.06544 — 0.04470 


a fom a ee ene, 


* The values of x’ and y’ here employed are not those given in the table p. 455, 
but their actual values for the time 7, as given in the table of z’ and y’ on p. 
464. 
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Beginning. End. 
uC 0.00215 0.00353 
L 0.53471 ea 0. 03320 
m sin M — 0.40774 + 0. 18356 
m cos M + 0.35868 +. 0.14611 
log m 9.738484 ' 9.70842 
M 311° 20' 16” 73° 11’ 15” 
n sin V + 0.48160 + 0.39737 
n cos V — 0.09471 — 0.11620 
log n 9.69093 9.61702 
N 101° 7’ 82” ____ 106° 18" 0” 
du — N 210 12 44 896 o3 15 
4 210 44 0 | 328 49 56 
M—N—y — 31°16” | — 1° 56’ 41” 
t + 0*.0197 + 0*.0800 
ri 0.1397 2 .2400 
Q* 8" 233 2" 14" 24° 
” 4 44 30 4 44 30 
Local time, t} 19 28 58 21 29 54 
July 17. July 17. 
Angle of Pt.of Contact from 
North Pt. of the sun -| 311° 51’ 32” 75° 7’ 56” 
Q=N+4 


A. third approximation, commencing with the last computed 
times, changes them by only a fraction of a second. 

To find the angular distance of the point of contact from the 
vertex of the sun’s limb, we have from the second approximation, 
by (554) and (555), 


Beginuing. End. 
E+ E'r =p siny — 0.6974 — 0.4658 
7+ 7/t =peosy | + 0.5379 + 0.4206 2 
4 | 307° 38'.8 $12° 4’.5 
Angle from vertex = Q—y | 4 $12.7 123 3.4 


The time of greatest obscuration is best found from the first 
approximation, which gives, by (556), 
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Ets ]*. 


qg 
_ 2 ==7, - + 0.140 
Tos: 1140 
- WF Rm be 
wo. 444 30 
Local time of max. obscur. -= ¢ - 2, 23 54 


For the amount of greatest obscuration we have, also, from 
the first approximation, by (557) and (558), 


L = 0.53840 log £ = 9.7275 
k =: 0.27238 log sin y = 9.6955 
L—k -= 0.2617 log 4 == 9.4230 
2(L — k) = 0.5234 4= 0.2649 
I. oa ray = 0.2691 
sa EEA 
0.5234 


Or, by (559), taking as constant the value of ¢ found by employ 
ing the mean value / = 0.5367, ie. 


we have 
e sin ,=— — 0.503 
D-=. 0.512 


which is quite accurate enough. 


325. Prediction for a given place by the method of the American 
Ephemeris.—This method is based upon a transformation of 
Besse.’s formula suggested by T. Henry Sarrorp, Jr., and, with 
the aid of the extended tables in the Ephemeris, is somewhat 
more convenient than the preceding. The fundamental equa- 
tion (490) gives, by transposition, 


(x — &)== (¢ — € tan f)? — (y — 9)? 
the second member of which may be resolved into the factors 


b = (1 — § tan f) + (y— 7) | 
¢= (1 — ¢ tan f) — (y—7) 
ors by (494), 
b=-1(-+ y— pain ¢’(cosd + sin d tan f) 
+ p cos¢’ (sin d — cosd tan f) cos 4 
con l—y+psin ¢’ (cos d — sind tan f) 
— p cosy’ (sin d + cos d tan f) cos 
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If we put 


= cos d + sin d tan f = cos (d — f) sec f 
F = cos d — sin d tan f = cos (d + f) sec f 
G = sin d -— cos d tan f = sin (d —f) secf 
H = sin d + cosd tan f -= sin (d + f) sec f 


all of which are independent of the place of observation and are 
given in the Epbemeris for each solar eclipse, for successive 
times at the Washington meridian, we shall then have to com- 
pute for the place 


a=xr—F&= A — pcosg¢’ sind 
b= B— Epsin y’+ G pcos ¢’ cos 8 i (560) 
e=—C4+ Fopsin ¢' — Hp cos ¢' cos 8 


and the fundamental equation becomes 
C= y be 


We have here, as before, d = yu, — w; and the value of yp, is 
also given in the Ephemeris for the Washington meridian. 

If now for any assumed time 7, we take from the Ephemeris 
the values of these auxiliaries, and, after computing a, b, and ¢ 
by (560), find that a differs from 1/bc, the assumed time requires 
to be corrected; and the correction is found by the following 
process. Put 


m= be, 
a’, b’, m’ = the changes of a, b, m, in one second, 
t = the required correction of the assumed time; 


then at the time of beginning or ending of the eclipse we must 
have 
atadr=m-+mr 
whence 
m— a 
| ee 
a’ —m 


To find a’ we have, by differentiating the value of a and de- 
noting the derivatives by accents, 


a’= A'— »'p cos ¢g’ cos 8 (661) 
Vou. I.—-33 
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in which yp’ denotes the change of y, in one second, and is the 
same as the »’ of our former method divided by 3600. 

To find m’ we have, following the same notation, and neglect- 
ing the small changes of H, F, G, H, l, and f, 


B= y! ee eu 
b' = B' — p'G p cos g’ sin ¥ 
ce = — ("+ wo! Hp Cos ¢’ Bin 3 


Since f is small, we may in these approximate expressions put 
G = H, and hence 


b’ — — c' = B'— p' G pcos ¢’ sin & (561*) 
Now, from the formula m? = be, we derive 


2mm’ == cb’ + be’ = (c — b)U 
mt = 3 42 )y 


which, if we assume 
¢c Cc m 
seg Hae Ae eee 9 
tandQ = 4/5 — (562) 


becomes 
m'— — bd’ cot Q 


and therefore ¢ is found by the formula 


m—a 


Vir eae er O of) 


The Ephemeris gives also the values of A’, B’, and C’, which 
are the changes of A, B, and C' in one second. These changes 
being very small, the unit adopted in expressing them is .000001; 
so that the above value of r, as also the value of p’ in (561), 
must be multiplied by 10% The formule (560-568) then agree 
with those given in the explanation appended to the Ephemeris. 

It is easily seen that Q here denotes the same angle as in the 
preceding articles; for we have at the instant of contact 

b Zm x2 —& 


- ee hae Sa 


Examples of the application of this method are given in every 
volume of the American Ephemeris. 
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826. The preceding articles embrace al] that is important in 
relation to the prediction of solar eclipses. Since absolute rigor 
is not required in mere predictions, I have thus far said nothing 
of the effect of refraction, which, though extremely small, must 
be treated of before we proceed to the application of observed 
eclipses, where the greatest possible degree of precision is to be 
sought. 


CORRECTION FOR ATMOSPHERIC REFRACTION IN ECLIPSES. 


327. That the refraction varies for bodies at different distances 
from the carth has already been noticed in Art. 106; but the 
difference is so small that it is disregarded in all problems in 
which the absolute position of a single body is considered. 
Here, however, where two points at very different distances from 
the earth are observed in apparent contact, it is worth while to 
inquire how far the difference in question may affect our results. 

Let SIDA, Fig. 44, be the path 
of the ray of light from the sun’s 
limb to the observer at A, which 
touches the moon’s limb at 17; SMB 
the straight line which coincides with — 
this path between Sand HZ, but when 
produced intersects the vertical line 
of the observer in B. It is evident 
that the observer at A sces an ap- 
parent contact of the limbs at the 
instant when an observer at B would 
see a true contact if there were no 
refraction. Tfence, if we substitute 
the point & for the pomt A in the 
formula of the eclipse, we shall fully take into account the effect 
of refraction. 

For the purpose of determining the position of the point B, 
whose distance from A is very small, it will suffice to regard the 
earth as a sphere with the radins o =: CA. It is one of the pro- 
perties of the path of a ray of light in the atmosphere that the 
product gz sin? is constant (Art. 108), g denoting the normal to 
any infinitesimal stratum of the atmosphere at the point in which 
the ray intersects the stratum, yz the index of refraction of that 
stratum, and 7 the angle which the ray makes with the normal. 


Fig. 44. 


C 
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If, then, p, 4, 2’ denote the values of g, », and i for the pomt A, 
we have, as in the equation (149), 


Git SIN 2 == Py sin Z’ 


in which Z’ is the apparent zenith distance of the point MM, and 
Hy 18 the index of refraction of the air at the observer. 

Now, let us consider the normal g to be drawn to a point D of 
the ray where the refractive power of the air is zero, that is, tu 
a point in the rectilinear portion of the path where w=1. Then 
our equation becomes 


g 8in 2 == pp, sin Z’ 


in which q = CD,:.= MDF = CDB. Putting Z - the true 
zenith distance of AZ —-- MBY, and s = the height of B above 
the surface of the earth = AJB, the triangle CDB gives 


(ep + s) sin Z = q sini 


which with the preceding equation gives 
ee Wee iso (564) 


In order to substitute the point B for the point A in our com- 
putation of an eclipse, we have only to write p + s for p in the 


equations (483), or p{ 1+ =) for p- Therefore, when we have 


computed the values of log &, log 7, and log ¢ by those equa- 
tions in their present form, we shall merely have to correct them 


by adding to each the value of log (1 oa } This logarithm 


may be computed by (564) for a mean value of p, (= 1.0002800) 
and for given values of Z. For Z we may take the true zenith 
distance of the point Z (Art. 289), determined by aandd. But 
by the last equation of (483) we have so nearly cos Z = € that 
in the table computed by (564) we may make log ¢ the argu- 
ment, as in the following table, which I have deduced from that 
of Besse, (Astron. Untersuchungen, Vol. I. p. 240). 
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-_ eee ED 


Gin Redeem mp ree ee ee oe eee 


Correction of logs. Correction of logs. 


log $ of &, 7, ¢. log $ of §, 7, ¢. 

0.0 0.0000000 8.5 0.0000446 

9.9 0000001 8.4 0000525 

9.8 .0000002 8.3 .0000602 

9.7 -0000005 8.2 0000672 

9.6 .0000008 8.1 7 0000734 

9.5 0.0000014 8.0 0. (000788 

9.4 0000023 7.9 .0000835 

9.3 0000035 7.8 0000875 
| .0000054 1.7 0000909 

9.1 = __ 0000081 7.6 0000937 

9.0 | 0.0000119 7.4 0.0000978 

89 | 0000167 7.2 0001006 
8.8 0000225 ' 7.0 00010238 | 
8.7 0000292 6.5 0001044 

8.6 0000367 6.0 9001051 

8.5 0.0000446 — 0 0.0001054 


The numbers in this table correspond to that state of the at- 
mosphere for which the refraction table (Table II.) is computed; 
that is, for the case in which the factors 8 and 7 of that table are 
each =1. For any other case the tabular logarithm is to be 
varied in proportion to # and 7. 

It is evident from this table that the effect of refraction will 
mostly be very small, for so long as the zenith distance of the 
moon is less than 70° we have log ¢ > 9.53, and the tabular 
correction less than .000001. From the zenith distance 70° to 
90° the correction increases rapidly, and should not be neglected. 


CORRECTION FOR THE HEIGHT OF THE OBSERVER ABOVE THE 


LEVEL OF THE SEA. 


828. If s’ is the height of the observer above the level of the 
sea, it is only necessary to put p + s/ for pin the general formulse 
of the eclipse; and this will be uaa are by adding to log , 


log y, and log € the value of log (1 + — ~} which is (M being 


the modulus of common logarithms) 
M ae 1(E) + te, 
p 


But s’ is always so small in comparison with p that we may 


518 SOLAR ECLIPSES. 


neglect all but the first term of this formula; and hence, by 
taking a mean value of p (for latitude 45°) and supposing s’ to 
be expressed in English feet, we find 


Correction of log &, log 7, log £ = 0.00000002079 s’ (565) 


For example, if the point of observation is 1000 feet above 
the level of the sea, we must increase the logarithms of §, 7, 
and ¢ by 0.0000208. 

If s’1s expressed in metres, the correction becomes 0.000000064 s’. 


APPLICATION OF OBSERVED ECLIPSES TO THE DETERMINATION OF TER- 
RESTRIAL LONGITUDES AND THE CORRECTION OF THE ELEMENTS 
OF THE COMPUTATION. 


329. To find the longitude of a place from the observation of an 
eclipse of the sun.—The observation gives simply the local times 
of the contacts of the dises of the sun and moon: in the case of 
partial eclipse, two exterior contacts only; in the case of total or 
annular eclipse, also two interior contacts. 


Let 


w == the west longitude of the place, 
t == the local mean time of an observed contuct, 
# == the corresponding local sidereal time. 


The conversion of ¢ into » requires an approximate knowledge 
of the longitude, which we may always suppose the observer to 
possess, at least with sufficient precision for this purpose. 

Let 7, be the adopted epoch from which the values of x and y 
are computed (Art. 296), and let 


Loy Y¥ — the values of x and y at the time 7, 
x’, y’ = their mean hourly changes for the time ¢t + w; 


then, if we also put 
et a (566) 


the values of x and y at the time ¢ +m (which is the time at the 
first meridian when the contact was observed) are 


Ly + x't, Yo + y't 


The values of x’ and y’ to be employed in these expressions 
may be taken for the time ¢+ w obtained by employing the 
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approximate value of «, and will be sufficiently precise unless 
the longitude is very greatly in error. 

The quantities / and 7 change so slowly that their values 
taken for the approximate time ¢ + @ will not differ sensibly 
from the true ones. For the same reason, the quantities a and d 
taken for this time will be sufficiently precise: so that, the latitude 
being given, the co-ordinates &, 7, € of the place of observation 
may be correctly found by the formule (483). Since, then, at 
the instant of contact the eqnation (490) or (491) must be exactly 
satisfied, we have, putting L= l —- ig, 


Lsin Q@=2,-—-&+a2'r 


56 
L cos Q = yy —n + f 687) 


in which ¢ is the only unknown quantity. Let the auxiliaries 
m, M, n, N be determined by the equations 


msin M == x, —-& nsin N = z’ 568 
m cos M = y, — 7 n cos NV = y’ ee) 


then, from the equations 


LsnQ@=msinM+nsin NV. 
EcosQ=mecosM-+ncosN.r 


by putting y = Q@ — Ny, we obtain 


roe msin(M —- WV) 
a 


ee Leosy  mcos(M — NV) 


n n 


(569) 


__m sin(M — N — ¥) 
7 SIN J 


where the second form for z will be the more convenient except 
when sin y is very small. As in the similar formule (558), the 
angle W must be so taken that L cos J shall be negative for 
first contacts and positive for last contacts, remembering that in 
the case of total eclipse Z is a negative quantity. 
Having found r, the longitude becomes known by (566), which 
gives 
wae T,—t+r (570) 
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If the observed local time is sidereal, let p be the sidereal 
time at the first meridian, corresponding to 7; then, r being 
reduced to sidereal seconds, we shall have 


wo=M,—pe+e? 
and this process will be free from the theoretical inaccuracy 
arising from employing an approximate longitude in converting 
pe into t. 
The unit of t in (569) is one mean hour; but, if we write 


~— Lh oowy hmcos(M — NV) 
nr Se 


_ ,.™, sin(M —N—¥) 
n 


sin 4 


we shall find t in mean or sidereal seconds, according as we take 
h = 3600, or h = 8609.856. 


330. The rule given in the preceding article for determining 
the sign of cos a (which is that usually given by writers on this 
subject) is not without exception in theory, although in practice 
it will be applicable in all cases where the observations are 
suitable for finding the longitude with precision; and, were an 
exceptional case to occur in practice, a knowledge of the approxi- 
mate longitude would remove all doubt as to the sign of the term 


—— But it is is easy to deduce the mathematical condition 


for thi3 case. 
At the instant of contact, the quantity 


(fo —F + ry + (Yo — 4+ yt? 
is equal to L?. At the next following instant, when r becomes 
¢ + dr, it is less or greater than J.? according as the eclipse is 
beginning or ending. If then we regard ZL? as sensibly constant, 
the differential coefficient of this quantity relatively to the time 


must be negative for first and positive for last contacts. The 
half of this coefficient is 


(x, —F4+ a'r) ('—EXV+H—atyn —7) 


where the derivatives of § and 7 are denoted by &’ and 7’), or, by 


( 
(567), putting V+ y for Q, 
DL [sin( NV + ¥) (v’— FF) + con (N + 4) (y' -- 9)] 
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Computing ¢’ and 7’ by the formule (551), or, in this case, by 


E'== p’p cos g' cos (# — a) y= WE sin d 
and putting 
n’ sin N’ = x! — &’ n’cos N’ = y’ — 7’ 


the above expression becomes 
Ln’ cos(N — N’+ 4) 


Hence, when JZ is positive, that is, for exterior contacts and 
interior contacts in annular eclipse, y must be so taken that 
cos (NV — NV’ + 4)) shall be negative for first and positive for last 
contact. That is, for first contact ) must be taken between 
N'— N+ 90° and N'’— N + 270°; and for last contact between 
N’— N + 90° and N’— N — 90°. For total eclipse, invert these 
conditions. 

In Art. 322, we have N= N’, and hence the rule given for 
the case there considered is always correct. 


331. To investigate the correction of the longitude found from an 
observed solar eclipse, for errors in the elements of the computation. 
Let 
Ax, Sy, AL = the corrections of x, y, and L, respectively, 
for errors of the Ephemeris, 
4£, 47 — the corrections of & and » for errors in p and ¢’, 
Art = the resulting correction of t. 


The relation between these corrections, supposing them very 
small, will be obtained by differentiating the values of Z sin Q 
and L cos Q of the preceding article, by which we obtain 

aL sin? + L cosQa@d = ax — AF + 2’ ar 

4 cosQ — LsinQ@ag= ay — ay+ y dr 
where ax and ay, being taken to denote the corrections of 
x= 2,+ 2'c and y = y+ y’t, include the corrections of 2’ and y’. 
Substituting in these equations x sin V for zx’ and n cos N for 
yj’, and eliminating aQ, we find 

AL =(Auv — OF) sind + (ay — ay) cosQ-+n cos(Q@ — N). ar 
and substituting for Q its value V+ 1, 


sin (V+ 4) _ ene. cos (NV +- 4) al 


Ora — (ar — A€ 
) n C08 + n COB n cos ¥ 
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or 
ar = —— (ar sin V -+- aycos NV) + =e ax cos N -+ aysin V) tan 4 


+ ~ (ag sin V+ Ay cos IV) ~ = (— a cos N + Ay sin V) tan 4 


—— (571) 
which is at once the correction of rt and of the longitude, since 


we have, by (570), aw = ar. 


332. In this expression for az, the corrections az, ay, &c. have 
particular values belonging to the given instant of observation 
or to the given place. In order to render it available for deter- 
mining the corrections of the original elements of computation, 
we must endeavor to reduce it to a function of quantities which 
are constant during the whole eclipse and independent of the 
place of observation. For this purpose, let us first consider 
those parts of az which involve az and ay. For any time 7, at 
the first meridian, we have 


x= 2,+ nin N(T,— T,) 
y=y,t+ necos N(T,— T) 


whence 
xein NV+ yeosN= 2,8in N+ y,cosN+ 2(7,— JT) 
—xcos N+ y sin N= — x,cosN + y, sin NV 


The last of these expressions, being independent of the time, is 
constant. If we denote it by x; that is, put 


4==—s,c0s N+ y,sin N= —xcosN4ysin N (572) 

we shall find from the two expressions 
rr + yy = xx + [x, sin N+ y,cos V+ n(T,— T,)]} (578) 
This equation shows that the quantity ;/zz + yy, which is the 
distance of the axis of the shadow from the centre of the earth, 


can never be less than the constant x, and it attains this minimum 
value when the second term vanishes, that is, when 


x, sin V + y,cos N+ n(T,— T,) = 0 
and hence when 
f= 7, = (x, sin V + y, cos V) (574) 
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which formula, therefore, gives the time T, of nearest approach of 
the axis of the shadow to the centre of the earth, while (572) 
gives the value of the distance of the axis from the centre of the 
earth at this time. By the introduction of the auxiliary quanti- 
ties 7, and x, we can express the corrections involving ax and ay 
in their simplest form; for we have now, for the time of obser- 
vation ¢ + o, 


xsin NV + y cos N = 2, 8in VN + y,cosN +n(t + u— TN) 
=n(t+w — T,) 


yy : 
and if an, a7, and ax are the corrections of n, 7,, and x on 
account of errors in the elements, we have 


Ar sin NV + ay cos N= —naT,+ ¢+o0— T,) an 
— arvcosN + aysin NV = ax 


| 678 


These expressions reduce those parts of at which involve az anu 
ay to functions of a7), an, and ax, which may be regarded as 
constant quantities for the same eclipse. 

We proceed to consider those parts of at which involve aF 
and a7. These corrections we shall regard as depending only 
upon the correction of the eccentricity of the terrestrial meridian ; 
for the latitude itself may always be supposed to be correct, 
since it is easily obtained with all the precision required for the 
calcuiation of an eclipse; the values of @ and d depend chiefly 
on the sun’s place, which we assume to be correctly given in the 
Kphemeris; and yp is derived directly from observation. Now, 
we have (Art. 82), e being the eccentricity of the meridian, — ; 


cos 1 — ee) sin 
p cos gy’ = eee ee p sin o= eh) aL 
y (1 — ee sin’ ¢) y (1 — ee sin? ¢) 
whence, by differentiation, 

4. C08 gy’ st plabag: _pp sin? g! 

Aée 2(1 — ee)? 
O.psin gy’ Sea singh ppsin?g’ — p sin gy’ 

Aee 2(1— ee? 1—ee 


or, putting 
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&.p COS ¢’ 
aE =: 88 e cose! - | 
Ace 
d76 
S.psin y’ ; sane 
—f—_* = 469 sin ¢’ — f 
Ace 


From the values 

f= p cosy’ sin (¢— @) 

y= p sin ¢’ cos d — p cos ¢g’ Bin d cos (4 — @) 
we deduce 
Aé a), 
— = $ fp — = $Ajn — 8 cosd 
aee Aée 
and hence 


Aisin V+ AycosN=388( £sinN-+ 7c0s NV) Ace — B cos dcosN Ace 
. om Afcos N+ Ay sin N = 388 (— & cos N+ 78in VN) Ace — Bcosdsin NV de 


The values of § and 7 may be put under the forms 
E=r,— (x,— §) = 2z,—msin M 
Y= Yo — Yo 1) = ¥— m cos M 


wy Which the second members of the preceding expressions are 
changed respectively into 


$83( zgsin VN + yycos V — mcos (Mf — N)] Ace -- 3 cos decos N dee 
und 4 88 [-—z,cosN + yysin MV + msin (Jf — N)] Gee — 8 cosdsin N dee 


or, by (574) and (572), into 


$ BB [n (7, — 7,) -- m cos (Jf — N)] See — B cos d cos N Ace 
and 4 BB [ x -+ msin (Mf — N)] Qee — Beosd sin N Ace 


or, again, by (569) and (570), into 


4 BB [n (t+ 6 —- 7) — Leos y}] Ace - 3 cosdcos N Ace 
and 4 83 [ x + Lsin J] See --- 8 cosdsin N See 


fence, that part of ar which depends upon ace is equal to 


B cos d cos (N + ¥) Abs 
ncos } 


Pea (t-+o— %) —xtany — Losec $] dee — 


When these substitutions are made in (571), we have 
Ar - Aw - AAT, 4+ Atan yd. ee (¢-+ 0 — 7) om 4 h sec yk 
it n 


. cos y 
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where we have multiplied by A to reduce to seconds. The unit 
is either one second of mean or one second of sidereal time, 
according as tis in mean or sidereal time. If the former, we 
take h = 3600; if the latter, h = 3610. 


333. The transformations of the preceding article have led us 
to an expression in which the corrections 47), ax, an, and aee are 
all constants for the earth generally, and which, therefore, have 
the same values in all the equations of condition formed from 
the observations in various places. Buta still further transform- 
ation is necessary if we wish the equation to express the rela- 
tion between the longitude and the corrections of the Ephemeris. 
so that we may finally be enabled not only to correct the longi 
tudes, but also the Ephemeris. 

Since a7), ax, an are constant for the whole eclipse, we can 
determine them for any assumed time, as the time 7, itself. For 
this time we have 


xsinNV-+ ycosV=0 
-—-xcosN + ysin N=x 

4x sin V + ay cos VN = — naf, 
— Axcos NV + ay sin NV = Ax 


(978) 


The general values of x and y (482) may be thus expressed: 


_ ae 4 
~ ging 4 = Sint 
where 
A = cos § sin (a — a) Y = sin 6 cos d — cos 6 sin d cos (a — a) 
From these we deduce 
9 
Riad ox 7 Ot Aj Ar 
~ ging tan x ¥>sinn ” tanz 
whence 
Az sin V + Ay cos V = ee ae OE Oe ein N + y cos NV) ai 
sin 7 tan 7 
—AXcosN-+AYVsin NV Ar 


— &z cos N + Ay sin V = 


+ (z cos VN — y sin VY) 


sin 7 tan 7 


and for the ume 7, these become, according to (578), 
AX sin N+ aYcos N 


—naT,= : 
sin z 
— oO in At 
pe aXcosN-+-aYs NV. 


sin x tanz 
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Again, by differentiating the values of .[ and Y, we have 


A.Y = cos 4 cos (4 — a)A(a — a) — sin d sin (2 — a)dAd 
4 Y = [cos 6 cos /’ + sin 3 sin d cos (a — a)] Ad 

—— [sin é sin d + cos 6 cos d cos(a — a)] Ad 

+ cos 6 sin d sin (a — @)A(a — a) 


But for the time of nearest approach we may take a = « and 
put cos (§ — d) = 1, whence 


A == cos 6. A(a — a) AY== A(é— d) 
so that 
sin V eos 6. Afa—a eos WV. A(é —d 
_ na Ta Sit Weos 0. Au — a) + 008 V. A(0—~d) 
sin z 
(579) 
a _ — cos uv cosd. A(a —at) + sin NV. 4(d —d) An 
Foe re Sa ter ee Taye. Maen ma 


To find an, whieh depends upon the corrections of .r’ and y’, 
we observe that .r’ and 4’, regarded as derivatives of 7 and y, are 
of the form 


, ay od , AY 1 
fo SS ae jy = 
aT sinz ~ aT sing 
LY 1 cy 
But 7 and ap depend upon the changes of the moon’s right 


ascension and declination, which for the brief duration of an 
eclipse are correctly given in the Ephemeris, The errors of x’ 
and y’, therefore, depend upon those of x: so that if we write 


, a ; bh « 
sin 7 sin x 


and regard « and 4 as correct, we find 


T 
Ag? — —.7" AE - Ay’ =~ y! aula 
tunz taner 


From the equations 7 sin N== -r’, n cos NV. = 4’, we have 


\ =w 
ona fh 


An sin IV 4-n AaNvos N = Au’ == —n sin WV. me 
an z 


Ancos N—n AN sin N= Ay = -—necos N. 


tan = 
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whence, by eliminating oV,* 


An Ar 

ns tana om 

Since a(a — a), a(d — d), az will in practice be expressed in 

seconds of arc, we should substitute for them a(a — a@)sin 1”, 

a(d — d)sin 1’, az sin 1’ in the above expressions; but if we at 

the same time put z sin 1” for sin z and tan z, the factor sin 1” 
will disappear. 

To develop a, we may neglect the error of the small term if 

and assume ai—al. We have from (486) and (488), by 

1 


neglecting the small term & sin z, and putting g = 1, z = 


. ? 
the following approximate expression for ¢: oe 
sin 
= == 
r’ sin x 

which gives 
rz TR ri 


Substituting the values of a7), ax, an, and al given by (579), 
(580), and (581), in (577), and putting 


the formula becomes, finally, 
4u=—v[ sin NV cos 6. A(a — a) + cos N.A(d — @)] 
+v[— cos Vcos d A(a — a) + sin N.A(d — d)] tan } 


+4 ae = wak |sco4 
r 


+o (¢+w— 7) —xtany — 2 se0y| an 


B cos d cos (N + 4) 
cos 


wher 


(582) 


+ [488 [26+ 0%) —x tam 4 — Lee 4] — 


where the negative sign of zak is to be used for interior contacts. 
It is easily seen that zak represents very nearly the correction 


* The angle NW is independent of. errors in 7, since tan V = + so that we might 
have taken AN = 0. 


aad 
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i] $ e . AH P 
of the moon’s apparent semidiameter, and --- that of the sun’s 
‘ 


semidiameter; and that zaee is the correction of the assumed 
reduction of the parallax for the latitude 90°. 


834. Discussion of the equations of condition for the correction of 
the longitude and of the elements of the computation.—The longitude 
w found by the equation (570), (Art. 329), requires the correction 
aw of (582). If, for brevity, we put 


y= sin NV cos 6 A(a — a) + cos Na(d — ad) (583) 
3 = — cos lV cos J A(a — a) + sin Va(s — ad) 
and 
w' == the true longitude, 
we have the equation of condition 
wo = w + Aw ='w — vy + v tang. & + &e. (584) 


If the eclipse has been observed at several places, we can form 
as many:such equations as there are contacts observed. If the 
observations are complete xt all the placcs, we can, for the most 
part, eliminate from these equations the unknown corrections of 
the elements, and determine the relative longitudes of the sevcral 
places; and if the absolute longitude of one of the places is 
known, that of each place will also be determined. 

I shall at first consider only the terms involving 7 and # The 
quantity vy is a constant for all the places of observation, and 
combines with w, so that it cannot be determined unless the 
longitude of at least one of the places is known. If then we put 


Q=—w'+ vy a==ytan4y 
the equations of condition will assume the form 
2 — ai —w— 0 


Suppose, for the sake of completeness, that the four contacts 
of a total or annular eclipse have been observed at any one place, 
and that the values of the longitude found trom tle several con- 
tacts by Art. 329 are w,, w,, w,, w, We then have the four equa- 
tions 

fl] 2—a,¥—ow, =0 
(2] 2—a,4#—w,=0 
[3] Q— ay? — w, = 

[4] 2@9—a,8—o,=0 
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where the numerals may be assumed to express the order in 
which the contacts are observed; [1] and [4] being exterior, and 
[2] and [8] interior. In a partial eclipse we should have but the 
Ist and 4th of these equations. 

Since exterior contacts cannot (in most cases) be observed with 
as much precision as interior ones, let us assign different weight 
to the observations, and denote them by p,, p,, 7, p, respectively. 
Combining the four equations according to the method of least 
squares, we form the two normal cquations 


(p ]2—[pe 7° —[pw J] =0 

[pa] 2 — [paa] o — [paw] = 0 
where the rectangular brackets are used as symbols of summa. 
tion. From these, by eliminating 2, and putting 


[paa] — ra [pa] = 


[paw] — Ped [pa] = Q 


we find 
Pi + Q=- (585, 
from which the value of # would be determined with the weight 
P. But the computation of Q under this form is inconvenieut. 
By developing the quantities P and Q, observing that [paa]} = 
Pia? + pet, + pa,” + p,a7, &c., we shall find 
P we Pu Pa (% = %9)* + Pr Ps — 5)? + Pi Pa (4 — 2 
Pi t+ Pot Ps + Ps 
Ps (4 -- ay)? + 3 + Pa Py (, — a,)? + Ps Ps 4 (49 — aa - a)? 
Pi t+ Pp. + Ps + Ps 
Q az Pi Pe (4) = 4%) (Oy —~ %g) -t- Pa Ps (41 ~~ 45) (= 4g) + Pr Pg (4, — %) (0, — %) 
Pi + Pot Py + Py 
, Pols (a, — dg) (@2 — 3) 4 Prk (4, — G4) (W, — 0) t+ Pa Pa (43 — %) (Ws — %) 
PitPat ls +P 
These forms show that if we subtract each of the equations [1]. 
[2], [8] from each of those that follow it in the group, whereby 
we obtain the six equations 


(a, —a,)¥4 uw, —w, = 90 


2 Pr 
(a, —4,) 8+ 0,—0,=0 
(a, —- 4,) v-+ wv —-o= 0 
(4, — a,) § + wo, — 4, = 0 
(a, —a4,)8+ vw —w,= 
(a, —da,) 8+ w, — wo, = 0 


Vou. 1.—34 r 
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and combine these .six equations according to the method of 
least squares, taking their weights to be respectively 


PiPs enn Ct ee 
P, ap Pat Pat Pa Pi + Ps + Py t+ Ps 

we shall arrive at the same final equation (585) as by the direct 
process, with the advantage of avoiding the multiplication of the 
large numbers @,, @,, &ce. . 

Suppose that at another place but three contacts have been 
observed, the true longitude being w’’, and the computed longi- 
tudes ,, w, ,, and that, having put 2’= w'’+ vy, we have 
tormed the three equations 


[5] 2’— a, 4% — w, = 0 with the weight p, 
[6] 2#—ae¥—u,=—0 “ “Pe 
[7] @—a,e—wu,=0 * a 


The subtraction of each of the first two from those which follow 
gives the three equations 

(a, — a,) 8 —+- w, -—— w, = 0 

(a, — a,) 8 + w, — wv, = 0 

(a, — a,) 3 + Ww, -— w, = 0 


of which the weights will be respectively, according to the above 
torms, 
PsPo PsP, Po Pr 
Ps t+ Pe Se P; Ps + Pet Py Ps + Pot Py 


and the combination of these three equations, according to 
weights, will give a normal equation of the form 


P's -- '= 0 


which gives a value of & with the weight P’. 
Now, suppose that this method applied to all the observations 

at all the places has given us the series of equations in J, 

Ps +Q =0 

Ps + Q’ -— 0 

P’s + Q”" = 0, &e.; 
then, since P, P’, P’’, &c. are the weights of these several deter- 
minations, the final normal equation for determining &, derived 
from all the observations, is 


[P] 4+ [@]) =0 
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that is, it is simply the sum of all the individual equations in 3 
formed for the places severally. 

The same reasoning is applicable to any of the terms which 
follow the term in & in (584); so that if we suppose all the terms 
to be retained, this process gives an equation in & for each place, 
in which besides the term Pé there will be terms in ak, alZ/, &e., 
and from all the equations, by addition, a final normal equation 
(still called the equation in &) as before. In the same manner, 
final normal equations in ak, a/7, &c. will be formed. Thus we 
shall obtain five normal cquations involving the five unknown 
quantities #, ak, af, az, acc, which are then determined by 
solving the equations in the usual manner. But, unless the 
echpse has been observed at places widely distant in longitude, 
it will not be possible to determine satisfactorily the value of 
az, much less that of ace. Tt will be advisable to retain these 
terms in our equations, however, in order to show what effect an 
error in z or ee may produce upon the resulting longitudes. 

When J#, &c. have been found, we find 2, 2’, &c. from the 
equations [1], [2]....[5], [6].... The final value of 2 will be 
the mean of its valnes [1 —- 4] taken with regard to the weights ; 
and so of 2’, &c. Hence we shall know the several differences 
of longitude 


w! — w" = Q — 2, ow! — ow!" = Q _- 2", &e. 


Tf one of the longitudes, as for instance w’, is previously 


known, we have 
yy == DB — 


and hence all the longitudes become known. 

Finally, from the values of 7 and # the corrections of the 
Ephemeris in right ascension and declination are obtained by 
the formulee 


cos dA(a - a) = sin N.7 -- cos NV. # (586) 
A(d — d) =: cos N.y + sin NV. 8 


835. When only two places of observation are considered, one 
of which is known, it will be sufficiently aceurate to deduce 7 
and  frori the observations at the known place (disregarding 
the other corrections), and to employ their values in finding the 
longitude of the other plave. 
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336. When good meridian observations of the moon are avail- 
able, taken near the time of the eclipse, the quantities a(a — a), 
a(é — d) [for which we may take a(a — a’), a(d — 0”)], may be 
found from them. The terms in 7 and & may then be directly 
computed by (583) and applied to the computed longitude; after 
which the discussion of the equations of condition may with 
advantage be extended to the remaining terms. 


337. Before proceeding to give an example of the computation 
hy the preceding method, it will be well to recapitulate the 
necessary formule, and to give the equations of condition a 
practical form. 


I. The general elements of the eclipse, a, d, 1, log t, x, y, 2’, y’, 
are supposed to have been computed and tabulated as in Art. 297. 


II. The latitude of the place being ¢, the logarithms of p cos g’ 
and » sin g’ are found by the aid of our Table III., or by the 
formule (87). 

The mean local time ¢ of an observed contact being given, 
find the corresponding local sidereal time p; also the time t+ @ 
at the first meridian, employing the approximate value of the 
longitude w. 

(If the observed time is the sidereul time yp, the time # + w at 
the first meridian, converted into mean time, will give the 
approximate value of ¢ + w.] 

For the time ¢ + w take a, d, 1, and logi from the eclipse 
tables, and compute the co-ordinates of the place and the radius 
of the shadow by the formulee 


Asin B=psin ¢’ E = pcos ¢’ sin (zu — a) 
A cos B = p cos ¢’ cos (u — a) 7 == A sin(B— da) 
L224 3x32 ° =A cos(B— d) 


When log ¢ is small, add to log ¢, log 7, and log ¢ the correc- 
tion for refraction, from the table on p. 517. 


III. For the assumed epoch 7 at the first meridian (being the 
epoch from which the mean hourly changes z’ and y’ are reck- 
oned), take the values of x and y from the eclipse tables. 
denoting them by 2) and y. Also the mean hourly changes 2’ 
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and y’ for the time ¢-+ w. Compute the auxiliaries m, Mf, &e. 
by the formulse* 


msin M =x, — é nsin NV = 2 
m cos M = y, — 7 n cos V = y’ 
, m sin (iM — NV) 
eee 


where wy is (in general) to be so taken that ZL cos y shall be 
negative for a first aud positive for a last contact (but in certain 
exceptional cases of rare occurrence see Art. 330). 
Then 
— hLcosy  Amcos(M— N) 


nr n 


or, when sin y is not very small, 


_ hm sin(M—N—4 
mn sin ¥ 


If the local mean time ¢ was observed, take h = 3600 in these 
turmulre, and then the (uncorrected) longitude is found by the 
equation 

w= T, —t+r 

If the local sidereal time s« was observed, take Ah == 3609.856, 
in the preceding formule; then, ~ being the sidereal time at the 
tirst meridian corresponding to 7, we have 


wo pf, — e+e 


The longitudes thus found will be the true ones only when 
all the elements of the computation are correct. 


IV. To forin the equations of condition for the correction of 
these longitudes, when the eclipse has been observed at a sutti- 
cient number of places, compute the time 7, of nearest approach, 
und the minimum distance x, by the formule 


/ T, — — (x, sin N+ y, 008 W) 
2 == — x,cos V+ y, sin V 


* The values of V and log n being nearly constant, it will be expedient, where 
many observations are to be reduced, to compute them for the several integral hours 
at the first meridian, and to deduce their values for any given time by simple 
interpulation. 
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Take z for the time 7, and compute the logarithm of 


oe 


"ar 


the same value of A being used here as before. 
For each observation at each place compute the coefficienty 
vy tan y, » see o), and 


vol 
E=vnit +w — T,) — xy tan 4 at vy 8eC 4 
“ 
where the unit of ¢ +- w - 7, is one mean hour, 


F = $f [vn(t + w ~-7T,;) —xvtany — LE see a] -- vf cos d cos (4 os ¥) 


cos 4 
in which 
H = 959.788 log H — 2.98218 
ge cane log (1 — ee) == 9 99709 


Then, w’ denoting the true longitude, the equation of condition 1s 


Hf 
wow —b.y + vtany. 3 tvsec py. rah + 3 seed as +- Baw -+ PF + dee 
? 


where the negative sign of the term ysecy. zai is to be used 
for interior contacts. 

The discussion of the equations thus formed may then be 
carried out by Art. 834; taking as the unknown quantities 


AH 
ry, 3, zak, a AT, and waee. 


U 


ExampLe.—Find the longitude of Washington from the fol- 
rowing observations of the solar eclipse of July 28, 1851: 


At Washington (partial eclipse) : 


Beginning of eclipse, July 27, 194 21" 31°22) M.T 
End a « « 20 50 388.0 « 


At Konigsberg (total eclipse) : 


Beginning of eclipse, July 48, 3 38 10.8 %* 
Beginning of total obsec, “ “ 4+ 38 57.6 “ 
End of total obscuration, “ “ 4 41 54.2 « 
End of eclipse, « « § 388 32.9 « 
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For these places we have given— 


Lat. ¢ Long. o 
Washington, -+ 38° 53’ 39.25 + 5 8" 119.2 
Konigsberg, -+ 54 42 50 4 —1 22 O04 


The longitudes are reckoned from Greenwich. That of 
Konigsberg will be assumed as correct, while that of Washington 
will be regarded as an approximate value which it is proposed 
to correct by these observations. 


I. The mean Greenwich time of conjunction of the sun and 
moon in right ascension being, July 28, 2* 21” 2°.6, the general 
eclipse tables will be constructed for the Greenwich hours 0°, 14, 
2", 3%, 44, and 5* of July 28. For these times we find the follow- 
ing quantities from the Nautical Almanac: 


For the Moon.* 


a et Re owen te coe. 


Greenwich mean 
A a r) 
time. 


i et 


July 28, 0° 125° 40’ 67.75 |+ 20° 3’ 30”.00| 60’ 27.30 
| 
| 


1 126 19 9 41 19 58 9 .36 28 .41 
| 2 126 48 10 .80 19 52 39 .99 29 .49 

3 127 37 10 .82 19 47 1 92 80 54 | 
4 128 16 9 .387 19 41 15 .21 31 .56 


D 128 55 6 .36 19 35 19 .89 32 .56 


ee oe Seem cE fennteeRatneann Fe MPa aR Get BY ne a ey a a ” - ee a rire es 


For the Sun. 


| Greenwich mean ’ a’ | log 7’ 
time. 


July 28, 0* 127° 6 57.25 | + 19° 5! 24.70 0.006578 


—— a 


1 8 32 .63 4 50 .23 76 
2 10 59 .99 4 15 .74 74 
3 13 27 .3d4 3 41 .21 72 
4 15 54 .67 3 6 .64 70 
D 


Nee i =P PS yt 


18 21 .99 2 32 .05 67 


a mr te RR Ag ne ee ee a 


* The moon’s a and d in the Naut, Alm. are directly computed only for every noon 
ind midnight and interpolated for esch hour. [have not used these interpolated 
values, but have interpolated anew to fifth differences. The moon’s parallax has 
been diminished by 0”.3 according to Mv. \pams’s Table in the Appendix to the 
Naut. Alm. for 1856. 
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With these values we form the following tables, as in Art. 297: 


[ | Exterior Contacts. Interior Contacts. 
| | a d 
| l log 2 i log 
ou | tre ania gs laser aaah WP eleag ok tented ae aera is at a a a Fy 
(414979 6 17”,22] 19° 5° 16”.56 | 0.634046 | 7.663244 |— 0.011771! 7.661131 
1 8 39 .61 4 42.76 4023 45 1795 82 
2 il 1.78 4 8.96 39738 47 11844 34 
1 3 18 24 .08 3 85.14 3899 49 11917 36 
| 4 15 46 .27 8 1.30 3801 51 12015 38 
I 5 18 8 .50 2 27 .46 3679 53 12137 40 
| x A, A, A; 7] | A, Ay A; 
ate € 3 Tae ae "5s es 
| | — 1.388900 | 9.569584 -| || 9.968989) 9.083020 
1 | —0.7693866 ; + 57 885569 904|~-004 
: (669591 58 Hos 083384 +12 
2 | 0.199775 can ea | | 802185 008) 350 
.669590 p|—-64 | ; .0838736 + 9 
3 | + 0.369815 Baaeee (lo ok aa 718449] “De ynrgi—848| 1 
4 | -4.0.939350 “eeanig (219) — 684370] “og4qg/—341 aa 
5 | + 1.508766 549950) 


Hence the mean changes z’ and y’, for the epoch 7, = 2” (ac- 
cording to the method of Art. 296), and the corresponding values 
of NV and log n, are as follows: 


peepee eee gee = 
= | 7 | y' | N | log n | 
‘onenemienmenmmean lmatiiien - —_—-—-- Tai cae acer A (er 
| o*| 4 0.569568 | — 0.083202 | 98° 18’ 39”.7 | 9.760126 
| ! 591 3384 19 42.7 : 168 
| T,=2 600 3562 | 2045 3 194 
| 3 590 3736 2147 5 | 205 
: 4 563 3908 22 50 .0 | 208 
| 8 514 4078 2852.7] 186 | 


II. The full computation for Kénigsberg, where both exterior 
and interior contacts were observed, will serve to illustrate the 
use of the preceding formule in every practical case. 

For g = 54° 42’ 50’'.4 we find 


log p sin ¢’ = 9.909898 log p cos ¢' = 9.762639 


The sidereal time at Greenwich mean noon, July 28, was 
8* 22" 13°.27, with which # is found as given below. The com- 
putation of €, 7, and L will be as follows: 
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Ist Ext. Cont. lat Int. Cont. 2d Int. Cont. 2d Ext. Cont. 
t| 3° 38™ 10.8 44 38" 57.6 4h 41™ 549.2 BA 38™ 329.9 
t+o| 2 16 10.4 3.16 57.2 3 19 53.8 416 82.5 
w{12 0 46.44/18 1 48.22;13 4 40.381;14 1 28.31 
(in arc) | 180° 11’ 36".6 | 195° 25’ 48”.3 | 196° 10’ 4.7 | 210° 22’ 4".F 
Fort-+ o, @|/127 11 40.1/127 14 4.2]127 14 11 .2/127 16 25.6 
d| 19 8 69.8 19 38 26.6; 19 3 28.9; 19 2 62.0 
w—a| 52 69 56.5; 68 11 44.1] 68 55 583.5) 838 5 39.1 
log sin (4 — a) 9, 902343 9.967762 9.969952 9.996838 
log cos (uz — a) 9.779478 9.569889 9.555679 9.080040 
log & 9.664982 9.730401 9.732591 9.759477 
£} + 0.462362 | + 0.537528 | + 0.640244 | + 0.574748 
log Asin B 9.909898 9.909898 | 9.909898 9.909898 
log A cos B 9,642112 9,332528 9.318318 8.842679 
B| 66° 47 82”,.2 | 75° 10’ 40".4 75° 38’ 5".9 | 85° 6° 147.3 
B—d| 47 438 82.4! 56 7 14.8) 56 34 42.0! 66 38 22.3 
log A 9.946544 9924595 9.923693 9.911486 
log sin (B — d) 9.869192 9.919191 9.921499 9.960919 
log cos(B - d) 9.827809 9.746201 9.740991 9.608355 
log 4 9.815736 9 843786 9.845192 9.872405 
4 | + 0.654239 -+. 0.697888 + 0.700152 + 0.745427 
tog € 9.774858 9.670796 9.664684 9.519841 
For / + 0, log 2 7.663248 7.661137 7.661137 7.663252 
“ Z|} + 0.633956 — 0.011940 ~~ (),011944 +. 0.583772 
wt -+- 0.002789 + 0.002148 + 0.002117 + 0.001524 
L| + 0.531217 | — 0.014088 | — 0.014061 | + 0.532248 


III. The epoch of the table of x’ and y’ being 7,= 2", we have 


for this time 
x, = — 0.199775 y, = + 0.802185 


with which we proceed to find the values of w. 


main M —2,—§| — 0.662187 | — 0.787303 | — 0.740019 | — 0.774528 
m cos M == yy —17| + 0.147946 | + 0.104297 | + 0.102088 | + 0.056758 
log msin M| 9.820948 n9,867646 n9. 869242 n9. 889085 
log mcosM| 9.170107 9.018272 9,008741 8.754027 
M | 282° 36’ 42".8 | 278° 3° 6”.41 277° 61’ 1.6 | 274° 11’ 28.8 
log m 9.831527 9.871949 9.873331 9.890198 
For ¢ + », NW | 98° 21’ 2.1] 98°22" 5”.1| 98° 22’ 8”.2| 98° 28° 7.8 
woo log n 9.760198 9.760206 9.760206 9.760200 
Wf --N | 184° 14’ 40".7 | 179° 41’ 0”.3 | 179° 28’ 58”.3 | 175° 48’ 21”.0 
log sin (Jf —N)! 8.869821 7.742868 7.956643 8.864135 
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log L | 
log sin | 
+ 
M—-N—4y 
log sin (M— N— y) 
A = 3600, log h 


IV. Equations 
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9.725272 n&.148849 n8.148016 | 9.726114 
n8.975576 n9.465468 n9.681968 | 9028219 
185° 25’ 27.7 | 848° 1’ 8”.6 | 208° 44° 14”.0| 6° 7” 83.2 
358 49 13 .0| 196 39 51 .7 | 3380 44 39.8 | 169 40 47.8 


n8.318626 n9.457626 n9.689051 9.253208 
3.556303 
2.965682 8.660109 3.676521 3.911290 


+ OF15™ 24.0] + 1816 120.0] + 1419" 8.1] 4 24 15 52" 5 
--1 88 10.8} —2 38 67 6| —2 41 54.2| —3 38 329 
—1 22 46.8, —1 22 45.6 -1 22 46.1) —1 22 40.4 


of condition.—To tind 7, and x, we have fo 


T= 2, 
log x, = n9.3006 N == 98° 20'.7 
log y, == 9.9048 log n == 9.7602 
whence 
zone sae —+0.8484  -2,cosN-= — 0.0290 iog H == 2.9822 
ge — == + 0.2023 + y,sin N= + 0.7938 log r’ = 0.0066 
T= 2.5457 x= + 0.7648 log a == 3.5599 
nt == 3630" log = 9.8835 log —~ = 9.4157 
TT. 
log &@ = log pe * — 9.9128 log v = log a= 0.2362 


— €€ 


With these constants prepared, we readily form the coefficients 
of the equations of condition as follows: 


4 


lst Ext. Cont. | lst Int. Cont. 2d Int. Cont. 2d Ext. Cont. 


a ee wf 


log tan ¥ 8.9775 n9.4848 9.7390 9.0807 


log sec y| 0.0019 | 0.0194 n0.0571 0.0025 
vtany| + 0.163 | — 0.526 + 0.944 + 0.185 
ysecy | —1.780 | 4+1.801 | —1.964 | + 1.788 

tto-- 7, 042762 | 4+ 047355 | + 047860 | 4 14.7300 


log (¢ + » — 7;) 


n9.4412 9.8666 9 8954 0,2880 


va(i-+o—T7))| - 0.9739 | +.0.7295 | +0.7795 | + 1.71655 
—xvtang| — 0.1251 | + 0.4028 | — 8.7228 | — 0.1414 


— bs ysec } | + 0.4506 -—- 0.4691 +. 0.6117 — 0.4612 
rn 


ne AO Ne 


+- 0.6627 + 0.5689 + 1.1229 


E| +00516 | 
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Ist Ext. Cont. Ist Int. Cont. 2d Int. Cont. 2d Ext. Cont 


yn (t+ o-— 7,) | — 0.2739 


er a 


+ 0.7295 | 40.7795 | + 1.7155 


1 


xvtany) — 0.125) -+ 0.4023 — 0.7223 -- 0.1414 
—Lvseey | 1 0.9192 | + 0.0254 0 0276 -- 0,9222 
| -f- 0.6202 + 1.1572 +. 0.0296 + 0.6519 
log | 9.7162 0.0634 8.4713 9.8142 
log $86 9.5246 | 
log 1st part of #' 9.2408 9.5880 7.9959 =; - 9.3388 
N -+-)| 288° 46.2 81° 21.8 | 807° 4°.9 | 104° 28/3 
log cos (V + 4) 9,3766 9.1766 9.7808 =| 9.3978 
log (—vBcosdsecy)} 0.1264 n0.1439 0.1816 | n01270 — 
log 2d part of F| 9.5030 n9.3205 9.9619 9.5248 


lst part of F| + 0.1741 | 4+.0.8873 | + 0.0099 | + 0.2182 
2d « © F] 40.3184 | — 0.2092 | + 0.9160 1 0.8849 


FP} + 0.4925 | + 0.1781 | + 0.9259 | +. 0.553 


Putting w’ -| vy -- 2 we have, therefore, for the four Kénigs- 
bi cg observations, the equations 


(P 
1] @=—1* 2460.8 4 0.1639 —1.730rak— 1.7300! 4 0,052 an +.0.493 race 
r . 
(A}2/ Q==—1 22 46.6—0.526 —1.801 41.801 40.663 +0.178 


9| Q==--1 22 46.140.944 +1.964 --1.964 40.569 +0.926 
1| @==—1 22 40.440.185 41.7838 41.783 41.198 40.558 


where we have annexed a column for the weight p, giving 
interior contacts double weight. 

A aimilar computation for the two observations at Washington 
gives the following equations, in which 2’= w'’+ v7, w’’ de- 
noting the true longitude of Washington: 


IP 
(By! | me 64 7 29.9 41,6009 — 2.392rak — 2.302 9% _ 0.681 am + 0.722 race 
: 
1] 56 7 21.9—2406 + 2.959 +2.959 40.609 — 1.828 


More observations would be necessary in order to determine 
all the corrections; but 1 shall retain all the terms in order to 
illustrate the general method. Subtracting each of the Koénigs- 
berg equations from each of those which follow it, we obtain the 
six equations, 


Ss 
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P 
1] O=- + 1.2 — 0.689 9 — 0.071 wak + 3.531 x 4- 0.61147 -—~ 0.815 Tare 
11 Q == 40.7 4- 0.781 + 3.694 — 0.284 40.517 + 0.488 
ant] O= 46.44 0.022 43.468 8468 4 1.071 + 0.060 
21 0— —0.54- 1.470 4 3.765 — 8.765 0.094 + 0.748 
ft} 0-45.24 0.711 -j}- 3.584 -- 0.068 + 0.460 + 0.875 
4] 0= 45.7 —0.759 — 0.281 + 3.697 + 0.654 . 0.873 


where the weight in each case is the quotient obtained by 
dividing the product of the two weights of the equations whose 
difference is taken, by the sum of the weights of the four 
original equations (Art. 334). 

The same method, applied in the case of the two Washington 
equations, gives the single equation 


IP | 
(B))}| O = — 8.0 — 4.0669 + 5.351 7ak + 5.351 ae ++ BIDDA- ~ 2.055 whee 
| 


From the equations (A’) and (B’) are formed the following 
final equations, having regard to their weights, in the usual 
manner : 


0 = -; 15.495 + 10.4269 — 6.300 ak — 16.877 a — 6,009 dr + 6.281 wdee 
r 

Us - 12.445-— 5.800 + 34.506 + 6.135 + 10.040 — 2.575 

0. B19 -- 16.877 + 6.185 +84605 +4+10.740 — 8.214 

O-: - 9.871— 6609 410.040 410.740 + 5.672 — 3.316 

UO -- 7.961 4+ 5.281 — 2.575 -~ 8214 — 8.816 + 2.675 


As we cannot expect a satisfactory determination of az and zace 
from these observations, we disregard the last two equations, 


‘ : : AH, 
and then, solving the first three, we obtain 3, zak, and in 
terms of az and zace, as follows: 

&— — 436 + 0.3875 ax — 0.525 race 


mak == +0 02 — 0.216 ax — 0.004 zaee 


a= —1 .83 — 0.095 ax — 0.010 zraee 


These values substituted in the equations (A) give 


Q =- — 1» 22" 44°38 + 0.651 ax + 0.482 race 
Q== —1 22 46.6440.684 + 0.448 
Q—- —1 22 46.58+4+0.68 + 0.442 


Q—-. 1 22 44.3440.6538 + 0.482 
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the mean of which, giving the second and third double weight, is 
(A") Q = — 1» 22" 45.86 + 0.674 ax + 0.439 race 

The equations (B) become 


Q! = 5* 7™ 264.99 — 1.814 ax — 0.116 rAee 
Q'=—5 7 27.08 — 1.314 — 0.101 


the mean of which is 
| BY’) Q’ — 5 7™ 274.01 — 1.3814 ax — 0.109 xace 


Now, if we assume the longitude of Kénigsberg to be well 
determined, we have 


Q = 0 ty 22" 004 4 vy 
which, with the equation (A’’), gives 
vy == - 45°46 + 0.674 ax + 0.439 nace 
Hence, by (B”), the true longitude of Washington is 
wo! — @ — vy = 5 8" 12°47 — 1.988 ax — 0.548 mace 


If the longitude of Washington were also previously well estab 
lished, this last equation would give us a condition for deter. 
mining the correction of the moon's parallax. Thus, if we adopt 
ol! = §* 8" 12.34, which results from the U.S. Coast Survey 
Chronometric Expeditions of 1849, 50, ’51, and °55, this equation 
gives 

0 = + 0.18 — 1.988 az — 0.548 raee 


whence 
An = + 0".07 — 0.276 zace 


The probable value of ace, according to BrsseL, is within 
+ 0.0001, so that the last term cannot here exceed 0.10. If, 
therefore, the above observations are reliable and the supposed 
longitudes exact, the probable correction of the parallax indi- 
cated scarcely exceeds 0/’.1, a quantity too small to be established 
by so small a number of observations. Nevertheless, the example 
proves both that the adopted parallax is very nearly perfect, and 
that a large number of observations at various well determined 
places in the two hemispheres may furnish a good determination 
of the correction which it yet requires. 
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Finally, the corrections of the Ephemeris in right ascension 
and declination, according to the above determination of y and 
J, are found by (586) to be (putting a’ for a and 0’ for d) 


A(a — a) == — 28" 42 +- 0.469 ax +. 0.187 race 
A(d — 6’) = — 0 48 + 0.314 ax -— 0.556 xace 


This large correction in right ascension agrees with the results 
of the best meridian observations on and near the date of this 
eclipse. Since that time the Ephemerides have been greatly 
improved. 
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338. To find whether near a given opposition of the moon and sun 
Fig 43. 7 lunar eclipse will oceny.—The solution of this prob- 
lem is similar to that of Art. 287, except that for 
the snn’s semidiameter there must be substituted the 
apparent semidiameter of the earth's shadow at the 
distance of the moon; and also that the apparent 
distance of the centres of the moon and the shadow 
wil] not be affected by parallax, since when the 
earth's shadow falls upon the moon an eclipse oceurs 
for all observers who lave the moon above their 
horizon. If S, Fig. 45, is the sun’s centre, # that 
of the earth, 47 the semidiameter of the earth’s 
shadow at the moon, we have 


Apparent semidiameter of the total 
shadow = LEM 
BLE ~ EVIL 
-= BLE— (AES— EAV) 


— r— s+7! 


«here we employ the same notation as in Art. 287. 

But observation has shown that the earth’s atmosphere 
inereases the apparent breadth of the shadow by about its one- 
fiftieth part:* so that we take 


_- = ee err ee nee mrnsan, 


* This fractional increase of the breadth of the shadow was given by LAMBERT as 
gy, and by Maver as gi. Beer and Mapter found J, from a number of observations 
of eclipses of lunar spots in the very favorable eclipse of December 26, 1883. See 
“ Der Mond nach seinen kosmischen und indiiduellen Verhdlinissen, oder allgemeine 
vergleichende Selenographie, von WiLHELM Beer und Dr. Jonann HErnRicH MADLER,”’ 
¢ 98. 
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o| a, 
App. semid. of shadow = 20 (x — s’+ 2’) (587) 


Jn order that a lunar eclipse may happen, we must have, 
therefore, instead of (477), 


eos I< 2 (est n’)+ 8s (588) 
or, taking a mean value of J’, ag in Art. 287, 
51 
B< E (x —st+nr)+ | x 1.00472 
Employing mean values in the small fractional part, we have 
51 : ” 
|e as + 7) +8] x 00472 = 16 
and the condition becomes 
ol 
B< eet a) tt 16" (589) 


If in this we substitute the greatest values of 7, z’, and s, and 
the least value of s’, the limit 


B < 63’ 53” 


is the greatest limit of the moon’s latitude at the time of opposi- 
tion for which an eclipse can occur. 

If we substitute the least values of z, z’, and s, and the greatest 
value of s’, the limit 


p< 59! 4 


is the least limit for which an eclipse can fail to occur. 

Ifence, a lunar eclipse is certain if at full moon § < 52! 4/7, 
impossible if 8 > 68’ 53’’, and doubtful between these limits. The 
doubtful cases can be examined by (589), or still more exactly 
by (588), employing the actua! values of z, z’, s, s’, at the time, 
and computing J’ by (475). 

These limits are for the total shadow. For the penumbra we 
have 


App. semid. of penumbra = ae (x + s'+ 2’) (590) 
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so that the condition (588) may be employed to determine 
whether any portion of the penumbra will pass over the moon, 
by substituting + s’ for — s’. It will be worth while to make 
this examination only when it has been found that the total 
shadow does not fall upon the moon. 


839. To find the time when a given phase of a lunar eclipse will 
occur.—The solution of this problem may be 
derived from the general formule given for 
solar eclipses, by interchanging the moon and 
earth and regarding the lunar eclipse as an 
eclipse of the sun seen from the moon; but the 
following direct investigation is even more 


simple. 
> Let S, Fig. 46, be the point of the celestial 


sphere which is opposite the sun, or the appar. 

ent geocentric position of the centre of the 
earth’s shadow; M, the geocentric place of the centre of the 
moon; P, the north pole. I[f we put 


Fig. 46. 
F 


/ 
a — the right ascension of the moon, 
a’ = tho right ascension of the point 8, 
= R.A. of the sun + 180°, 
é = the declination of the moon, 
é’ — the declination of the sun, 
@ = the angle PSM, 
L = SM, 
we have 
—- 6'-= the declination of 8S, 


and the triangle PSM gives 


sin L sin Q = cos ob sin(a — a’) \ (591) 
sin L cos Q = cos 0’ sin 6 + sin 6’ cos é cos (a — a’) 

The eclipse begins or ends when the are SJ is exactly equal to 
the sum of the apparent semidiameters of the moon and the 
shadow. The figure of the shadow will differ a little from a 
circle, as the earth is a spheroid; but it will be sufficiently accu- 
rate to regard the earth as a sphere with a mean radius, or that 
for the latitude 45°. This is equivalent to substituting for z in 
(587) and (590) the parallax reduced to the latitude 45°, which 
may be found by the formula 
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x, == [9.99929] = (592) 


where the factor in brackets is given by its logarithm. 
Hence the first and last contacts of the mvon with the pe- 
numbra occur when we have 


f= oo (m +s bw) +s (593) 


For the first and last contacts with the total shadow, 


b= F(x, - str)yts (594) 


For the first and second internal contacts with the penumbra, 
51 
= gy im + s+ nr) —s8 (595) 


For the first and second internal contacts with the total shadow. 
or the beginning and end of total eclipse, 


b= > (s+ n')— 8 (596) 


The solution of our problem consists in finding the time at 
which the equations (591) are satistied when the proper value of 
ZL. is substituted in them. A very precise computation would. 
however, be superfluous, as the contacts cannot be observed with 
accuracy, on account of the indefinite character of the outline 
both of the penumbra and of the total shadow. It will be suffi- 
cient to write for (591) the following approximate formule, easily 
deduced from them: 


L sin @ = (a a) cos é 
Pinos tes Se) (597 | 
sin 1” 
Let us put 
sin 20’ sin? 4 (a -~ a’) 
ee. 
a ==(a —a’)cosd | (598 ) 
Yur db +d. ¢ \ 
zw’. y'== the hourly increase of x and yg, / 


then, if the values of x and y are computed for severai successive 
Vou. I.—35 
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hours near the time of full moon, we shall also have x’ and y’ 
from their differences; and if x) and y) denote the values of r 
and y for an assumed epoch %, near the time of opposition, we 
shall have for the required time of contact 7’-= 7, | 7 the 
equations 

LsinQ@=2,+ a'r 

LcosQ=y, + y't 
from which +r is obtained by the process already frequently 


employed in the preceding problems. Thus, computing the 
auxiliaries m, M, n, N, by the equations 


m sin M = x, nsin V = x’ (599) 
m cos M -- y, n cos NV = y’ 
we shall have 
: msin (M— NV) 
sin y= ——-+---—_ + 
L 
_ Leosy  meos(M— N) (600) 
Cg 
fees ae Oe 


in which we take cos y) with the negative sign for the first contact 
and with the positive sign for the last contact. 

The angle Q= N-+ q is very nearly the supplement of the 
angle PMS, Fig. 46; from which we infer that the angle of posé- 
tion of the point of contact reckoned on the moon’s limb from the north 
point of the limb towards the east == 180° + N-+- 4. 

The time of greatest obscuration is found, as in Art. 824, to be 


f i T,— -- (601) 


m cos (M — NV) 
—— 
which js also the middle of the eclipse. 
The least distance of the centres of the shadow and of the 
moon being denoted by 4, we have, as in Art. 324, 


d= + msin(M— IV) (602) 
the sign being taken so that J shall be positive. If then we put 


D = the magnitude of the eclipse, the moon’s diameter being 
umity, 
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we evidently have 
L—A 
D= - (603) 
in which the value of Z for total shadow from (594) is to be 
employed. 
The small correction ¢ in (598) may usually be omitted, but 


its value may be taken at once from the following table: 


Value of e. 
| | a —~ a 
lg) a 
| vw | 00" | 2000” | 000" | 4000" | 5000" | 6000” | 
| FO ee it Eee TIER OETS | REED eed eee dee Pea tae nen eee 
| g° QO” Qo” Q” Q’’ 0” | QO” 0” | 
1 5 : 0 0 1 2 3 5 8 
i 10 | 0 0 2 4 7 10 15 
5 | oO 1 2 6 | 10 15 29 
0 | 0 | 1 3 | FT 13 19 28 
25 0 1 4; 8 | 1% | 2 | 8: 
0 1 4 | 9 | IT | 26 38 


The quantity « has the same sign as &, and is to be subtracted 
algebraically from 3 +- 0’, 

ExampLe.—Compute the lunar eclipse of Apri] 19, 1856. The 
Greenwich mean time of full moon is April 19, 21" 5".5. We 
therefore compute the co-ordinates x and y for the Greenwich 
‘imes April 19, 18%, 21%, 24". 


| 18" | 214 24° 
D R.A. <a | 13446" 26°62! 13452" 9°81) 13°57" 45.12 
© R.A. + 180° =o’! 18 52 52.98) 13 53 20.93; 13 53 48.88 
ao—a’ —- 6 16.36, — 1 11.12) + 8 56.24 
a —a’(inare)! — 5640" | — 1067” | -- 8544” 
D Decl =- 4 !|—11° 27" 0.2 120 6 43".7 | —12° 46" 51.5 
G~ «© =6 411 35 49 4 +11 38°22 8 |411 40 56 .6 
— €|— 15. 0. |— 6. 
yit 814" j— = 1701" |— 3915" 
log (u—a’) | 3.75166 | "3.02816 | 3.54949 
log cos 3 | 9.99127 9.99022 9.98913 
log x | 3.74293 | 18.01838 3.58862 
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Wence we have the following table: 


18* | —~ 5533 5 
x’ = + 1498 — 733 
21 |— 1043 | 1 s4gq =e —1701 = 9014 |4 738 
a2 ee ce) Cn SE 
To tind L, we have, by (593) and (594), 
P aes 5A’ 32” as = 3267” 
s' = 957 
n -= 9 
n, — 8 4+ 2 = 2319 t,-+ 8’ + 2’ == 4233” 
b(n — s+ r)= 46 pe eres rae ae 
IL for shadow = 3256 EI, for penumbra = 5209 


Assuming the time 7, = 21*, we proceed by (599) and (600): 


ry, = msin M| — 1048 | r= n sin N" + 1498 
Y= mcosM| — 1701 | y == ncosN! ~~ 738 


M| —-210° 31.0 | Ns 116° 13/.7 
log m 3.3000 log n | 3.2227 


os = cos (M— N) = + 0*.089 
T= 21 
T, = Time of middle of eclipse== 21 .089 


Shadow. | Penumbra. 
log sin ¢ 9.7861 9.5820 
fi cos ¥) 5 14548 = 2.888 
n 
é UF 21 .089 21.089 
Beginning 19.546 18 .207% 
End 22.633, , = -28 .972 


For the magnitude of the eclipse, we have, by (602) and (603): 
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msin (M— N)= 4 = 1990" 
I, = 8256 1266 
2s == 1782 
For the position of the points of contact with the shadow, we 
have, from the above value of log sin ¢ for shadow, taking cos ¢ 


as negative for first and positive for second contact, 


1st Contact. | znd Contact. 

p 142° 20’ 37° 40’ 

Ni 116 14 , 116 14 

180° + N+¢! 78 84 838 54 


und hence 


Ist contact is 79° from north point of limb towards the east, 
2d 26° vt re 66 ‘6 sé west. 


The times of the several contacts for any meridian are obtained 
trom the times above found by subtracting the west longitude of 
that meridian. 
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840. The occultation of a fixed star by the moon may be 
treated us a simple case of a solar eclipse, in which the sun is 
removed to so great a distance that its parallax and semidiameter 
may be put equal to zero. The cone of shadow then becomes 
a cylinder, aud the point Z of Art. 289 is nothing more than 
the position of the star, so that the co-ordinates of the moon at 
any time are found by the formulse (482) by regarding a and a 
us the right ascension and declination of the star. In like 
manner the co-ordinates of the place of observation will be found 
by (483). The radius of the shadow is constant and equal to f, 
which is, therefore, to be substituted for Z = 1 — 7g in (490) and 
(491). The co-ordinates z and ¢ will not be required unless we 
compute the latter for the purpose of taking into account the 
effect of refraction according to Art. 327. 

For the convenience of the computer I shall here recapitulate 
the formule required in the practical applications, making the 
modifications just indicated. 
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341. To find the longitude from an observed occultation of a star by 
the moon.~-According to the method of Art. 329, we proceed as 
follows: 


I, Find, approximately, the time of conjunction of the moon 
und star in right ascension, reckoned at the first meridian. Take 
from the Ephemeris, for four consecutive integral hours, twe 
preceding and two following the time of conjunction, the moon's 
right ascension (a), declination (0), and horizontal parallax (7). 
Take also from the most reliable source the star’s right ascension 
(a’) and declination (0”). 

For each of these hours compute the co-ordinates x and y by 
the formule 


__ cos d gin (a — a’) 

i sin x 

__ sin(é — 8’) cos? 3 (a — a’) 4+ sin (6 + 34’) sin’ 4 (a — a’) 
sin x 


and, arranging their values in a table, deduce their hourly 
variations z’ and y’ for the same instants for which x and y have 
been computed. 


Il. Let » be the local sidereal time of an observed immersion 
or emersion of the star at a place whose latitude is gy, and west 
longitude w; ¢ the corresponding local mean time. The co-or- 
dinates of the place are to be computed by the formule 


A sin B = p sin g’ = = p cos ¢’ sin (“ — a’) 
A cos B = p cos ¢’ cos (4 — a’) 7 == A sin(B— 0’) 
* = A cos(B— 0’) 


When log ¢ is small, add to logs € and y the correction for 
refraction from the table on p. 517. 


ITI. Assume any convenient time 7) reckoned at the first 
meridian, so near tot + w that xz and y may be considered to 
vary proportionally with the time in the interval {+ w — 7%, 
For the assumed time, take the values of x and y (denoting them 
by 2% and y), and also those of z’ and y’, and compute the aux: 
iliaries m, Jf, &c. by the formule 
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msin M = x, — & nain NV = x’ 

m cos M = y, —y n cos N = y’ 

: m sin (M — WV) 

sin } == —_______- 
k 

where 4 is (in general) to be so taken that cos W shall be nega- 

tive for immersion and positive for emersion (but in certain 


exceptional cases of rare occurrence, and of but little use in 
finding the longitude, see Art. 330). Then 


log ke == 9.435000* 


i hkcosy hmcos(M— NV) 
rr rn a 


or, when sin » is not very small, 


__ hm sin(M — N— 4) 
eee ae 


If the local mean time ¢ was observed, take h = 3600 in these 
formule, and then the longitude will be found by 


ao = jis —t - tT 
But if the local sidereal time # was observed, take A == 3609.856 


in the preceding formule; then, ~ being the sidercal time at the 
first meridian corresponding to 7), 


Wo=p,—-e+t 


The longitude thus found will be affected by the errors of the 
Ephemeris. 


IV. To form the equations of condition for correcting the 
longitude for errors of the Ephemeris when the occultation has 
been observed at more than one place, compute the auxiliaries 


! 


eae i (x, sin V + y cos V) 


x == — x, cos V + y, sin V 
h 
ee 


nT 


che same value of / being used as before. 


* According to Ovpemans (Astron. Nach., Vol. LI., p. 80), we should use for occul- 
tations & = 0.27264, or log * = 9.434590. which amounts to taking the moon’s 
spparent semidiameter about 1”.25 greater in occultations than in solar eclipses. 
But it is only for the reduction of isolated observations that we need an exact value, 
since, when we have a number of observations, the correction of whatever value of 
k we may use will be obtained by the solution of our equations of condition. 
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Then, for each observation at each place, compute the coeffi- 
cients » tan a), » sec i, and 


E=va(t +o — T,)-— xv tany 


where w is the approximate longitude and the unit of f -w— 7 
is one mean hour, and also 


F=488[n(t+o—T, —xvtany—kvsec 4] “feos * eos ty) 


in which 


= > log (1 — ce) —- 9.99709 


Then, w’ denoting the true longitude, 
ww —vy +vtany.3 + vsec y.rak + BH. ax + F. race 
in which 7 and #@ have the signification 


y= sin V cos sd A(a - a’)-+ cos N a(é — 6’) 
%8— - cos N eoss A(a --a/) + sin .V a(é — 8’) 


The discussion of the equations of condition thus formed may 
then be carried out precisely as in Art. 334, taking 7, 3, zak. az, 
and zace as the unknown quantities. 


ExamPLe.—The occultation of Aldebaran, April 15, 1850, was 
vbserved at Cambridge, Mass., and Koénigsberg, as follows :* 


At Cambridge, ¢ = 42° 22’ 48'.6, w = $4 44" 30°, 
Immersion, 2* 1" 52°45 Mean time. 
Emersion, 3 1 388.385 = « “ 

At Konigsberg, ¢ = 54° 42’ 50”.4, w = — ]* 22” 0,4 
Immersion, 10* 57" 43°.66 Sidereal time. 
Emersion, 11 47 447 .60 ae es 


I. The Greenwich mean time of conjunction of the moon and 
star was about 7* 30", and hence we take our data from the 
Nautical Almanac as follows: 


en eee et oe 


* Astronomical Journal, Vol. 1, pp. 189 and 175, 
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| 1850 April 15. | a ! é t 
6 65° 56’ 21.16 | +.16° 40’ 07.05 58’ 5522, 
7 66 382 82 .06 16 46 30 53 58 55 87 | 
| 8 67 8 46 .02 16 52 54.77 58 56 .49 


9 67 45 3.02 | 16 59 12.76 | 58 57 .10 


tanner 


rae 


The position of Aldebaran for the same date was 
a’ -- 66° 49! 33/.9 ob’. + 16° 12/ 1".7 


Hence, by I. of the preceding article, we form the following 
table: 


: Gr. T. | x x’ y | y' | 
! ee a An, ete ee ee ee seine, oe eke tl eas 
ge |. o.n6519 | +4 0.58849 | 4 0.476684 | 4. 0.10871 
7} 0.27671 | 47 | 58531 | 63 
8 | 4081176 | 42 | 69390 | 56 
| { | 
/ 9 | 0.90014 | 32 | 80243 | 18 


II. The sidereal time of Greenwich Mean Noon, April 15, 
1860, was 1* 33" 8.96. With this number, converting the 
Konigsberg times into mean times for the sake of uniformity, we 
find 


Cambridge. Kongsberg 


ee ne meen emcee 


Immersion Emersion. Immersion | Emersion 


wes 


—_— ee | eee at ae 


ae 


pA 1m 52845, 3A 1m 884.85] OF 23" 15464) 1O¥ 13" 112.88 


t+o} 6 46 22.45) 7 46 8.35/) 8 L 15.24) 8 51 10.98 
yw | 64° 2° 277.55} 69° 0’ 58”.35]|164° 25’ 64”.90|176° 56’ 54”.00 
p —ao' (847 12 28.65] 2 11 24 .45]/ 97 36 21.00/10 7 20.10 


log psing | 9.826441 9.909898 

log pcosg’ | 9.869121 | 9.762639 
log & | 9.214824 8.451362 9.758801 9.735287 
log 7 | 9.646065 9 641169 9.904088 9.922175 
log¢ | 9.944427 9.952794 9.185091 8.549725 


The value of log ¢ has been found in order to find the correc- 
tion for refraction. This correction is here quite sensible in the 
case of the Kénigsberg observations which were made at a great 
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zenith distance. By the table on p. 517, we find that the loga 
rithms of § and 7 must be increased by 0.000006 for immersion, 
and by 0.000041 for emersion. Applying these corrections, tle 
values of the co-ordinates are as follows: 


— 0.16380 | + 0.02827 |) + 0.57886 | + 0.54866 
1 4 0.44266 | +. 0.43768 || + 0.801756 | + 0.83602 


dS | 


III. Assuming convenient times not far from { + w, ‘vu ave 


Assumed 7, 6.8 ff TAB 8.0 84.85 

r| — 0.39440 | 40,19406 || 4.031175 — -! 0.81188 

yy | + 0.56858 | +0.67218 || |. 0.69890 | | 0.78615 
ty~F-=msinM | —0.238460 | 4- 0.16579 || —0.26210 | + 0.26822 
y—7= mcosM | + 0.12092 | 4023450 || — 0.10785 | — 0.04987 

M |297° 40’ 16".5 | 85° 16’ 86”.1 |/247° 38" 1”.0 | 100° 81’ 67".7 
log m 9.415608 9.458164 9.452483 | 9.435871 

v=insin V | + 0.58847 | + 0.58843 + 0.58842 | {0.58836 
y’'=neosN | + 0.10865 | + 010857 || + 0.10856 ; + 0.10849 

NV | 79° 32 21".1 | 79° 32’ 45”.8 || 79° 82’ 48”.5 | 79° 33” 8.5 


A 216 11 35.9 pore 33 59.0 1/167 35 28 .45 | 21 1 28.1 
Co 3600) r — 89°,74: — 1289.82. — ORS, 633: -—~ 31,52 
wi 4444" 87°81! 44 44m 128, eal 14 22m 72011 . 14 Qem 49,90 


IV. For the equations of condition, taking Z)== 7*.8, 


Tos Peati2 m == 3536” 
x == + 0 6258 log vy == 0.2808 

and putting 
w, — the true longitude of Cambridge, 


w= ‘ Ae Konigsberg, 
we find, neglecting terms in ace, 
ve 4 44" 37°81 — vy + 1.2459 — 2.108 mak — 1.298 an 
Ls 4 44 12.83 — vy — 1.852 9 + 2.515 zak -++ 1.660 ax 
mics —1 22 701 — v7 — 0.874 9 — L742 zak + 0.991 az 
w'—= —1 22 14.90 —vy + 0.6545 + 1.822 zak + 1.195 an 


whenee the two equations 


0 = + 24°98 + 3.097 6 — 4.623 zak — 2.953 ax 
O—=+ 7.89 — 1.028 % — 3.564 zak — 0.204 ax 


If we determine ? and zak in terms of az, these equations give 


8% -<- — 3.33 +. 0.607 ax 
rok ~ + 3 .17 — 0.232 ax 
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and then we find 


wo, == 4 44™ 26°98 — vy — 0.048 ax 
w/== —1 22 11.29 —vy + 1.169 az 
Assuming w,’= — 1" 22” 04 as well determined, the last equa 
tlon gives 
yy == — 10°89 + 1.169 az 


which substituted in the value of w, gives 
w= 4* $4" 37°87 — 1.217 ax 


Finally, adopting the correction of the parallax for this date as 
given in Mr. Apams’s table (Appendix to the Nautical Almanac 
for 1856), az — + 5/’.1, this last value becomes 


w, =2 + 44 315.66 


which agrees almost perfectly with the longitude of Cambridge 
found by the chronometric expeditions, which is 44 44" 31.95. 
With the same value of az we find 


i 2" 90 va — O23 rak = -+- 1.99 


and hence, by (586), the corrections of the Ephemeris on this 
date, according to these observations, are 


A(a —a’)== — 2.93 A(d — 6') = — 0.77 


The value zak = + 1/7.99 gives ak = 0.00056, and hence the 
corrected value k = 0.27227 + 0.00056 = 0.27283, which is not 
very different from OupEMANS’s value. (See p. 551). 


342. When a number of occultations have been observed at a 
place for the determination of its longitude, it will usually be 
found that but few of the same occultations have been observed 
at other places. If, then, we were to depend altogether upon 
corresponding observations at other places, we should lose the 
greater part of our own. In order to employ all our data, we 
may in such case find for each date the corrections of the moon’s 
place from meridian observations (see Art. 235), and, employing 
the corrected right ascension and declination in the computation 
of x and y, our equations of condition will involve only terms in 
mok and ax. The value of az will, however, be different on 
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different dates, and, therefore, if we wish to retain this term, we 
must introduce in its stead the correction of the mean parallax 
which is the constant of parallax in the lunar tables, If this 
constant is denoted by z, we shall have, very nearly, 


where z is the parallax for the given date. The equations ot 
condition will then be of the form 


w sw + a.nrdk + Ob. an, 
where 
a=ysec y b-- BE 
™ 


In Perrce’s Lunar Tables, now employed in fhe construction ot 
our Ephemeris, z) == 8422/’.06. 


343. The passage of the moon through a well determined 
vroup of stars, such as the Pleiades, attords a peculiarly favorable 
opportunity for determining the correction of the moon’s semi- 
diameter as well as of the moon’s relative place, of the relative 
positions of the stars themselves, and also (if observations are 
made at distant but well determined places) of the parallax. 
Prof. Perrce has arranged the formule of computation, with a 
view to this special application, for the use of the U.S. Coast 
Survey. See Proceedings of the American Association for the 
Adv. of Science, 9th meeting, p. 97. 


344, When an isolated observation of either an immersion or 
an emersion is to be computed, with no corresponding observa- 
tions at other places, it will not be necessary to compute the 
values of x and y for a number of hours, It will be sufficient to 
compute them for the time ¢-+ w (¢ being the observed local 
mean time, and w the assumed longitude); and, as the correction 
of this time will always be small, the hourly changes may be 
found with sufficient precision by the approximate formule, 
easily deduced from (482), 


da 
x’ == — cos 8 y= — 
a 
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where da and dé denote the hourly increase of a and @ respect- 
ively. 


345. Tu predict an occultation of a given star by the moon for a 
given place on the earth.— We here suppose that it is already known 
that the star is to be occulted at the given place on a certain 
date, and that we wish to determine approximately the time of 
immersion and emersion in order to be prepared to observe it. 
The limiting parallels of latitude between which the occultation 
ean be observed will be determined in the next article. 

For a precise computation we proceed by Art. 322, making 
the moditications indicated in Art. 340. 

But, for a sufficient approximation in preparing for the obser 
vation, the process may be abridged by assuming that the moon's 
right ascension and declination vary uniformly during the time 
of occultation, and neglecting the small variation of the parallax. 
It is then no longer necessary to compute the co-ordinates x and 
4 directly for several different tines at the first meridian, but 
only for any one assumed time, and then to deduce their values 
for any other time by means of their uniform changes. It will 
be most simple to find them for the time of true conjunction of 
the moon and star in right ascension, which is readily obtained 
by the aid of the hourly Ephemeris of the moon. Let this time 
be denoted by 7). We have at this time x = 0, and the value of 
y will be found with sufficient accuracy by the formula 


in which 0, z, are the moon’s declination and horizontal parallax 
at the time 7), and 0’ is the star's declination. 

Let aw (in seconds of arc) and ad here denote the hourly 
changes of the moon's right ascension and declination for the 
time 7J,. Then we have, nearly, 


Aa 
a = —— GOB 6 yu 
rid 


Let 7, be any assumed time (which, in a first approximation, 
may be the time 7 itself). Then the values of the co-ordinates 
at this time are 


z= 2 (T,— T,) y=y+y(T, — 7%) 
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and to find the time (7') of contact of the star and the moon's 
limb, we shall, according to Art. 322, have the following formule: 


3 == fl, — a —w 


in which 4, is the sidereal time at the first meridian corresponding 
to 7), a’ is the star’s right ascension, and o is the longitude - 


cos g’ sin 3 


Asin B = psing’ a 
» = Asin(B—2’) 


A cos B = p cos ¢’ cos # 


pw!’ == 54148 sin 1” E 
log v’ = 9.41916 y = pw’ E sind’ 
mein M=27—€é nsin NV = x’ — &’ 
m cos M == y —y ncos N =- y' — 7’ 
sin 4 =n —* =) log k = 9.48500 
- — #08 4 mcos(M— NV) 
— nh n 
dies ee 


‘where y is to be taken so that cos y shall be negative for 
immersion and positive for emersion. 

For a second approximation, we take 7 as the assumed time 
T, and repeat the computation for immersion and emersion 
separately. The new value of 3 for this second approximation 
will be most readily found by adding the sidereal equivalent of 
zt (converted into arc) to its former value. 

It is more especially desirable to know the true time of 
emersion, and the angle of position of the point of reappearance 
of the star. Since this angle in solar eclipses was reckoned on 
the sun’s limb, while here it must be reckoned on the moon’s, 
it will be equal to 180+ Q: so that, taking the value of y from 
the last approximation, we shall have 


Angle of pt. of contact from the) _ ms 
north pt. of the moon’s limb i = 180° + N+ 4 


For the angle from the vertex of the moon's limb, we find y by 
the equations 


psiny = & + €&'r pcoy=y+7't 
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where &, 7, &’, 7’, t are to be taken from the last approximation ; 


and then 
Angle of pt. of contact from 


the vertex of the moon’s limb ; == 180° = N a + ak i 


If the computation in any case gives msin(M—N)>h, we 
have the impossible value sina > 1, which shows that the star is 
not occulted at the given place. If we wish to know how far 
the star is from the moon’s limb at the time of nearest approach, 


we have (Art. 324) 
d=+msin(M— NV) 


the sign being taken so that J shall be positive. This is the 
linear distance of the moon’s centre from the line drawn from 
the place of observation to the star, and therefore the angular 
distance as seen from the earth is zd. The apparent semidiameter 
of the moon is zk, and hence the apparent distance of the star 
from the moon’s limb is z(4 — h).* 


ExamMpie.—Find the times of immersion and emersion in the 
occultation of Aldebaran, April 15, 1850, at Cambridge, Mass. 

The elements of this occultation have been found on p. 553, 
with which an accurate computation may be made by the 
method of Art. 322; but, according to the preceding approximate 
method, we proceed as follows. The Greenwich time when the 
moon’s right ascension was equal to that of the star is found, 
from the values of @ on p. 553, to be 


fee Al Sa 28? 1a" 


For this time we have 


ees ee 3 = + 16° 49’ 31".1 
ad = + 384 v= 16 12 1.7 
n-- 8586 d—d'= + 2249" 


whence, by the above formule, 
y, = + 0.6360 xv! = + 0.5886 y' = -++ 0.1086 


Then the computation for Cambridge, g = 42° 22’ 49”, 
w = 4" 44™ 30°, will be as follows. For the first approximation, 
we assume 7) == 7, and neues we have 


ey ee ee te eS 


eee mee 


* More exactly, allowing for ‘he augmentation of the moon’s semidiameter, it is 
w({(g~—k) (1+ ¢ sinz), where we have ( = d cos(B — 0). 
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Dice nee ee 

Sid. time Gr. noon = | 353 9 O 
Reduction for 7, = 1 13.6 
a,= 9 2 34.6 
a= + 27 18.3 

w= + 44 30 
fa’ — w= 8 == 23 50 46.3 

-: 857° 41'.6 


with which we find the following results: 


pe. 4. y = -+ 0.6360 
E = — 0.0298 7 == + 0.4377 
m sin wf == +- 0.0298 m cos M = + 0.1983 
M = 8° 32’. log m= 9.3021 
x’ =: + 0.5886 y’ = + 0.1086 
&’—— + 0.1940 4’ = — 0.0022 
n sin V = + 0.3946 n cos N =~ + 0.1108 
N= 74° 19.1 log m=: 9.6127 
log siny== 79.8395 log cos y= 9.8590 
Bey diab iat a ==) — — 0.1690 K cosy _ = 0.4801 
For immersion. For emersion. 
tT == — 0'.6491 t= + 0.3111 
T,= £7 4700 L,= 7 4700 
T= 6.8209 T= 7.7811 
T= 6 49” 15° T= 7 46™ 52° 
w— 4 44 30 w=- 4 44 30 
Local time == = 8 2 22 


2 4 465 Local time 


These times are nearly correct enough; but, for a more accurate 
time of emersion, we now assume 7,= 7*.7811, with which we 
find 


c=a2(T. — T,) = + 0.1881 y' (T, — T.) = + 0.0888 
Yo == + 0.6860 
— -+ 0,6698 


and to find the new value of #? we have r = + 0*.3111 = 18” 40", 
the sidereal equivalent of which is 18” 43°.1, or in arc 4° 40’.8. 
This, added to the above value of &, gives the corrected value 
3 = 2° 22’.4. Repeating the computation with these new values 
of 7, y, and &, we find 
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__ moos(M — N) y == 817° 22’ 


m —~ 0.5082 N= 7A 55 
kcosy 180 
——* = +0 4901 oe 
t== — 0 .0181 — 8 33 
tie OU 208 84 
we. The star reappears at 212° 17’ 
= 7T* 45" 47° f eh; th int 208° 34! 
Localtine== “8 i707 ee er Poet 


from the vertex, of the moon’s; 
limb. 


This time agrees within 21° with the actually observed time of 
emersion (given on p. 552). The principal part of the difference 
is due to the error of the Ephemeris on this date. 


846. To find the limiting parallels of latitude on the earth for u 
given oecultation.—The limiting curves within which the occulta. 
tion of a given star is visible may be found by the general 
method given for solar eclipses, Art. 311, which, of course, may 
be much abridged in such an application. But, on account of 
the great number of stars which may be occulted, it is not pos- 
sible to make even this abridged computation for all of them. 
The extreme parallels of latitude are, however, found by very 
simple formule, and may be used for each star. 

For a point on the limiting curve, the least value of J in Art. 
324 is in a solar eclipse =. 1, but in an occultation it is = k. 
Hence we have, by (557), the condition 


+m sin (M — N) —k 
or, restoring the values of m sin M= x — &, m cos M= y — 9, 
(x — &) cos N —(y — 9) sin N= tk 


The angle Vis here determined by the equations (552); but, for 
an approximate determination of the limits quite sufficient for 
our present purpose, we may neglect the changes of ¢ and 7, and 
take 
n sin V = 2’ n cos NV = y’ 
Let 2 and y% be the values of x and y for the assumed epoch 
71); then for any time T= 7,-+ r we have 


L£=2%+nsin N.t y= Yy, + neos N.t 
Vou. L.—36 


a> 
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which reduce the above condition to 
(x, — &) cos N —(y, — 4) sin N= +k 


By the last equation of (500), we have, by neglecting the com- 
pression of the earth, 


sin g ==7 cos 6’ + € sin 3d’ 
c=Y— #7) 


and we are now to determine the maximum and minimum values 
of », which fulfil these conditions. Let us put 


in which 


a==— &cos N+ 7 sin V 

b= Fsin N+ 7c08N 
from which follow 

&= —acos V+ basin V 

7== asin N+ becosN 


C= YC — ai — b?) 
Then we also have, by our first condition, 
a=—z,00s N+ y,sn N+k 


which is a constant quantity, since we may here assume 2’ and y’ 
to be constant. 
Since we have a?+ 6?+ ¢?= 1, we can assume 7 and ¢ so as to 


satisfy the equations 
cosy =—@ 
sin y cose = 0 
sin y sin e = € 


in which sin 7 may be restricted to positive values. The formula 
for y thus becomes 


sin g = cos; sin WV cos 6’ + sin cos e cos N cos 6’ + siny sin ¢ sin 0! 


which may be put under a more simple form by assuming # and 
i, so as to satisfy the conditions 


sin 8 = sin N cos 0’ 
cos § cos 4 = cos NV cos é’ 
cos # sin A = sin 0! 


in which cos § may be restricted to positive values. 
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We thus obtain 
sin g = sin £ cos y + cos # sin y cos (A — e) 


in which g and e are the only variables. Since cos f sin 7 is 
positive, this value of sin g is a maximum when cos (A — e) = 1 
or A4—e=0; and a minimum when cos(A — e) = — 1, or 
A—e= 180°. Hence we have, for the ‘imits,sin g=sin(@ +7), 
that is 

for the northern limit, ¢ =f + 7 

for the southern limit, gy —£ —y 


One of the points thus determined may, however, be upon 
that side of the earth which is farthest from the moon, since we 
have not restricted the sign of ¢, and our general equations 
express the condition that the point of observation lies in a line 
drawn from the star tangent to the moon’s limb, which line 
intersects the surface of the earth in two points, for one of which 
¢ is positive and for the other negative. But, taking 2 only with 
the positive sign, we must also have sin « positive. For the 
northern limit, therefore, when 4 =e, sin A must be positive, 
which, according to the equation cos # sin 4 = sin 0’, can be the 
case only when 0’ is positive. Hence the formula g = 8+ 7 
gives the most northern limit of visibility only when the star is 
in north declination. For similar reasons, the formula g = § —7 
gives the southern limit only when the star is in south declina- 
tion. The second limit of visibility in each case must evidently 
be one of the points in which the general northern or southern 
limiting curve mects the rising and setting limits,—namely, the 
points where ¢ == 0, and consequently, also, sin e==0, cose = +1, 
which conditions reduce the general formula for sing to the 
following: 


sin g = (sin V cosy + cos NV sin y) cos 6’ = sin (V + 7) cos 3” 


If cos NV is taken with the positive sign only, the upper sign in 
this equation will give the most northern limit to be used when 
the southern limit has been found by the formula g == 8 —7; and 
the lower sign will give the southern limit to be used when the 
northern limit has been found by tho formula g = £ + +. 

Finally, since the epoch 7, is arbitrary, we may assume for it 
the time of true conjunction in right ascension when x)= 0, and 
we shall then have 


a=cosy--y,sinN +k 
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The above discussion leads to the following simple arrangement 
of the formule 


COS 7, = y, sin V + 0.2723 (y < 180°) 
sin £ = sin _N cos 0’ (P< 90°) 
= Pxy, (604) 
cosy, = y,8in V = 0.2728 
sin g, = sin (WV = 7,) cos 3’ (N< 90°) 


in which the upper or the lower signs are to be used, according 
as the declination of the star is north or south. When the 
declination is north, yg, will be the northern limit and g, the 
southern; and the reverse when the declination is south. The 
angle Vis here supposed to be less than 90°, and is found by 
the formula 


f 


x 
tan N = — 
y 


always considering y’ as well as x’ to be positive. 

When the cylindrical shadow extends beyond the earth, north 
or south, we shall obtain imaginary values for 7, or 7, The 
following obvious precepts must then be observed : 

Ist. When cos 7, 18 imaginary, the occultation is visible beyond 
the pole which is elevated above the principal plane of reference, 
and, therefore, we must put for the extreme limit g,= + 90°, or 
y, == — 90°, according to the sign of 0”. 

2d. When cos 7, is imaginary, the value of g, will be the lati- 
tude of that point of the (great circle) intersection of the prin- 
cipal plane and the earth’s surface which lies nearest the depressed 
pole; that is, we must take g,== 0’— 90°, or g,=0’+ 90°, 
according as 0’ 18 positive or negative. 

It is also to be observed that the numerical value of g, 
obtained by the formula g,== 8 +7, may exceed 90°, in which 
case the true value is either g,= 180° — (f + 7,), or g,= — 180° 
.~ (8 + 7,), since these values have the same sine. 


EXxaMPLE.—Find the limiting parallels of latitude for the 
occultation of Aldebaran, April 15, 1850. 
We have found, page 559, for this occultation, 


y= + 0.6360 a! ==: 0.5886 y’ = 0.1086 


Hence, with 0’ = 16° 12’, we find 
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N=: 79° 33’ log sin ? == 9.9751 
y,sin V = + 0.6255 2 = 70° 47’ 
cS 0.2728 7, = 26 8 
cos y, == + 0.8978 B+ y, = 96 55 
cos y, = + 0.3532 ¢,= 88 5 

%, = 69°19 
N—y,= 10 14 g,-- 9 49 


It is hardly necessary to observe that the occultation is not 
visible at all the places included between the extreme latitudes 
thus found, since the true limiting curves do not coincide with 
the parallels of latitude, but cut the meridians at various angles, 
us is illustrated by the southern limit in our diagram of a solar 
eclipse, p. 504. Unless a place is considerably within the 
assigned limits, it may, therefore, be necessary in many cases to 
make a special computation, by the method of Art. 345, to deter- 
mine whether the occultation can be observed. 


OCCULTATIONS OF PLANETS BY THE MOON. 


347. If the disc of a planet were always a circle, and fully 
illuminated, its occultation by the moon might be computed by 
the general method used for solar eclipses by merely substituting 
the parallax and semidiameter of the planet for those of the sun; 
wnd this is the method which has generally been prescribed by 
writers on this subject. But with the telescopes now in use, 
and expecially with the aid of the electro-chronograph, it is 
possible to observe the instants of contact with the planet’s limb 
to such a degree of accuracy that it appears to be worth while 
to take into account the true figure of the visible illuminated 
portion of the planet. Moreover, the investigation of this true 
fizure possesses an intrinsic interest which justifies entering upon 
it here somewhat at length. 

In order to embrace at once all cases, I shall consider the 
planet as a spheroidal body which even when fully illumi- 
nated presents an elliptical outline, and when partially illumi- 
nated presents an outline composed of two ellipses, of which 
one is the boundary of the spheroid and the other is the limit of 
illumination on the side of the planet towards the observer. | 
begin with the determination of the first of these ellipses. 
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348. To find the apparent form of the disc of a spheroidal planet.*— 
Let us first express the apparent place of any point of the 
surface of the planet, by referring it to three planes perpen- 
dicular to each other, of which the plane of ry coincides with the 
plane of the planet’s equator, while the axis of z coincides with 
the axis of rotation. In this system, let 


L,Y,z == the co-ordinates of the point on the surface of the 
planet, 
E, 4, € == those of the observer. 


Straight lines drawn from the observer to the centre of the 
planet and to the point on its surface determine their apparent 
places on the celestial sphere. If these places are referred to 
the great circle which corresponds to the planet’s equator, and 
if we put 


4, 4’ = the geocentric longitudes of the apparent places of the 
planet’s centre and the point on its surface, reckoned 
from the axis of z, in the great circle of the planet’s 
equator, 

f,8'== the latitudes of these places referred to the great 
circle of the planet’s equator, 

p, p' = the distances of the centre of the planet and the point 

¢ on its surface from the observer, 


we shall have (Arts. 32 and 33)t 


p cos #8 cos A == — & 
pcos #@ sin A= — 7 (605) 
psinP=—¢ 


p’' cos #’ cos WV” = x — & 
pe’ cos 8’ sin 1’ = y — 7 (606) 
psin # =2z2—¢ 


* The method of investigation here adopted, so far as relates to the apparent form of 
the disc, is chiefly derived from BessEL, Astronomsche Untersuchungen, Vol. 1, Art. VI. 

+ The group (606) may be deduced by supposing for a moment that the position 
of the observer is referred to a system of planes parallel to the first, but having its 
origin at the point on the surface of the planet. The co-ordinates in this system are 
equal to those in the first increased respectively by z, y, andz. The negative sign 
in the second members of both groups results from the consideration that the longi- 
tude of the observer as seen from the planet is 180°-+ A, or 180°+ 2’; and his 
latitude, — 8, or — @’. Compare Art. 98. 
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Now, let O and C, Fig. 47, be the apparent Fig. 47. 
places of the planet’s centre and the point on its 
surface, projected upon the celestial sphere; Q 
the pole of the planet's equator; P the pole of the 
earth’s equator; and let 


s* == the apparent distance of C from O = the arc 
OC,” 

p = the position angle of C reckoned at O, from 
the declination circle OP towards the east, 
= POC, 

p= the position angle of the pole of the planet 
== POQ; 


then, in the triangle QOC, we have 


ain s’ sin (p’ — p) = cos f’ sin (2’ — 2) 
sin s’ cos (p’ — p) = cos @ sin 2’— sin # cos #’ cos (4’ — A) 


Multiplying these by p’, and substituting the expressions (605) 
and (606), we obtain 


p’sin s'sin (p’ — p) = — xsind-+ ycosa 
p' sin s’ cos (p' — p) = — x sin 8 cos A — y sin # sin 4 + z cos 8 


or, since s’ is very small and p’sin s’ or p’s’ differs insensibly 
from psin s’ or ps’, 


ps'sin (p'’ — p) = — rsind + y cosa re 
ps’ cos (p’ — p) = — xsin & cos A — y sin 8 sin A + 2 con B (007) 


These equations apply to any point on the surface of the planet. 
If we apply them to those points in which the visual line of the 
observer is tangent to that surface, they will determine the curve 
which forms the apparent disc. The equation of an ellipsoid of 
revolution whose axes are a and 6, of which 6 is the axis of 
revolution, is 


¥y 
wt eye (608) 


and the equation of a tangent line passing through the point 
whose co-ordinates are &, 7, and € 1s 


e 
=e 4S (609) 


The distances §, 7, and { are very great in comparison with 2, 
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y, and z. If we divide any by p, the quotients > : will be 


Ay sk : 
of the same order as =, 2 7 - but the quotient | will be inappre- 


clable in relation to the quotients Se Performing this 
aa aa bb 


division, therefore, and substituting the values of §, 7, and £ from 
(605), we may write for the equation of the tangent line 


x cos #cosd | ycoss sind 2zsin (610) 


i gg an gg Nab 


If the curve ACB, Fig. 47, is referred to rectangular axes 
passing through the apparent centre O of the planet, one of 
which is in the direction of the pole of the planet, and if u and 
» denote the co-ordinates of any point of the curve, so that 


u == s'sin (p’ — p) 
v = 8’ cos (p' — p) 


the equations (607) and (610) will enable us to determine gz, y, 
and zin terms of wand v. Putting 


— = 1 — ee 
aa 
the three equations become 
pu== — xsinA+ ycoss 
pv = — (x cosi- y sin A) sin 8 + 2 cos B 


0 = (7 cos 1 + y sin A) (1 — ee) cos P + z ain & 
from which we derive 


—x sind + y cosd = pu 

ey em eer ee 
1 — ee cos’ B 

= » i = £¢) cos 8 


1 — ee cos’ £8 


Substituting these values in (608) and putting 


a oe 
== the greatest apparent semidiameter of the planet, 


¢ == //(1 — ee cos’ £) 
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we find 
ss uu + (611) 
ce 
which is the equation of the outline of the planet as projected 
upon the celestial sphere, or upon a plane passed through the 
centre of the planet at right angles to the line of vision. It 
represents an ellipse whose axes are 2s and 2s ,'(1_ - ee cos? ), 
e being the eccentricity of the planet’s meridians. The minor 
axis (OB, Fig. 47) lies in the direction of the great circle drawn 
to the pole of the planet’s equator. 
We next proceed to determine what portion of this ellipse is 
illuminated and visible from the earth. 


349. To find the apparent curve of illumination of a planet’s surface.— 
If the sun be regarded as a point (which will produce no sensible 
error in this problem), the curve of illumination of the planet, as 
seen from the sun, cau be determined by conditions quite similar 
to those employed in the preceding problem; for we have only 
to substitute the co-ordinates expressing the sun’s position with 
reference to the planet, instead of those of the observer. If, 
therefore, we put 


A, B = the heliocentric longitude and latitude of the centre 
of the planet referred to the great circle of the 
planet’s equator, 


the equation of the tangent line from the sun to the planet, 
being of the same form as (610), will be 


x cos.B cos A jon eens zsinB 


= aa aa bb (612) 


If each point which satisfies this condition be projected upon 
the celestial sphere by a line from the observer on the earth, and 
« and v again denote the co-ordinates of the projected curve, we 
have here, also, to satisfy the equations 


pu == —axsinrA+ ycosA 
pv = — (xcosd + ysin A) sin #8 + 2 c08 # } (613) 


in which A and # have the same signification as in the preceding 
article. The values of 2, y, and z, determined by the threc 
equations (612), (618), being substituted in the equation of the 
ellipsoid, we obtain the relation between u and v, or the equation 
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of the required curve of illumination as seen from the earth. In 
order to facilitate the substitution, let us put 


X,== —xsindA+ ycoss 

y,= kxecosdA+ysina 
from which follow 

f= — a, sin d+ y, copa 

y== x,cosi+ y sin A 


At the same time, let us introduce the auxiliaries 8, and B, 
dependent upon # and B by the assumed relations 


1 1 
; cos §, == cos B a cos B, = cosB 
: ' (614) 
. a. a. 
eae jy = 7 sin f q in B= 5 sin B 
Then the three equations become 
O-= 2, cos B, sin (A — 4)+ y, cos B, cos (A — A) + ; 2 sin B, 
pus =k, 
at ; a 
5 9e = — y sin A+ 5 7 C08 B, 
from. which we derive 
On — pu 
Ny, =: — pu cos 7, cos B,sin (A — A) —§ g pu sin B, 
NS z=: — pu sin 3,cos B,sin (A — 2) +5 9p cos B, cos (A — A) 


where, for brevity, Vis put forsin #, sin B, + cos, cos B, cos(A —A). 

Before substituting these expressions in the equation of the 
ellipsoid, it will be well to consider the geometrical signification 
of the quantities #, and B,. [f we draw straight lines from the 
centre of the planet to the earth and to the sun, the latitudes of 
the points in which these lines intersect the surface of the planet 
will be Band B. If these points be projected upon the surface 
of a sphere circumscribed about the ellipsoid, by perpendiculars 
to its equator, the latitudes of the projected points will be B, and 
By; and g and G will be the corresponding radii of the ellipsoid. 
If now these projected points are referred to the celestial sphere, 
by lines from the planet’s centre, they will form with the pole Q 
of the planet’s equator a spherical triangle QOS, in which the 
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angle @ will be 4 — A; and the sides including this angle will 
be 90° —- 8, = QO, 90° — B, = YS. Denoting the angle at O by 
w, and the side OS by V, we shall have 


sinV cosw = cosf, sin. B, — sin f, cos B, cos (A -- 2) 


cos V = sin f, sin B, + cos £, cos B, cos (A — 2) 
(615) 
sin V sin w = cos B, sin (A — 2) 


in which V is very nearly the angular distance between the sun 
and the earth as seen from the planet. 
This triangle also gives 


sin B, = cos V sin #, + sin V cos 8, cos w 
cos B, cos (A — 4) = cos V cos &, — sin V sin 7, cos w 
cos B,sin (A — 2) = sin Vain w 


By these equations the above expressions for z,, y,, and 2 are 
reduced to 


cosV.2,== pucosV 
cos V.y, = — pu sin V gin w cos 8, 


ee ; gev (cos V sin 8, + sin V cos f, cos w) 
a 


cos V.- ; 


2== — pu sinV sin w sin f, 
a : 
+ 5 gee (cos V cos 8, — sin V sin £, cos w) 


Substituting these in (608), observing that rz + yy = 27,2,+ YY, 
we have 


cos? V. 2% — uu cos? V 
PP 
+ [ sin w + 5 gv cos w) sin V cos f, + , gv cos V sin 6,| 
+ [ sin w -t- : gv cos w) sin V sin 2, — ; gv cos V cos 6, | 
Developing the squares in the second member, and putting s for 
¢' and also 
Pp 


¢ = 7/(1 — ee cos? f) = a 
we shall find 
sin w 
c 


2 2 
ss =(u COs WwW — Vv: +(u sin w + 9S) sec? V (616) 
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which is the required equation of the curve of illumination, as 
seven from the earth, projected upon the celestial sphere. It 
represents an ellipse whose centre is at the origin but whose 
axes are, in general, inclined to the axes of co-ordinates, and, 
consequently, to the axes of the ellipse of equation (611). The 
equation (611) 1s only the particular case of (616) which corre- 
sponds to V= 0, or the case of full illumination. 


350. We have yet to determine what portions of the apparent 
disc are bounded by the two curves 
B respectively. If ABA'B’, Fig. 48, 

is the ellipse of (611), which I shall 
eall the first ellipse, and CDC’D’ that 
of (616), which I shal] distinguish as 
the second ellipse, the visible outline 
of the planet is composed of one- 
half the first and one-half the second 
curve, and these halves either begin or end at the points Cand 
C’, which are the common points of tangency of the two curves. 
These points satisfy both equations; and, therefore, putting w, and 
o, for the co-ordinates of either point, and subtracting (611) from 
(616), we find 


: cos w\ 
0) =|, sin wW -+ DV, ad tan? V 
c 


which is satisfied, in general, by taking 


COR Ww 
usin w + v, aaa 0 


Denoting the position angle corresponding to u, v,, by p,, we 


have w= 8, sin(p,— p), = 3, c0s(p,— p). Substituting these 
values, and also putting 


COS W 


c, sin w, == sin w ¢, COB 0, = —— (617) 
the preceding condition becomes 
¢, 8, C08 (p, — p— WY) = 0 
whence 
pz pt vw, = 909 (618) 


which expresses the position angles of both Cand C’. If we 
draw the are ODO’, Fig. 48, making the angle BOO’ = w, and 
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take OO'’=V, the point O’ will be-nearly the position of the 
planet as seen from the sun, and the are V will be the measure 
of the angular distance between the sun and the earth as viewed 
from the planet. If we assume sin w to be positive in equations 
(615), as we are at liberty to do, the are Vwill be reckoned from 
the planet eastward from 0° to 360°. Now, so long as Vis less 
than 180°, the west limb will evidently be the full limb, and 
when V is greater than 180°, the east limb will be the full limb. 
Iience we infer that a point whose given position angle 1s p’ is 
on the east limb when 


p>pt+w, --90° and <p+w, + 90° 


but on the west limb when 


p< p+ uw, -—90° and >p-+ w, + 90° 


When V > 90° and < 270°, the planet is crescent; but when 
V> 270° and < 90°, it is gibbous. In the case of a crescent 
planet there are two points, one on the full and the other on the 
crescent limb, corresponding to the same position angle: hence 
in observations of a crescent planet the point of observation on 
the limb will not be s:fficiently determined by the position 
angle alone; it will be necessary for the observer to distinguish 
the crescent from the full limb in his record. _ 

351. In order to apply the preceding theory, it 1s necessary to 
find the quantities p, 2, 4, B, A. The direction of the axis of z 
in Art. 348 was left indeterminate, and may be assumed at 
pleasure, but it is most convenient to let it pass through the 
ascending node of the planet’s equator on the equinoctial, so that 
A and 4 will be reckoned from this node. The position of the 
node must, therefore, be known, and this we derive from the 
researches of physical astronomers. If we put 


n==the longitude of the ascending node of the planet’s 
equator on the equinoctial, 

i == the inclination of the planet’s equator to the equi- 
noctial, 


we have at any given time ¢, for the planets Jupiter and Saturn, 
the only ones whose figures are sensibly spheroidal, 
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| — 357° 56’ 25” + 3”.59 (t — 1850) 
F ae 
i aca { is: 25° 25° 49” + 0.66 (t — 1850) 


| { n== 125° 13’ 54" 4 128".76(t— 1850) + 07.0605 (t — 1850)" 
For Saturn. |” 
ei { i= 7°10'10"— 15.08 (¢ —1850) + 0”.0035 (t — 1850) 


in which ¢ 1s expressed in years.* 

The values for Saturn apply either to its equator or the rings, 
which are sensibly in the same plane. 

If now we put 


; 


a’, 6’= the right ascension and declination of the planet, 


we can convert @’ and 0’ into 4 and # by Art. 28; we shall 
merely have to substitute in (29) or (81) a@’— n for a, 0’ for d, 
andifore. The angle p is here the position angle of the pole 
of the planet reckoned from the declination circle of the planet 
towards the east; but in Art. 25 the angle 7 is the position 
angle reckoned towards the west, and, therefore, we shall have 
to put 7 = 3860°— p in (83). Hence we obtain the following 
formule for @, A, and p: 


fain F = tan dé’ f' sin 2 = tos (F' — 2) 
f cos F = sin (a’ — n) f' cus 4 = cos F cot (a — n) 
tan @ = sin 2 tan(F — 1) (619) 
sin F” cot (a — n) 


tan F’== tan sin (a’ —n tan p== — 
(> a cos (f’ — 3’) 


To find 4 and B, we avail ourselves of the heliocentric longi 
tude and latitude of the planets given in the British Almanac, 
and as these quantities are referred to the ecliptic, while A and 
B are referred to the planet’s equator, we must know the rela- 
tive position of these circles. Putting 


NN’ = the longitude of the node of the planet’s equator on 
the ecliptic, 

J’ == the inclination of the planet’s equator to the ecliptic, 

N == the are of the planet’s equator between the equi- 
noctial and the ecliptic, 


a a ee ee ee we 


ee ee epee een seen Naame 


* These values I have deduced from the data given in DamoisKavu’s Tubles Eelip- 
tigues des Satellites de Jupiter, Paris, 1836; and Brsser’s Bestimmung der Lage unl 
Grosse des Saturns-Ringes und der Figur und Grosse des Saturns, Astronom. Nach., Vol. 
AIL. p. 167. 
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we deduce from the data of Besse, and Damotszau, for a given 
year J, 

IV’ =3835° 40’ 46”-+ 49”.80 (¢ — 1850) 
For Jair. 4 I’ 2° 851+ 0.43 (t—1850) 

N = 836° 33’ 18”-+ 46”.55 (¢ — 1850) 


N'== 167° 31' 52+ 46” 62 (¢— 1850) 
For Saturn. I'=- 28°10'27”— 0.35 (¢— 1850) 
N = 48°31'34’— 86.75 (¢ — 1850) — 0”.0625(¢ — 1850)? 


and these values for Saturn also apply to the rings. 


Finally, if we put 


A', B'= the heliocentric’ longitude and latitude of the 
planet, referred to the ecliptic, 


the formule (29) or (31) will serve to convert A’— N’ and B’ 
into 4 — Nand B; and they become 


K sin M=—tan B’ K'sin (A—N) = cos(M — I’) 
K cos M=sin(A’—N’) —-K' cos(A—N) == cos M cot (A’—N’’) 5 (620) 


tan B = sin(A — NV) tan (M — 1’) 


852. The preceding complete theory admits of several abridg- 
ments in its application to the different planets, varying according 
to the features peculiar to each. 

Jupiter.—The inclination of Jupiter’s equator to the ecliptic is 
so small that the quantity e = )/(1--- ee cos’) never differs 
sensibly from 7/(1 — ee), which, according to StRUVE’s measures, 
is 0.92723. I shall, therefore, use as a constant the value 
log e = 9.9672. Again, on account of the small inclinations both 
of Jupiter’s equator and of his orbit to the ecliptic, the angle w 
never differs much from 90°, and, since this angle is required 
only in computing the gibbosity of the planet (which never 
exceeds 0/’.5), it is plain that we may take w == 90°, and that V 
may be found with sufficient accuracy by the formula 


V==A—A 
or, indeed, by the formula 
V= A? (621) 


in which A’ and /’ are, respectively, the heliocentric and geo- 
centric longitudes of the planet, the former being taken directly 
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from the British Almanac, and the latter computed from the geo- 
centric right ascension and declination by Art. 23: so that for 
this planet the equations (615), (619), (620) will be dispensed 
with, except only the last two equations of (619), which will be 
required in finding p. 

Saturn.—The inclination of Saturn’s equator to the ecliptic is 
over 28°, and therefore the quantity ¢ -- p (1 -- ee cos*f) will 
have sensibly different values at different times. The value of 
-- 8 1s, however, given in the table for Saturn’s Ring in our 
Ephemerides (where it is usually denoted by /). The value of ee 
is 0.1865, or log ce = 9.2706. The gibbosity of Saturn is alto- 
gether insensible ; so that we shall have occasion to use only the 
equation (611), or in any formula that may be derived from the 
more general equation (616) we shall have to putV=0. The 
angle p is also given in the table for the ring. 

Saturn’s Ring.—The ring may be here regarded as an ellipsoid 
of revolution whose minor axis-- 0. Hence we have only to 
make e = 1 in our formule to obtain the equation of its elliptical 
outiine. This gives ¢ ==} (1 — cos?) = sin f, which value being 
substituted in (611), we have at once the required equation, 
while the position of the cliipse is given at once by the angle p 
from the table above referred to. 

Mars, Venus, and Mercury.—These planets may be regarded as 
spherical in the computation of their occultations, and we shall, 
therefore, have to consider only their crescent and gibbous 
phases. To adapt our formule to the case of a spherical body, 
we have only to pute = 0, or¢ = 1. Since in this case we are 
concerned only with the apparent figure of a partially illuminated 
spherical body, we may, for the convenience of computation, 
assume any point as the pole of the planet; and it will be most 
natural to assume the point which is the pole of the great circle 
whose plane passes through the sun, the earth, and the planet. 
The direction of this pole is evidently the 
same as that of the line joining the cusps 
of the partially illuminated disc. This makes 
B2=0, B= 0, in (615), and, consequently, 

=: A-~ 4. But, as the adopted equator of 
the planet is here a variable plane, we can 
no longer use the form (620) for finding 4. 
A very simple and direct process for finding 
V offers itself. Let 2, S, O, Fig. 49, repre- 


Fig. 49. 
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sent the centres of the earth, the sun, and the planet; S’0O’O”, 
the great circle of the celestial sphere whose plane passes through 
the three bodies; S’ and 0’, the geocentric places of the sun and 
the planet; O’’, the heliocentric place of the planet. Then O’O” 
is the arc heretofore denoted by V, and, in the infinite sphere, is 
the measure of the angle O'O0" = SOK. Putting thenV=O'O", 
7 =8’0’, and also 


R’ = SO = the heliocentric distance of the planet, 
= SE= 6“ « rT earth, 


we have 


R 
sin V = — si 
in zr sine 


We might find V directly from the three known sides of the 
triangle SOL; but, as we have yet to find p, and 7 comes out at 
the same time with p in a very simple manner, it will be prefer- 
able to employ the above form. 

To find p and 7, let S’, O’, O”, Fig. 50, be the three places 
above referred to, and P the pole of 
the equinoctial. Draw O’Q perpen- 
dicular to the great circle S’O’O”. 
This perpendicular passes through the 
adopted pole of the planet, and we 
have PO'Q = p, or PO’S’ = 90° — p, 
and S’O’-= 7. Hence, denoting by 0 
and D the declination of the planet 
and the sun, and by a@’ and A their 
right ascensions respectively, the spherical triangle PS’O’ gives 


Fig 50. 
Q 


8’ 


O 


sin y sin p= cos 0’ sin D — sin 0’ cos D cos (a! — A) 


cos y = sin 6’ sin D -+ cos 0d’ cos D cos (a’ — A) 
(622) 
Bin y cos p = cos D sin (a’ — A) 


Hence, introducing an auxiliary to facilitate the computation, 
both p and V will be found by the following formule: 


tan F = tan D see (a — A) 
tan p == cot (a — A) sin (F’ — 3’) sec F 
__ B sin (a! — A) eos D wie 
R' COS p 
In this method of finding V we do not determine whether it is 
Vou. I. -37 
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greater or less than 90°. This is of no importance in computing 
an actual observation, but only in predicting the phase of the 
planet, whether crescent or gibbous. For the latter purpose we 
must have recourse to the triangle SHO of Fig. 49, the three 
sides of which are given in the Ephemeris. 

The value of V being found, the equation (616) will be used to 
determine the apparent outline after substituting ¢ =1 and 
w = 90°, whereby it becomes 


= vy? u? sec? V 


The value of s in our equations is supposed to be given. It 
will be most convenient to deduce it from the apparent semi- 
diameter of the planet when at a distance from the carth equal 
to the earth’s mean distance from the sun, which is the unit 
employed in expressing their geocentric distances in the Ephe- 
meris. Thus, denoting the mean semidiameter by 5%, and the 
geocentric distance by r’, we have (Art. 128) 


So 
$= 3 (624) 


and s, may be taken from the following table: 


So Authority. 
MERCURY sisscii ie hedecanceredece Seiwa 3".34, Le VERRIER, Theory of Mercury. 
WEN UG scestes cer ccsinsianneeeuales sai eaeemeceautaeare 8 .55| Peirce, Am. Ephemeris. 
MARS ccch2satetiesecnc cuit uid cuted eau dec veuwnues 5 .05 as “ fe 
PURITER wiccdosiawe rica avorertecenbieme an esveds 99 .70| Struve, Astr. Nach., No. 139. 
SATU RN vega ne ectes soi eueewnaeseas wie taceaaseeenes 81 .36! BesseL, Astr. Nach., No. 275. 
SATURN 8 TINGS yccaks cise vosnesg cotwssstaes since 
Outer semi-major axis of outer ring | 187 .56 “ “ “ 
Struve, Astr. Nach.,No. 189, 
Inner ‘ 7 . me eee 20F reduced to agree with BEs- 
Outer . " inner “| 161.27 SEL’s measures of the outer 
Inner “ 6s “ «1124 75 


\ diameter of the outer ring, 


353. To find the longitude of a place from the observed contact of 
the moon's limb with the limb of a planet.—In the following investi- 
gation, it is assumed that the quantities p, w, V, c, are known for 
the time of the occultation. They may be computed by the 
above methods for the time of conjunction of the moon and 
planet, and regarded as constant for the same occultation over 
the earth in general. 
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Let O, Fig. 51, be the apparent centre of the planet, and C 
the point of contact of its limb with . 
‘hat of the moon. Let OM be drawn a es 
from O towards the moon’s centre, in- 
tersecting the moon’s limb in D. Since 
the apparent semidiameter of any of 
the planets is never greater than 31”, 
it is evident that no appreciable error 
can result from our assuming that the 
emall portion CD of the moon’s limb 
coincides sensibly with the common 
tangent to the two bodies drawn at C. 
If, then, the planet were a spherical 
body with the radius OD, the observed 
time of contact would not be changed. We may, therefore, 
reduce the occultation of a planet to the gencral case of eclipse 
of one spherical body by another, by substituting the perpen- 
dicular OD for the radius of the disc of the eclipsed body. Let 
s’’ denote this perpendicular; let OA and O@ be the axes of u 
and v respectively, to which the curve of illumination is referred 
by the equation (616); and let # be the angle QOD which the 
perpendicular s’’ makes with the axis of v. The equation of the 
tangent line CD referred to these axes is 


usind + ven d= 8" (625) 


We have also in the curve 


dv 
eae: Core, w 
Aa tun 


Differentiating the equation (616), therefore, we have 


n sin w 
ucos im — - - — |[ cos w -+- 
CL 


at 


tan % sin “) 
Cc 


3 
+(x sin w + 708 2) sin w — SE acct 7 = 0 
By means of this equation, together with (616) and (625), we can 
eliminate u and v, and thus obtain the relation between s and s’’. 
To abbreviate, put 
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and also 
e’ sin 3! = _ c' cos 3’ = cos 8 (626) 


then the three equations become 


x cos (8 — w) — y sin (#” — w) sec? V = 0 
xi+ y?sec?V = 3? 


mo 


xz sin (9 — w) + y cos (7% — w) = = 


cc 
From the first and second of these we find 

=~ s sin (8 — w) 

-_ y [1 — cos? (# — w) sin? V7 

_ s cos (3! — w) cos? V 

= VY {i — cos? — w) sin? V7 
which substituted in the third give 
s" == scc'y/[1 — cos? (3 — w) sin? 7} 
Hence, if we put 
sin y = cos (3 — w) sinV 
we have (627) 
gs” =: 8.¢c' COS y 


We have seen (Art. 852) that in all practical cases we may take 
w == 90°, and, therefore, instead of (626) and (627) we may 
employ the following: 


nae tan 
sin y = sin # sinV (628) 
3 sin ? cos y 
~~ sin y! 


If the occultation of a cusp of Venus or Mercury is observed, 
we have at once s’’==s cos @ (for the axis of v coincides with 
the line joining the cusps), and we do not require V. 

The value of s’’ is to be substituted in (486) for the apparent 
semidiameter of the eclipsed body. In that formula, { denotes 
the apparent semidiameter at the distance unity: therefore, we 
must now substitute the value 


sin H =r’ sin s” 
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or, by (624) and (628), 
in ae sy 


9 
sin & (829) 


Since f is here very small, we may put tan f= sin f, and the 
formula for LZ (488) becomes 


L==(2—)sinfak 


=@—OS eke —O 


"9 
Iience, putting 
k sine 
kK =—k ea 2 30 
+ — 0 5 (630) 
we have 
L=(z— are (631) 


"9 


When the angle # is known, therefore, the preceding formule 
will determine £, with which the computation will be carried 
out in preciscly the same form as in the case of a solar eclipse, 
Art. 329. To find Jd let OF, Fig. 51, be drawn in the direction 
of the pole of the equinoctial; then we have POQ = »p, and, 
denoting POM by Q, 

i= O—p 


und @ has here the same signification as in the general equations 
(567), as shown in Art. 295: so that when WV and y have been 
found by (568) and (569), we have Q = N+ q), or 


But to compute W by (069) we must know JZ, and this involves 
H, which depends upon 3 The problem can, therefore, be 
solved only by successive approximations; but this is a very 
slight objection in the present case, since the only formule to be 
repeated are those for Z and y, and the second approximation 
will mostly be final. It can only be in a case such as the occul- 
tation of Saturn’s ring, where the outline of the eclipsed body is 
very elliptical, and especially when the contact occurs near the 
northern or southern limb of the moon, that it may be necessary 
(for extreme accuracy) to compute Ha second time and, conse- 
quently, a) a third time. 

The formula (629) is adapted to the general case of an ellip- 
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soidal body partially illuminated, the point of contact being on 
the defective limb. When the point of contact is on the full 
limb, we have only to put V= 0, and the formnla becomes 


sin s,sin 3 


sin H = (633) 


sin #’ 
and for the full limb of a spherical planet (Venus, Mercury, and 
Mars) we have f = s,. 
In the first approximation we may take L == + k. 


354, Sometimes it may not be known from the record of the 
observation whether the point of contact is on the full or the 
defective limb of the planet. This might be determined by the 
method of Art. 350; but, since that method supposes the position 
anglco p’ to be given, which we do not here employ, the following 
more direct and simple process may be used. In that article the 
common point of tangency of the two curves of the full and 
defective limbs was determined by the condition 


in which uw, and v, denotes the co-ordinates of the point of tan- 
gency. In the notation of Art. 353 this is simply y, =: 0; and 
since we have 

8 cos (3, — w) cos? V 


a [1 — cos?(3, — w) sin? V] 


it follows that we must have 
cos (3, — w) = 0 or 3, == w + 90° 


Hence, when, as in our present application, we take w = 90°, we 
have 
o == 0 or a = 180° 


1 


Hence a point is to be regarded as on the east limb for values of 3 
between 0° and 180°, and on the west limb for values of 3 between 180° 
and 360°; and (Art. 350) the east or the west limb is defective accord- 
ing as V is between 0° and 180° or between 180° and 360°. 

But, since sin # and sin 3 have the same sign, we deduce from 
this a still more simple rule; for we have sin y = sin & sin V, 
whence it follows that the observed point is on the defective limb 
when sin x is positive, and on the full limb when sin y is negative. 
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855. In the cases of the planets Neptune, Uranus, and the 
asteroids, the occultation of their centres will be observed, and 
it will be most convenient to compute by the method for a fixed 
star, only substituting for z the difference of the moon’s and 
planet’s horizontal parallaxes—that is, the relative parallax—in 
the formule for x and y, Art. 341. 

This artifice of using the relative parallax may also be used 
with advantage for Jupiter and Saturn. 

Having thus found z and y as for a fixed star, we shall have, 
in the preceding method, 


sin H 
yr’ = 


L=(z2—8) k (634) 


the other formule remaining unchanged. 


ExamMeLe 1.—Several occultations of Saturn’s Ring were ob- 
served by Dr. Kane at Van Rensselaer Harbor on the northwest 
coast of Greenland during the second Grinnell Expedition in 
search of Sir Jonn Franxuin.* The first of these was aa 
follows: 


1853 December 1Zth, Van Rensselacr Mean Time 
Immersion, contact of last point of ring, . . . 14* 20" 488 


Emersion, “ : s a . . 14 54 18.3 


The assumed longitude of the place of observation was w= 4* 43” 32° 
west of Greenwich. The latitude was g = 78° 37’ 4’, whence 


log p sin g’ = 9.989862 log p cos g' = 9.296642 
I. From the Nautical Almanac we take for 1853 Dee. 12, 19°, 
p= — 2° 37'.8 l= 24° 0.4 whence log c = log sin / = 9.6094 
and from page 578, the outer ring only being observed, 


S, = 187'.56 log sin s, == 6.9587 


ee ery en 


* «Astronomical Observations in the Arctic Seas by Exisua Kent Kane, M.D., 
U.S.N. Reduced and discussed by Cuantes A. Scuort, Assistant U.S. Coast 
Survey.” Published by the Smithsonian Institution, May, 1860. 
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II. We shall compute the elements of the occultation for the 
centre of the planet for the Greenwich hours 18’, 19", and 20'. 
For these times we take the following quantities from the 
Nautical Almanac, applying to them the corrections determined 
by Mr. Scuort trom the Greenwich observations of this date: 


Moon. 


| Gr. T. a | 1) Tv 


eet eee a 


| Bee dike: Lees dees 


| 18% | 3°36" 55.28 |+ 18° 2° 477.5 | 54’ 77.68 
19 38 53.92 12 13 .9 7 .22 
| 20 40 52.81 21 85 .7 6 .76 


— 


Saturn. 


a’ é’ nr” log r’ 


2 a tay ce ANY ee eRe NN ee | Eee 


18° 3° 39" 9°.88 + 17° 14! 28".4 1.05 0.9126 
19 9.16 26 .5 
20 8 .44 24.5 


The corrections applied to the Nautical Almanac values to 
obtain the above are aa = — 0°.22, ad = — 5/’.0, aa’ = -- 0°.15, 
ad’ == — 8.9, ar = + 0.3, this last correction being derived 
from Mr. Apams’s Table in the Nautical Almanac for 1856. 

We shall use the relative parallax, and compute as for a fixed 
star, taking z — 2’ for z, namely 


rv 


184 D4’ 6.73 
19 6 .17 
20 5 .71 


whence we find for the moon’s co-ordinates, 


‘ 


Gr. T. a x’ y y 
18" | —0.59152 | + 0.52457 | + 0.89382 | + 0.17436 | 
19 — 0.06690 | + 0.52466 | + 1.06817 | + 0.17434 


20 | +0.45781 | + 0.52475 | + 1.24250 | + 0.17482 
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: 1 
and, taking z=r= ae for 19", as sufficiently accurate, 
z = 63.54 
Il. For the co-ordinates of the place of observation: 


Immersion. { Emersion. 


a 


Local mean time t 144 20" 487.8 14 54" 18°38 


ttw] 19 4 20.8 | 19 37 50.3 
Local sid. time » | 117° 4' 59”.7 | 125° 28" 44’.7 


and hence, by the formule on p. 550, 


E | -+ 0.17529 | + 0.18685 


» | -+ 0.90575 | + 0.91868 
c| + 0.38 + 0.85 
2c 63.16 63.19 


IV. Assuming now two epochs corresponding nearly to the 


times of observation, the remainder of the computation in extenso 
is a3 follows: 


Immersion. Emersion. 
194.07 = 19*.63 — 
arenes T,| 19% 4» 12¢ 19* 37" 48° 
x, | — 0.03017 + 0.26865 
Yn + 1.08037 + 1.17800 
Le—F=msinM | — 0.20546 + 0.07689 
y,—n=meosM | + 0.17462 +. 0.26437 
M 310° 21’ 38” 16° 11’ 56” 
log ™ 9.48079 | 9.48980 
x’=nesinV | + 0.52467 | + 0.52472 
y ==necosN | + 0.17484 + 0.17433 
Ni! 71° 87’ 10” 71° 37' 20” 
logn | 9.74268 9.74266 


Then, for a first appproximation, by the formula 


m sin(M -—N) 
tk 


gin y = 


and observing that the immersion is here an interior contact and 
the emersion an exterior contact, we have 
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Immersion. Emersion. 
log sin(M — N) n9.93188 n9.91559 
log m 9.43079 9.43980 
(LD =k) ar.co. log L n0.56441 0.56441 
log sin 4 : 9.92708 n9.91989 
y | 57° 43/2 808° 45.5 
N—p : 74 14.5 74 16.6 
N+y—p=s) 181 57.7 18 0.1 
log tan # n0.0462 9.5118 
log ¢ 9.6094 9.609+4 
log tan #’ n0.4368 9.9024 
log sin 9 n9.8713 9.4900 
ar. co. log sin #9 n0.0273 0.2047 
log | a sin 5, 7.8465 7.8467 
tlog a 7.7451 7.5414 
a 0.00556 0.00848 
=k | —0.27264 4. 0.27264 
axk=L}| —0.26708 4+ 0.27612 
log L n9.42664 | 9.44110 


Applying the difference between log Z and log k to log sin y, we 
find, for our second approximation, 


Corrected log sin 4 9.93603 9.91429 
a + 09° 397.6 304° 491.5 
“6 9 133 54.1 19 4.1 
log tan n0.0167 9.5387 
log tan #9’ n0.4073 9.9293 
log sin ? n9.8577 | 9.5141 
ar. co. log sin # n0.0310 0.1887 
7.8465 7.8467 
Corrected log a 7.7352 7.5495 
. a 0.00548 0.00354 
L — 0.26721 -+ 0.27618 
“log L n9.42685 9.44119 
Final value of log sin 4 9.93582 n9.91420 
log cos ¥ 9.75688 


9.70403 


i eee Coes i 


ia 


* The angle 4 is to be taken so that £ cos J. shall be negative for immersion and 
positive for emersion, Art. 329. 


+ Putting a — (z — 
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Immersion. Emersion. 

h == 3600, log b = log eich n2.94455 3.01171 
log c = log Se n2.95956 3.00741 

b | — 8801 | 4 102743 

e| —9111 +: 410172 

pues | A810 + 101 


Gr. Time of obs. = 7, -+-t= 7T | 19° 4" 43°.0 19 37™ 58*.1 
T—t=w 443 54.2 ; 4 43 39.8 


If now we wish to form the equations of condition for deter- 
mining the effect of errors in the data, we proceed precisely as 
in the case of a solar eclipse, page 533, and find 


- 


Immersion. | Emersion. 
a 
log vy tan 4 0.5341 nO0.4596 
log v sec 4 0.5983 0.5454 
3600 : 
where log v = log ee 0.3023. Hence, neglecting the terms 


depending on the correction of the parallax and of the eccen 
tricity of the meridian, the equations of condition are 


(Im.) w, = 4° 43" 54°.2 — 2.001 7 4 3.421 & — 8.965 zak 
(Em.) w,=4 43 89.8 — 2.001 7 — 2.881 # + 3.511 zak 


Eliminating ¢ from these equations, we have 
w, == 4* 43" 46°4 — 2.001 7 + 0.092 zak 


An error of 1” in the moon’s semidiameter (represented by zak, 
would, therefore, have no sensible effect upon this combined 
result; and since y must also be very small, as we have corrected 
the places of the moon and planet by the Greenwich observations, 
we can adopt, as the definite result from this observation, 


w= 4* 43” 46.4 


It will be observed that in this example OuDEMANS’s value, 
k = 0.27264, has been employed; but our final equation shows 
that the result would have been sensibly the same if we had 
taken the usual value 0.27227; for the reduction of the result to 
that which the latter value of k would have given is only 
0.092 x 3247 x (— 0.00087) = — 0.11. 
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EXAMPLE 2.—The occultation of Venus, April 24, 1860, was 
observed at the U.S. Military Academy, West Point (@ = 4" 55" 41°, 
gy == 41° 23’ 31’.2), and at Albany (w = 4° 54” 59°.4, o = 42° 39’ 
49’’.5), as follows: 


i West Point. Albany. 

Sid. time Mean time. 
Immersion. ee ee eee 
First contact, planet’s full limb | 10* 46" 53°35 x? Sim 199 
Disappearance of cusp 10 47 47.80 8 31 54.2 


The observations were made with the large refractors of the 
West Point and Dudley observatories. 


I. To find p for the cusp observations, we have for the Green- 
wich time 13.478, which is the mean of the times of the obser- 
vations at the two places, and will serve for both, 


Planet, a’ = 78° 38’.6 é’ = 25° 59.1 
Sun, A= 82 465.5 D=13 12.9 
whence, by (623), 
p= — T° 27.3 
and, from p. 578, 
$, == 8.55 log sin 8, == 5.6175 


II. We shall compute the moon’s co-ordinates only for the 
Greenwich times 13*.4 and 13".5. For these times the American 
&phemeris furnishes the following data: 


Moon. 
Gr. T. r | ‘- 
wea | 79° 1 1e"s | “4 26° ee ve | 576" 
3.5 | 79 1558.5 | 26 484.3 | 67 67 
Venus 
a! ro | log 
! 134 | 78° 38’ 2373 | + 25° 59" 25 99198 | 
| 
| 


, 1385 | 78 3840.7 25 99 4 .3 9.9193 
f 


at NR Ln 2 LE el a A RA SIE AS NEE Are Stereo LSPS Oa 


Hence, by the formule of I. and IL., p. 452, we find 
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a d log g : 
13°.4 | 78° 38'17".2 | + 25° 58’ 54”.5! 9.9987 | 
13.5 | 78 3834.0 | 25 5856.3} 9.9987 | 

| z’ ! y | y’ 

13.4 | + 0.581695 + 0.58890 | + 0.778681 | + 0.00480 | 
13.5 | + 0.585085 + 0.774161 : 


Ill. For the co-ordinates of the places of observation : 


| 


West Point. Albany. 
Full limb Cusp Full limb. Cusp. 
Local mean time ¢| 8* 83” 43°.72| 8 34™ 387.02) 8*81™ 19.90 | 84 31™ 649,20 
t+w/]13 29 34.7218 30 29.02| 18 26 1.30| 18 26 63.60 
uz |161° 48° 20”.8 1161° 66’ 57”.0 | 161° 2 44”.8|161° 15° 50”.9 
logpsing’| 9.818064 9.828792 
log p cos ¢’ 9.875814 9.867157 
€| + 0.745828 | + 0.746178 + 0.780013 +. 0.780878 
n| + 0.651616 | + 0.652909 + 0.563428 +. 0.564641 
c| + 0.87 4+. 0.87 + 0.88 $0.88 
z—¢| 659.82 69.82 59 81 | 59.81 
IV. Assuming 7) = 13*.45, we find, for this time, 
z,| + 0.558390 | | 
¥)| + 0.773921 | | 
z,— & = msin M| — 0.187438 | — 0.187788 | — 0.171623 | — 0.171988 
vy —7-=mcosM| + 0.222305 | + 0.221012 +. 0.210498 | +. 0.209280 
M| 319° 61°50” | 819° 38° 47”| 820° 48’ 30” 320° 35! 11” 
log m| 9.463668 9.462425 9.433915 9.482788 
N\ 89° 29' 6” 
logn| 9.727480 


Then, for the observations of the full limb, we have for both 
places, by (631), putting H = s, 


log (2 — @)| 1.7768 | .aaaee 1.7768 
ar. co. log 7r’g | 0.0820 | ....-.- 0.0820 
k = 0.27264 constant | 5.0542 log sin s, | 5.6175 
0.00082.......... log | 6.9130 
k’ = ().27346 
0.00209 6 iio sae eee ROY eae eee ~ log (1) | 7.4768 


L = 0.27645 
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West Point. Albany. 
M— N| 230° 22’ 44” 231° 19’ 24” 
y| 284 6 57 230 4 565 
ct] + 237.7 | — = 5207 
T,| 13°27" 0+, 13* 27™ 0+, 
T 138 29 37.7 13 26 7.3 
T—t=w 455 54.0 4 55 5.4 


For the observations of the cusps we can employ the preceding 
values of y as a first approximation; and hence we proceed as 


follows: 


West Point. Albany. 
N+y—p=%| 381° 3'4 | 827° 17.3 
log cos # | 9.9421 . 99237 
log (1) | 7.4763 7.4768 
7.4184 7.4000 
0.00262 0 00251 
kh | 0.27846 0.27346 
L| 0.27081 "0.27095 
M.-.-N : 230° 9° 41” 231° 6’ 5” 
log sin(M — N) | n9.885278 n9.891124 
log m | 9.462425 9.432783 
ar. co. log L | 0.567287 | 0.567111 
log sin 4 | n9.914990 729.891018 
~ og | 285° 187.5 231° 5/.0 
Corrected 4 | 332 14.9 | 3298 14 
log cos 3 | 9.9469 | 9.9285 
log (1) | 7.4763 ' 7.4763 
7.4232 | 74048 
0.00265 0.00254 
Corrected L. | 0.27081 0.27092 
ar. co. log LZ | 0.967335 ' 0.567159 
Corrected log sin 4 | 9.915088 : 9.891066 
ra + 3" 387 — -- (0*.4 
T,+t=T | 13* 30" 33.7 | 13° 26" 59°.6 
T—t=w 455 55.7 | 4 55 5.4 


Finally, if we wish to form the equations of condition for 
correcting these results for errors in the data, including an error 
in the planet’s semidiameter, we proceed as for an eclipse of the 
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sun, p. 538. For the full limb we have only to substitute as, for 
aff; but for the cusp we must evidently substitute as, cos & for 
aH, It will be more accurate to restore r’g in the place of 1’, 
since g here differs sensibly from unity. We shall thus find 


w! = 4°55" 544.0 — 1.967 7 + 2.720 & — 3.358 rak — 4.061 as, 
w' = 4 55 55.7 — 1.967 y + 2.844 & — 3.459 wak + 3.697 as, 
w= 455 5.4 — 1.967 7 + 2.352 6 — 3.067 zak — 3.704 as, 
w= 4 55 5.4 — 1.967 7 + 2.488 6 — 8.184 rak + 3.349 as, 


where w’ and w’’ denote the true longitudes. Hence, also, 


w' — wo" — + 48°.6 + 0.368 6 — 0.291 tak — 0.857 as, 
w! — vw" — + 50.3 + 0.406 6 — 0.825 tak + 0.348 as, 


and the mean is 
w! — w" = + 49°.5 + 0.387 9 — 0.808 zak — 0.005 as, 


The effect of an error in s, upon the difterence of longitude of 
the two places is, therefore, insensible; but, to eliminate # and 
mak, observations of the emersion should also be used. The 
effect of 7; and & upon w’ and w” can only be eliminated by 
means of observations of the moon’s place at a standard observa- 
tory on the day of the observation, as we have already shown in 
other examples. 
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856. The transits of Venus and Mercury may be computed by 
the method for solar eclipses, substituting the planet for the 
moon. In the formule (486), (487), &c., we must employ 


for Venus, k= 0.9975 
for Mercury, k = 0.38897 


which are the values which result from the apparent semi- 
diameters of these planets adopted on p. 578. 

Since 6 is no longer a small quantity, it will be necessary to 
employ the exact formule (479) instead of (481). 

The longitude of « place at which the transit is observed may 
be computed from each of the four contacts of the limb of the 
sun and planet, by the formule oi Art. 329. These observations, 
however, are of little use in determining an unknown longitude, 
on account of the great effect of small errors in the assumed 
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parallax upon the computed time; but, on the other hand, when 
the longitude is previously known, each observation furnishes 
an equation of condition of the form (584) for determining the 
correction of the parallax. In developing this equation, however, 
we supposed g = 1, in the formula (486), and we must, therefore, 
here restore the true value. We may take 


xt --~- x! 


g=1—b=1l—~= : 
in which z and z’ are the assumed horizontal parallaxes of the 
planet and sun respectively at the time of the observation. 
Instead of the form for / employed on p. 449, we shall now take 


the more correct form 
HH k 


len 4 

rgn g 
If we denote the sun’s semidiameter at the time of the obser. 
vation by s’, that of the planet by s, we have s/= 5 S == rk, 


and hence 


and instead of (581) we shall have 


aL = al = SEM _S +S Ar 

Gr gz ud 
Omitting the term depending upon aee, which can never be 
appreciable in the transits of the planets, the equation (582) will 


now become 
wo —w-— —vy + vtany. 8% + a A(s’ + 8) 
gig 

gz 


+» [n (€ + o — T,) — x tan y — Rec | Orn (635) 
where y and have the signification (588); w’ is the true longi- 
tude, and w that which is computed from the observation. 
Since, by KxPLER's laws, the ratio of the mean distances of any 
two planets is accurately known from their periods, the ratio 


Xo 

is also known, and will not be changed by substituting the cor- 

rected values z -++ az and 2) -++ az,: in other words we shall have 
Ar ® 


By 
= or At, =— Az 
AT, To 7 
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The discussion of all the equations of condition of the form 
(685) will, therefore, give not only the correction az of the 
planet’s parallax, but also, by the last-mentioned relation, that 
of the solar parallax.* 

The transits of Venus will afford a far more accurate deter- 
mination of this parallax than those of Mercury ; for, on acecunt 
of its greater proximity to the earth, the difference in the dura- 
tion of the transit at different places will be much greater, and 
the coeflicient of az in the final equations proportionally great. 

Although the general method for eclipses may also be ex- 
tended to the prediction of the transits of the planets (by Art. 
322), yet 1t is more convenient in practice to follow a special 
method in which advantage is taken of the circumstance that 
the parallaxes of both bodies are so small that their squares and 
higher powers may be neglected. Lagranex’s method for this 
purpoge is the most simple, and, in the improved form which 1 
shall give to it in the following article, most accurate. 


857. To predict the times of ingress and egress for a given place.— 
We first find the times of ingress and egress for the centre of the 
earth, from which the times for any place on the surface are 
readily deduced. 

Let a, 6, a’, d’ be the right ascensions and declinations of the 
planet and the sun for an assumed time 7, 
ut the first meridian, near the time of con- 
junction. Let m denote the apparent dis- 
tance of the centres at this time. Let S’ 
and S, Fig.@52, be the geocentric places 
of the centres of the sun and planet, P the 
pole; then, denoting the angles PS’S and 
PSS’ by P’ and 180° — P, the triangle PSS’ 


gives 


Fig. 52. 


sin }m sin $(P + P’) = sin}(a — a’) cos $(6 + 3’) 
sin gm cos4(P + P’) = cosh(o - a’) sin} (6 — 4’) 


But, since $m isat the time of a contact only about 8’, we 
may without appreciable error substitute it for its sine, and, 


me rs ee ere rere eR en rr erent rr rr aera hci ppg fi a af SS STROH? A era 


* Another method of forming the equations, apparently shorter, but in reality, 
where many observations are to be reduced, not more convenient than the 1igorous 
method, will be found in Encknr’s Die Entfernung der Sonne von der Erde, .us dem 
Venusdurchganye von 1761 hergeleitet; and Der Venusdurehgang +.sr 1769 , 

Vou. 1.—38 
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writing M tor (P+ P’), we may regard the following equations 
as practically exact: 


m sin M = (a — a) cos é (636) 
mcosM=— é -- 3d’ ° 


in which 0, = $(¢ + 0”). 
Now, let the required time of contact be 7’= 7, + +, and put 


a = the relative hourly motion of the two bodies in right 
ascension, 
== the planet’s hourly motion — the sun’s, 
d = the relative hourly motion in declination, 


then at the time 7’ the differences of right ascension and de- 
elination area — a’-+ ar and d — 0’-+ dr. If further we put 


8, 8’ == the apparent semidiameters of the planet and sun, 
respectively, 


the apparent distance of the centres at the time 7'is s’ + s, the 
lower sign being employed for inner contacts; and if the value 
of M at this time is Y, we have 


(s’ + >) sin Q = (a — a’) cos J, + a cos 9,.7 
(s’ + s) cos Q= 3 — d+ dz 


Putting, therefore, 


n sin V = a cos 4, \ (637) 
n cos N -= d 
we have 
(s’- s) sin Q = main M -+- nsin V.r ' 
(s’ + s) cos 9 = m cos M + ncos N.+r 


which, solved in the usual manner, give 


msin (M — IV) 


Bln 4 == ar oe 


sits 


Rae re COR = cos (Af -— NV) (ore) 


Q=aN+4 T= T,+7 


where cos y is to be taken with the negative sign for ingress 
und with the positive sign for egress. The angle Y is (as in 
eclipses) the position angle of the point of contact. 
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The formule (636), (687), and (638) serve for the complete 
prediction for the centre of the earth. 

To find the time of a contact for any point of the surface of 
the earth, let m be the geocentric apparent distance of the 
centres of the two bodies at any given time; m’ the apparent 
distance, at the same time, as seen from a point on the earth’s 
surface in latitude g and longitude w; z and z’ the equatorial 
horizontal parallaxes of the planet and sun respectively ; ¢ and 2’ 
their geocentric zenith distances; » the radius of the earth for 
the latitude gy. The apparent zenith distances are £ + pz sin 2 
and ¢'-+ pz’ sin 2’: these approximations being quite exact 
where the parallaxes are so small. Let 2, Fig. 52, be the 
geocentric zenith of the place, S and S’ the true places of the 
hodies. The distance SS’=m will become the apparent dis- 
tance m’ if we increase the sides ZS and ZS’ by pzsin€g and 
pr’ sin 2’; and, if we regard these small increments as differen- 
tials, we shall have, by the first equation of (46), 


m' — m= — prsin £ cosS -+ pz’ sin 2 cos 8’ 


where S =- 180° -- ASS’, and S’ = ZS'S. 
Let S, be the middle point of the are SS’, and denote the 
angle ZS,S by S,, the are ZS, by 2; then we have 


— sin 3 cos S = sin 4m cos 5, — cos }m sin §, cos S, 
sin £’cos S’ — sin }m cos 5,-+ cos }m sin f, cos S, 


which give 
m’ — M == p [(= + 7’) sin 4m cos 5,— (x — x’) cos $m Bin 5, cos S| 
If then g and 7 are determined by the conditions 


q sin 7 == (x -f- 7’) Bin Bm 
q COB y == (x — 7’) CoB dm 


\ (639) 
we have 
m' — m -= gp(sin 7 cos 5, — cos y sin {cos §,) 


Produce the are S/S, and take §,G -- 90° + 7. Then, denoting 
the arc ZG by A, the triangle ZGS, gives 


cos 4 =. — sin y cos §,-+ cos 7 sin 3, cos 4, 
and the expression for m’ becomes 


a = mt -— yp COS A (640) 
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This remarkably simple form was first given by Lacranet, ' 
with the difference only that he regarded the earth as a sphere. 
which amounts to supposing p to be constant. Under this sup- 
position, it follows from the equation that, at any given time, the 
apparent distunce of the bodies is the sume for all places on the surface 
of the earth which have the same value of 4; that is, for all places 
whose zeniths are in a small circle described from the point G as a pole 
with the polar distance ZG == A. 

The computation of m’ will, therefore, be extremely simple 
after the position of the point G is determined. The quantity ; 
is determined by (689), for which, however, we can take 


U 


tan 7 = ae 2 tan 3m \ (641) 


goa — 7 


Let A and D denote the right ascension and declination of the 
point G. Those of the point S, are very nearly a,== $(@ + @’) 
and 6,—= 3(0 + 0’): so that in the triangle PS,G we have the 
angle S,.PG =A — Gd, the side PS, = 90° — d,, and for the angle 
P&G we can take M = }4(PSG + PS’G) as in (6386). Hence 
we have 

cos Dsin(A—a)= cos; sin M 
cos D cos (A — a,) = — cos 3 sin y — sin 4, cos y cos M (642) 
sin D = — sin d,8in 7 + cos d, cos 7 cos 
or, adapted for logarithms, 
fsin = sine cos Dsin(A-—-a,) = cosy sin 
feos F=cosycos M cos Dcos (A — aq) === — fsin (4, 4+- F) ! (642*) 
snD= fcos(é,+ F) 

For any given time 7} therefore, we can find m and M by 
(686), then 7 and g by (641), and hence the values of A and D by 
(642). Now, let » be the sidereal time (at the first meridian) 
corresponding to 7, and put 

O=—ypn—A 
then, in the triangle PGZ, we have the angle GPZ =O — w. 
and hence, g’ being the geocentric latitude of Z, 


cos 4 = sin g’sin D +. cos ¢’ cos D cos (O — w) (6433 | 


with which the value of m’ will be found by (640). 


LE VO RES pe repeater mE em oe 


a arene ene — 


%* Memoirs of the Berlin Academy for 1766, The above extremely simple demonstra- 
tion I suppose to be new. 
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In order to apply these formule in predicting the time of a 
-ontact at a given place, we observe, first, that this time differs 
but a few minutes from the time of the same contact for the 
centre of the earth, and during these few minutes we may 
assume the distance m to vary uniformly. 

Let 7 be the time of the geocentric contact, and 7” the 
required time of the contact at the place, both times being reck- 
oned at the first meridian. At the time 7' the geocentric dis- 
tance = s’+ s, and at the time 7’ the apparent distance 
m’ == s+ s (neglecting here the augmentation of the semi- 
diameters, which are too minute to be considered in merely 
predicting the phenomenon); but at this time 7” the geocentric 
distance has become 


mas +84 (T’— rym 


dm Se ancdl bs eas 
where i denotes the change of m in the unit of time. These 
values substituted in (640) give 


(7T" - T) =: gp cosa 


Differentiating (686), we find 


dm dM 

a M + <p C08 M = a cos 6, = n sin WV 
dm aM, 

af Co8 M— Gm sin M =a = n cos N 


whence 

dm 

ay = 7 cos (M— N) 
But, since at the time 7’ we have m == s’ + s, we also have for 
this time, by (688), M -- N =, and, therefore, 


dm = 72 COS 
dt a 


which gives 
—_ ge cosa 
T= T+ nae (644) 
in which the values of x and wy found in the computation for 
the centre of the earth are to be employed. The value of 4 to 
be employed must be that which results from the preceding 
formule at the time 7. Now, at this time the value of the angle 
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M is Q, which is found by (688), and this value is to be employed 
in (642), while in (641) we take m = 8s’ + s. 
The formula for 7” will be 


z— 7 by Peas é > 
cond [p sin ¢’ sin D + p cos ¢’ cos Dcos (© — w)| (645) 


Pee 7 


in which 7) n, y, D, O, z — z’ are all constants, found in the 
computation for the centre: so that the computation for # par- 
ticular place requires only this single formula in which the 
latitude and longitude of the place are to be substituted. 


858. The necessary formule for the complete prediction are 
recapitulated as follows: 


I.—FOR THE CENTRE OF THE EARTH. 


Assume a convenient time 7) near the time of trie conjunc- 
tion of the sun and the planet, or this time itself, rockoned at 
the first meridian, and find for this time the velues of a, ¢ tor 
the planet; a’, 0’ tor the sun; the semidiameters s and 3s’: 
and the relative changes in right ascension and declination, « 


and d, in the unit of time. Then, putting d,— 3(d + 0’), compute 


m sin WM =. (a — a’) Con 6, n sin NV = « cos oy 
mcos M = 6 — 4a’ ncos VN =.d 
; m sin (M— NV) 
sin SxS ae nd 
sats 


where s’+ s is to be employed for exterior contact, and s’ — 3 
for interior contact. Putting / — 3600, to reduce the terms tu 
seconds, we then find 

T=TMh+rh (*="} cos y — = vos (M —- NV) 
in which cos ) is to be taken with the negative sign for ingress 
and with the positive sign for egress. 

For the greatest precision, the computation may be repeated 
separately for ingress and egress, taking for 7, the value of 7 
first computed. 

As in solar eclipses, if 7, denotes the time of nearest approach 
of the centres of the bodies, and J, the distance at this time, we 
have 


4,= msin (M — NV) T, = T,—"cos (M— N) 
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IT.—CcONSTANTS. 


For each of the computed values of 7 take the corresponding 
values of Nand y from the preceding computation. Then 


Q=N+4 


Take the horizontal parallaxes z and z’ of the planet and the 
sun, and compute A and JD by the formule 


ae ; sin F’ == sin; 
tan y == "= -tan 4s ae pe ero 
cos D sin (4 —a,) = cosy sing 
cos D cos (A — a,) =: — f sin (6, + F) 
sin D= fcos(s, + F) 


in which a is the mean of the right ascensions of the planet and 
sun, and 6, the mean of their declinations, at the time 7. 

Find the sidereal time yp at the first meridian corresponding 
to 7. Then form the three constants 


- 
a 


@=—pn—A B-= "— = AsinD 
Nn COS 4 


—. 7 . 
— .—— h cos D 
n COBY 
TII.—ForR A GIVEN PLACE WHOSE LATITUDE IS gy AND WEST 
LONGITUDE @. 


Find the values of p sin yg’ and p cos g’ by the geodetic table. 
The required time of the phenomenon at the place is 


T’ =: T -+ B.psin g’+ C.p cos ¢’ cos (O — w) 


The local time will be 7’— w. The angle Q will express the 
angular distance of the point of contact reckoned on the sun’s 
limb from its north point towards the east, and will be very 
nearly the same for all places on the earth. 


Exampie.—Compute the times of ingress and egress for the 
transit of Mercury, November 11, 1861. 


I. For the centre of the earth.—Let us take as the first meridian 
that of Washington, and employ the elements given in the 
American Ephemeris. 

The Washington mean time of conjunction in right ascension 
is November 11, 14* 59” 43°.6, which we shall adopt as the value 
of 7). For this time we have 


TRANSITS OF VENUS AND MERCURY. 


Qera'’== 227931’ 8.5 & Hourlymotionin R.A.= -- 3 9”.0 
: QO * i me of} 2 82.7 
a= —- 541.7 = ~341".7 
¥d=— 17 82 46.1 : ‘© in Dec. = + 1 48.8 
@ a = 17 44 44.6 es “ a =— 0 40.6 
djzz -- 17 88 44.9 d==4+ 224.4 =+144"4 
é-J=-+ 0 11 69.5 
© Semidiameter s’=- 16'12”.55 
yr= 127.68 te] as = 4.94 
© n'= 8 .67 For external contacts, sx’) +-s = 1617.49— 977" 49 


Ni 


Since for 7, we have a = a’, we also have M= 0°, m=: 0d ~ 34 
== 719.5. We then find, by the preceding formuls, 


log n= 2.55170 Ti = 14" 59" 48°.6 
N=— 66° 5'.1 hm 
om = COS — NV) =- — : 

M—N=+4+ 66 511 oe eee 
log siny= 9.82793 Middle of Transit, T,= 14 10 35.8 

For Ingress, y== 137° 42'.7 gi +s 
For Egress, = 42 17.8 al = *) cos a 
Ingress, T= 12 8 478 
Egress, T= 16 12 23 8 


The least distance of the centres = m sin (M — N) = 10' 57".7 


II. Constants.—We find, for both ingress and egress, log tan 7 
~ 8.10094, and then the following quantities: 


Ingress. | Egress. 
ee eet 
4) 71° 37.6 — 23° 47'.8 
log f 9.49891 9 96252 
F 2° 17.5 | 0° 47'.3 
é,| — 17 40.3  -- 7 38.1 
a+F| — 15 22.8 -- 16 50.8 
A —a, 84 57.7 | — 56 16.0 
& 227 32.0 227 80.8 
A 312 29.7 171 14.8 
log sin D 9.48307 9.94348 
log cos D 9.97892 9.68009 
T 12* 8 475.8 16° 12” 239.8 
Sid. T. Wash. mean noon 15 28 17.8 15 23 17.8 
1 59.7 2 39.7 
ro 8 84 5.8 7 88 21.3 
# (in arc) 58° 31'.38 114° 25'.3 
~e—-A=9 101 1.6 808 20.5 
log B n1.2217 1.6821 
log C, =n 1.7176 | 1.4187 
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III. For any place on the surface of the earth we have, there- 
fore, in mean Washington time, 


Ingress, 7” — 12" 8” 47*.8 — 16°66 p sin ¢’ — 52'.19 pcos ¢’ cos (101° 1.6 —«) 
Egress, 7” 16 12 23.8 +- 48.10 p sin g’ +- 26.28 p cos g’ cos (808 20.5 — w) 


or, in a more convenient form, giving the logarithms of the 
constant factors, 


Ingress, 7’ =: 124 8” 47°.8 — [1.2217] p sing’ + [1.7176] p cos ¢’ cos (w + 78° 58’.4) 
Egress, 7’=-16 12 28.8 -+ [1.6821] p sin g’ + [1.4187] pcos ¢’ cos (w+ 56 39.5) 


To determine whether the phenomenon is visible at the given 
place, we have only to determine whether the sun is above the 
horizon at the computed time. All the places at which it will 
be visible will be readily found by the aid of an artificial terres- 
trial globe, by taking that point where the sun is in the zenith 
at the time 7) and describing a great cirele from this point as a 
pole. All places within the hemisphere containing this pole 
evidently have the sun above the horizon. In the present 
example this point at ingress is in latitude — 17° 48’ and longi- 
tude 186° 2’ west trom Washington; and at egress it is in lati- 
tude — 17° 46’ and longitude 247° 4’. The whole transit is 
invisible in the United States, and in Europe only the egress is 


visible. 
For the egress at Altona, g = 58° 32'.8, w = 350° 3’.5, we find 
T’== 16 138" 13°.0 
wo==— 9 47 97.4 
Altona mean time of egress = 22 1 10.4 


The time actually observed by PETERSEN and PAPE was 
22' 1” 8°.5.* The error of the prediction is very small, and 
proves the excellence of Le Vrerrisr’s Theory of Mercury, from 
which the places in the American Ephemeris were derived. 


OCCULTATION OF A FIXED STAR BY A PLANET. 


359. Very smal] stars disappear to the eye when near the 
bright limb of a planet, before they are actually occulted by it; 
and the occultations of stars of sufficient brightness to be ob- 
served at the limb of the planet are so rare that it has not been 
thought worth while to incur the labor of predicting their oc- 


—— 
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* Astron, Nach., Vol. LVI. p. 289. 
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currence. But in case such an occultation has been observed at 
different points on the earth, it may be reduced by Art. 341, 
substituting the planet for the moon. Such observations would 
be especially valuable for determining the planet’s parallax by 
a discussion of the equations of condition of the form given on 
p. 652. If the occultation occurred near the stationary points 
of the planet, there would be a long interval between the im- 
mersion and the emersion; the coefficient of az in the final 
equations would be proportionally large, and therefore a very 
accurate determination of this quantity might be expected. If, 
therefore, means can be found to make the occultation of the 
smaller stars by a planet a distinctly observable phenomenon, 
this mode of finding a planet’s parallax (and, consequently, also 
the solar parallax) may become of real practical value.* 

It may be added that some advantage might be derived from 
the occultations of small stars by the dark limb of Venus. 


CHAPTER XI. 


PRECESSION, NUTATION, ABERRATION, AND ANNUAL PARALLAX 
OF THE FIXED STARS. 


360. I Have hitherto treated of those problems only in which 
the apparent geocentric places of the celestial bodies are sup 
posed to be known; and these have been chiefly problems which 
may be regarded as arising from the earth’s diurnal motion, or 
in some way modified by it. According to the definition of our 
subject (Art. 1), Spherical Astronomy embraces also those pro- 
blems which arise from the earth’s annual motion “so far as this 
affects the apparent. positions of the heavenly bodies upon the 
celestial sphere.’’ I shall therefore proceed now to consider 
those uranographical corrections, affecting the apparent geocen- 
tric places of the stars, which result from the motion of the 
earth in its orbit, and, consequently, also those which result 


* See a paper by Pror. A. C. Twinina, Enquiries concerning stellar occultations by 
the moon and planets, &c., Am. Journal of Science for July, 1858. 
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from the changes in the position of the plane of the orbit and 
the plane of the equator. 


361. The variations of astronomical elements are usually 
divided into secular and periodic. 

Secular variations are very slow changes, which proceed through 
uges (secula), so that for a number of years, or even centuries in 
some cases, they are nearly proportional to the time. 

Periodie variations are relatively quick changes, which oscillate 
between their extreme values in so short a period that they can- 
not be regarded as proportional to the time except for very small 
intervals. * 

The true position of a celestial body, or of a celestial plane, at a 
given time, is that which it actually has at that time; its mean 
position is that which it would have at that time if it were freed 
from its periodic variations. 


362. The plane of the ecliptic, or of the earth's orbit, is a 
slowly moving plane. Its position at any epoch, as the begin- 
ning of the year 1800, can be adopted as a fixed plane, to which 
its position at any other time may be referred. 

The plane of the equator is also a moving plane. Its inclina- 
tion to the fixed plane and the direction of the line in which it 
intersects that plane are constantly changing, thus causing 
variations in the obliquity of the ecliptic and in the position of 
the equinoctial points. 


363. The latitudes and declinations of stars are therefore 
subject to variations which do not arise from the motions of the 
stars, but from the shifting of the planes of reference; and the 
longitudes and right aseensions are in like manner subject to 
variations from the shifting of the vernal equinox, which is 
their common point of reference, or origin, from which both are 
reckoned. 

Under the head of precession are considered those parts of 
these variations which are secular; namely, those which arise 
from the motions of the mean ecliptic and the mean equtor. 


Leeann aeaammeene 


* Most of the secular variations also have periods, though of great length, and 
therefore not yet in all cases well defined: so that, strictly speaking, the distinction 
between secular and periodic variations is only an arbitrary one, established tor 
practical convenience between variations of ony and short periods. 
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Under the head of nutation are embraced those parts of these 
variations which are periodic, and result from the difference 
between the motions of the true ecliptic and equator and those 
of the mean ecliptic and equator. 


PRECESSION. 


864. Luni-solar precession.—It_ is shown in physical astronomy 
that the attraction of the sun and moon upon that portion of 
the matter of our globe which is accumulated about the equator, 
and by which its figure is rendered spheroidal, combined with 
the rotation of the earth on its axis, continually shifts the posi- 
tion of the plane of the equator (without, however, changing its 
inclination to the plane of the fixed ecliptic). The line of the 
equinoxes, or the intersection of the two planes, is thus caused 
to revolve slowly in the plane of the ecliptic in a direction 
opposite to that in which longitudes are reckoned; the result 
of which is a common annual increase in the longitudes of all 
the stars, reckoned on the fixed ecliptic by a quantity which is 
called the luni-solur precession. 

The luni-solar precession 1s, then, the effect of a motion of 
the equator upon the ecliptic. 


365. Planetary precession.—The mutual attraction between the 
planets and the earth tends continually to draw the earth out of 
the plane in which it is revolving; that is, to change the position 
of the plane of the orbit, but without changing the position of 
the earth’s equator. The equator here being regarded as fixed, 
and the ecliptic as moving, the effect is a revolution of the line 
of intersection, or of the equinoxes, in the plane of the equator, in 
a direction which is the same as that in which right ascensions 
are reckoned. There is thus caused a common annual decrease 
in the right ascensions of all the stars, which is called the 
planetary precession. | 

The planetary precession is, then, the effect of a motion of the 
ecliptic upon. the equator. 


866. The luni-solar precession does not affect the latitudes of 
stars; but since it changes their longitudes it must also change 
both their right ascensions aud declinations (Art. 26). The 
planetary precession does not affect the declination of stars, but 
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changes their right ascensions, their longitudes, and their 
latitudes (Art. 23). 


367. Obliquity of the ecliptic.—Since by the mutual action of the 
planets the position of the plane of the (mean) ecliptic is changed 
while that of the equator remains fixed, the mutual inclination 
of these planes, or the obliquity of the ecliptic, is changed. 

The action of the sun and moon in causing luni-solar preces- 
sion does not directly produce any change in the obliquity of 
the ecliptic; but, in consequence of the change produced by the 
planets, the attraetion of the sun and moon is modified : so that 
there results an additional very minute change of the inclination 
of the mean equator to the fixed plane of reference. 

These changes produce small changes in the co-ordinates of 
the stars, which, being secular in their character, are combined 
with the preceding in deducing the general precession. 


368. To find the general precession ur longitude, aud the position of 
the mean ecliptic, at a giren time.—Let ND, Fig. 53, be the fixed 
ecliptic, or the mean ecliptic at the 
beginning of the year 1800; AQ, 
the mean equator, and V the mean 
vernal equinox, or, as it is briefly 
called, the mean equinox, of 1800. 
In the figure, let the longitudes be 
reckoned from V towards NV. Let 
VV, be the luni-solar precession in longitude in the time é, and 
A,Y ‘the mean equator at the time 1800 +t. By the action of 
the planets, the ecliptic in the same time is moved into the posi- 
tion VZ,: so that V, V, is the planetary precession in the time 4, 
aud V, is the mean equinox at the time 1800 + ¢. 

The point NV may he called the ascending node of the mean 
ecliptic on the fixed ecliptic. 

The difference between NV and WV, is called ‘the general 
precession in longitude, being that part of the change of the longi- 
tudes of the stars which is common to all of them. 

Now, let us put 


Fig. 53. 


a 


¢, == the mean obliquity of the ecliptic for 1800, 
=e NVQ, 
e, <= the obliquity of the fixed ecliptic at the time 1800 + f¢, 


= NV, Q, 
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¢ == the mean obliquity of the ecliptic at the time 1800 + ¢, 


dN r, Q; 

% _- the planetary precession in the interval ¢, 
eat | ’ 
si, 

4} -- the luni-solar precession in the interval ¢, 
TY, 


},~= the general precession in the interval f¢, 
= NV VV, 
n =: the longitude of the ascending node of the mean ecliptic 
at the time 1800 -+ ¢. reckoned on the fixed ecliptic from 
the mean equinox of 1800, 
am ey 
= = the inclination of the mean ecliptic to the fixed ecliptic 
at the time 1800 4 ¢. 
ear avd. 


The first five of these quantities will be here assumed as known 
from the investigations of physical astronomers. The following 
are their values, according to StRUVE and Perers,* for the epoch 
1800: 


és 28° 27' 54" .22 
2, - &y-+ 0".00000735 #7 
e=.e — 0" 473R¢ ~ 07.00000147 . (646) 


9— O".15119¢ — 0”.000241862 
4- 50.3798¢ — 0”.0001084 #2 


from which we can find y,, IT, and z, as follows. In the triangle 
NV, V, we have 


Pan ViNV, f i vy, ‘ 
180° — «= NTT, Wey = NT, 
oul am { ¥,-—.VT7, 


and hence, by the Gaussian equatious [Sph. Trig. (44)] 


ro 


* De. C. A. &. Perers, Numerus Constans Nututioms, pp. 66 et 71. The observa- 
tions at Dorpat give 0”.4645 for the annunl diminutien of the obliquity, and this is 
adopted in the American Ephemeris instead of 6”.47:8 which results from theory 
and is subject to an error in the estimated mass of Venus. The difference, however, 
is so small that either number will serve to represent the actually observed obliquity 
for half a century within 0”.5. 

I have here adopted the precession constant (50.3798) given by Prrers, rather 
for the convenience of the reader (this being employed in the English and American 
Almanacs) than on account of its superior accuracy. Recent revearches rather 
confirm Brsstx’s constant (50”.86854). See Mapier’s Die Eigenbewegunqeu der 
Fizaterne, Dorpat, 1866, p. 11. 
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cos #z sin }(4 — 4,) = sin $8 cos 4(e + «,) 

cos 4x cos4$(¥ — 4,) = cos $4 cos 3(e — ¢,) . 
singx sin (1 + 44+ 44,) = sin} # sin }(e + a) (647) 
sin $x cos (1 + 44 -+ $4,) = cos} sin } (e — e,) 


The angles $0 and $(e — ¢,) are so small that their cosines may 
always be put equal to unity, and, consequently, also those of 
$x and 4(y~ — y,); while for their sines we may substitute the 
arcs. We thus obtain at once, from the first two equations, 


¥— ¥,—= #cosd(e + ¢,) 
where we can take, with sufficient accuracy, 


cos $ (© + ¢,) = cos (¢, — 0”.23697) 
= C08 e, + 0”.2369¢ sin 1” sin ¢, 


and hence, by substituting the values of # and e, from (646), 


4—4,= 07.1387t — 0”.0002218¢ 
4, == 60".2411t + 0”.0001134¢ (648) 


The sum of the squares of the last two equations of (647) gives 
nt== dgin?t(e + €,) + (¢ —«,) 
in which we may take 
sin? 4(e + ¢,) = sin?e, — 0”.2369t sin 1” sin 2e, 
and then, substituting the values of &, ¢,, and « — ¢,, we obtain 
rn == 0.228111 2? — 0”.0000033234 & 

_and, by extracting the root, 
x == 0" .4776t — 0”.0000035 ? (649) 


The quotient: of the third equation of (647) divided by the 
fourth gives 
9 F 
tan (1 + 44+ 34,) = ae sin 4(e + e,) 
1 
in which we have 


8 0.15119 — 0.000241867 
e—e, — 0.4738t—0,00000875¢ 
= — 0.3191 + 0.00051636¢ 


608 PRECESSION. 


and 
sin }(. -++ ¢,) = sin ¢, — 0”.2369¢ sin 1” cos «, 
whence 


tan (Mm + $4 + 44.) = — 0.127062 + 0.00020595 2 


If, then, we put 
tan 11, — — 0.127062 


or 
N= 172° 45’ 31” 
and also 
=U + 44+ ty, 
we have 
tan II, — tan I) = (Il, — M,) sin 1” sec? 11, == 0.00020595 ¢ 
) . 2 
iI, oo fy COS Hy -- 4]” 808t 
whence 


MN, = MW + by + 44,= 172° 40’ 31” + 41”. 8062 


and, subtracting from this the quantity 


dy + 34, = 50.3108 
we have, finally, 
Tr == 172° 45/ 31” — 8” .505¢ (6d0) 


The equation (648) determines the general precession, and (649) 
and (650) the position of the mean ecliptic. 


369. To find the precession in longitude and latitude of a given star. 
from the epoch 1800.—Let DNB (Fig. 54) be the fixed ecliptic 
of 1800; L,NB, the mean ecliptic at the given time 1800+ ¢; P 
and P, the poles of these circles respectively. The node J is 
the pole of the great circle PPL, joining P and P. Let S be 
the star. and put 


Fig. 54. I, = the star’s given mean longi- 
tude for 1800, reckoned from 
the mean equinox of that 
year, 

B = the star’s given mean lati 
tude for 1800, 

L; A, 7 -—— the mean longitude and lati- 

tude for 1800 + ¢. 


We have in the figure (as in Fig. 58) 


NB =-L-1 SB == B 
NB, ca es | a 4, SB, == 8 


PRECESSION. 809 


und in the triangle PSP, we have 


i ad = LD, = INL, = T 
PS ~: 90° — B 
PS = We ~- f 
SPP. = BL =W°4 L —tt 
SP, P -= 180° — £,B,-= 180° -- (90° + 4 — m — ¥) 
== 90P -- (A — Tl - 4) 


30 that, by the fundamental equations of Sph. Trig., 


vos 3cos (A — MW — 4,)== cos Beos( 1 -- 11) \ 
cos fsin(A—Mm—4,)= cos Bsin( £— )coss + sin B sin xz > (601, 
sin 3=- ~ cos Bsin (L—1)sinz-+ sin Bcosz 


Instead of these rigorous formule, we may deduce approximate - 
ones, which will be sufficient in all practical cases, as follows. 
Neglecting the square of z (that is, putting cos z = 1), let the 
first equation be multiplied by sin (J — IT), the second by cosa 
(f. --- IT); the difference of the products is 


cos # sin (A -- £ — 4,) —= sin xz sin B cos (L — m) 


The sum of the products obtained by multiplying the same 
equations by cos (ZL — II) and sin(Z, —- IT), respectively, is 


cos § cos (A ~ L-- 4,) = cos B + sin x sin Bsin( L — Mm) 
and the quotient of these last equations is 


sin z tan B cos( L — m1) 
tances Dee eee ee ee ee 
am +) 1+ sin = tan B sin (L — 11) 


which developed in series (Pl. Trig., Art. 257) gives 
A— L—4, = x tan B cos(L— 1) — 2 x tan? Basin 2(.2 — n) — &e. 


where, however, since we here neglect the square of z, the first 
term of the series suffices: so that we have 


A— L =¥,+ = tan B cos (Lb —- 1) (652) 


Here y, appears as the precession in longitude common to all 
the stars, and the term z tan B cos (Z — II) as that which variee 
with the star. 

The last equation of (651) gives 


sin 3 -- sin B = — sin x cos B sin (L — m) 
Vou. I.—39 
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whence, neglecting z* as before, 
B— B= —-zsin(L— Mm) (653) 


The values of y,, z, and II being found for the time 1800 + 4 
by means of (648), (649), and (650), the formule: (652) and (053) 
determine the required precession in the longitude and latitude, 
and, consequently, also the mean place of the star for the given 
date. ; 


870. To find the precession in longitude and latitude between any twe 
yiven dates.—Suppose (4 and f are given for 1800 +- ¢, and 2’ and f’ 
are required for 1800 + ¢’. Denoting by Z and B the longitude 
and latitude for 1800, we shall have, by (652), 


A- L=y4, 4-2 tan Bcos(L — m1) 
W— L=4,'+ x’tan Bcos(L — m1’) 


where ,’, 2’, II’ are the quantities given by (648), (649), and 
(650) when ?’ is substituted for 4 If we subtract the first of 
these equations from the second, and at the same time introduce 
the auxiliaries a and A, determined by the conditions 


asin A == (x -+ x) sin $(M' —- 1) 
a cos A = (7 -— 2) cos 4(m’ — I) 
we find 
n’+n 


Uda al ~ yt acos( LF — A)tan B 


ad 


and in the same manner, from (653), 


a’ —@=—asin(L—7F"_ 4) 


ol 


for the values of A and a we have 


tan A = 77 tang (n! — my == ot tan $(m’ — I) 
t— t —-t 
or, by (650), 
_(t+t\n’—n_ sg, (f+) | 


so that cos A may be put equal to unity, and therefore we have 


QaQ=n—nr 
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‘We may also put tan? instead of tan Bin the above formule, 
since the error in 2’ — 2 thus produced will be only a term in 2; 
and for we may take A — 4),: so that if we put 


’ 
L-" 54 Asi--M 


and then substitute the numerical values of our constants, we 
shall have the following formule for computing the precession 
from 1800 + ¢ to 1800 + ?’: 


M-= 172° 45°31" + ¢.50".241 — (e+ £) 8.505 
V—A== (¢—t)[50" 2411 + (t+) 0".0001134] 
+. (t'—t) [0.4776 — (t'+ t) 0".0000035] cos (A— M)tan A 
@’—p— —(t'—t)[0".4776 — (t+ £)0".0000035] sin (A— 1) 
These are the same as BessEv’s formule in the Tubule Regiomon- 


tane, except that we have here employed the constants given by 
Peters, and the epoch to which ¢ and ? are referred is 1800. 


To find the annual precession in longitude for a given date.—If we 
divide the equations (654) by t’ — , the quotients 


Av — B’-—- B 
Cat Pet 


will express the mean annual precession between the two dates; 
and if we then suppose ?¢’ and ¢ to differ by an infinitesimal 
quantity, or put ¢’ == ¢, these quotients will become the differen- 
tial coefficients which express the annual precession for the in- 
stant 1800 + ¢; namely, 


. — 50.2411 + 0”.0002268¢ 
4 [0".4776 — 0.0000070¢] cos (4 — Mf) tan 3 
_ — — [0.4776 — 0.0000070¢] sin (2 — M) (655) 
in which 
Mz 172° 45°31" 4 38".28¢ | 


Exampie.—For the star Spica, we have, for the beginning of 
the year 1800, 


the mean longitude, J == 201° 3’ 5".97 
the mean latitude, B= — 2° 2’ 22".64 
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Find its mean longitude and latitude for the beginning of the 
year 1860. 

First. By the direct formule (652) and (653)—We find, by 
(648), (649), and (650), for ¢ = 60, 


4, = 50! 14”.874 
n == 28.6434 
m1 == 172° 37’ 1” 
whenze 
E - 1 = 28° 26’ 5” 
xtan Beos(L 1) == — 0".897 
xsin(f—--m)- -+ 13".689 


and hence, by (652) and (653), the precession is 


L—L D0’ 14.874 OM 897 |: 50’ 138". 97T 
4— B= — 18".639 
and the mean longitude and latitude for 1860.0 are 
A= 201° 53’ 20”.95 
B=— 2° 2 367.28 


Second. By the use of the annual precession.—The mean 
annual precession for the sixty years from 1800 to 1860 is the 
annual precession fur 1830. Hence, by taking / =- 80 in (655), 
and denoting by A, and £, the longitude and latitude for 1830, — 


5 =. 50.2479 + 04774 cos (4, — M) tan 3, 
— — 0” 4774 sin (4 — M) 


== 178° 2' 8", 


To compute these, we can employ approximate values of 4, and 
j,, found by adding the general precession for thirty years to L, 
wid neglecting the terms in z; namely, 


1, = 201° 28.2 By = — 2° 2.6 
and hence 4, — M = 28° 26.1, 
da we MW ORs di —_, 7] 
aan 507.2329 7 ios 0".2274 


These multiplied by 60 give the whole precession from 1800 tec 
1860, 
A — L = 50’ 18”.97 i — B= — 18”.64 


ugreeing with the values found above. 
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B71. Given the mean right ascension and declination of a star for 
any date 1800 -| 1, lo find the mean right ascension and. declination for 
any other date 1800 -+- ’.--Let V, V,’ 
(Fig. 55) be the fixed ecliptic of 
1800, V,Q@ the mean equator of 
1800 + ¢, V,'Q@ the mean equator 
of 1800 + ’, Q the intersection of 
these cireles (or the ascending node 
of the second upon the first). The 
position of the point Q is found as 
follows. The arc V,V,’ is the luni-solar precession for the in- 
terval ¢’—?¢: so that, distinguishing by accents the quantities 
obtained by (646) when ¢’ ix put for 4 we have. in the triangle 
QOV,V/ 

V, Vy ay ~ 4, g? V, i ... 180° —- ey QV)’ V, ae 


Fig. 55. 


and putting 
OV = 0° — sz, QV ' = 90° + <’, ViQV/ = 9, 
we find, by GaAuss’s equations of Sph. Trig., 
cos40 sin 3 (2° + 2) =: sin }(4’ — 4) cos}(<,’ + «,) 
cos 20 cos) (2 + 2) == con} (4 — 4) cos) (e,’ — &) 
sin $© sin 4 (2' — 2) — cos$(d’ — 4) sin }(¢,’ — «,) 
sin $0 cos 3 (2 — Zz) = sin }(4/ — 4) sin d(e,’ 4 «,) 
Which determine ©, z, and 2’ in a rigorous manner. But, since 
b(¢,’ - €) is exceedingly small, we can always put unity for its 
cosine, and the are for the sine, and, consequently, the same 
may be done in the case of the are }(2’— z); we thus obtain 
the following simple but accurate formule: 


| (656) 


tan }(2°-+ z) = tan $(4’ — 4) cos $(e,' + &,) 


:(2’—z) = anda! ( y— 4) sin k(e! +e) ras | 


sin }© == sin }(y — 4) sin $(¢,’ + «) 


(657) 


If V, and V,! are the positions of the mean equinox in 1800 + / 
aud 1800 + ?’, V, V, is the planetary precession for the first and 
V/V,’ that for the second of these times, which being denoted 
by d and # we have 

V9 -- 90° -z—8 
V9.9) +f BF 
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[ft then we put 


0,8 == the given mean right ascension and declination of' a 
star S, for 1800 + ¢, 
a’, 6'=- those required for 1800 + ¢, 


we havea = VD, and a’ -- V,'D) +-ni consequently, 


OD —V,D -V,Q@--«8 + 2+4% — 90°, 
QD’ = V/D —V/Q =o —7 48 — 90°, 


Now, let Pand P’ (Fig. 56) be the 
poles of the equator at the times 
1800 + 4, 1800+ 1, AQD, A’QD’, 
the two positions of the equator at 
these times, as in Fig. 55; S the star. 
Y is the pole of the great cirele PP’ A’ 
joining the poles P and P’, and, 
therefore, PP’ = AA’ == AYA’= 0, 
and in the triangle PP’S we have 


PS = 90° — 4, P'S = 90° — 3’, PP'=0O 


SPP'— AD = 0° 4 QD ~= ee ea 
SP' Pz 180° — A'D’s. 90° - QD! == 180° — (a — 2 4+ 8) 


Hence, by the fundamental equations of Spherical Trigonometry, 


cosd’ sin (a’—2’-+ #) = condsin(a + 2-4-4) 
cos d’ cos (a’— 2'-+ #) == cosdcos(a + = + 4) vos0 — sin dsin © (658) 
sin 6’==cosécos(a-+ 7+ %)sinO + sin dcosO 


We have thus a rigorous and direct solution of our problem by 
finding, first, ©, z, and 2’ from (656), and hence @’ and 0” by (658), 
employing the values of ¢, , J for the time 1800 + ¢, and of 
e’, 1’, & for the time 1800 + /, as given by (646) for the two 
dates. 


372. The formule (658) may be adapted for logarithmic com- 
putation by the introduction of an auxiliary angle in the usual 
inanner; or we may employ the Gaussian equations, which, if 
we denote the angle at the star by C, and for the sake of brevity 
put 

Aza+2z+4 A'=a'— 2+ 0 (659) 
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give 
cos 4 (90° + 38’) sin 3 (A’+C) = cos (90° + 6 — O)sin 3A 
cos 3 (90° + 06’) cos 4 (A’+ C) = cos 3 (90° + 6 + 0) cos} A 
sin $ (90° + 6’) sin 3 (A ~(') — sin § (90° + 6 — ©) sin 4g A 
sin 4 (90° + 6’) cos } (A’—C) = sin 4 (90° + 6 + ©) cos 4A 


373. We may, however, obtain greater precision by computing 
the differences between A and A’ and between d and 0’. From 
the first two equations of (658) we deduce 


cos 6’ sin (A’— A) = cos 6 sin A sin © [tan 6 + tan 40cos A] 
cos 6’ cos(A’— A) = cos 6 — cos 6 cos A sin O[tan é + tan 4 © cos A] 


so that, if we put 
p = sin O(tan 6 + tan 4 @cos A) \ 


we have 
tan (A! — A) = pene . 
— p cos A (6602 
and, by NapPier’s Analogy,* 
cos $(A’-+ A) 


s’-- 8) = + 
tan 4 ( )= tan}0O ei eee 


EXxAMPLE.—The mean place of Polaris for 1755, according ta 
the Tabule Regiomontane, ic 


a == 10° 55’ 447.955 8 == BT° 59! 41.12 


it is required to reduce this place to the mean equator and 
equinox of 1820. 


For 1755 we take / === — 45; and for 1820, t’=. + 20; and, by 
(646), we find— 
For 1755. For 1820. _ . 
y= — 37 47"31 qc + 16’ 47.55 
¢— — 7.29 We: 64 298 
e, == 23° 27' 54” 23488 é,/ == 23° 27’ 54".22294 
and hence 


$(y — 4) = 27' 177.48 
t(e,)—e,) = — 0.00597 
(2, + e,) == 28° 27! 547.23 
* The formule (657), (658), (6: 59), (669) are those given by Besser in the Tabula 
Regiomontane. 
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with which the formule (657) give 


k (2! -+- z) = + 25’ 2”.02 
4(2’—z) =: — 1.89 
z= + 25! 3".91 
z= + 20’ 0.18 

log sin }© = 7.499823 


Then, by the formule (660), we find 


A =a +- a + g = 11° 20° 41.57 


log p 9.256676 log tan +0 7.499825 
log sin A 9.293836 log cos } (A’-+ A) 9.989446 
log cos A 9.991480 log sec $ (A’— A) 0.000101 
log pcos A 9.248106 log tan 4(8’ --8) 9.489872 


ar. co. log (1 — peos A) 0.084629 
log tan(A’— A) 8.635141 


A’. A= 2° 28’ 18.08 6'— d= 21’ 12.99 
A’ ==18° 48’ 59” 65 
a’ = A’-+ ’— W=14° 13’ 56.85 6/ = 88° 20’ 54”.11 


874. To find the annual precession in right ascension and declinu- 
tion.—In computing the precession for a single year, the square 
of © becomes insensible, and we may take, instead of (660), the 
approximate formula 


A'’—A = ao —a —— (2 +4 2) + 7 — § — Osin a tan é 
and from (657) w_ then have, with sufficient accuracy, 


a4 z= (Yo --- 4) COs e, 
0 — (y’ —- +) Sin ¢ 


Substituting these values in the above formula, and then dividing 
by ¢’ — t, we have 
a —o = 4 — 4 oe’ — § 4/— 


cos €, — ———— 
v—t v— 


= ¥ gin ¢,8in a tan é 
t’ —t ’—t t 


which gives the annual precession between the times 1800 + ¢ and 
1800 + 2, the unit of time being one year. But, in order that 
the formula may express the rate of change at the instant 
1800 + ¢, we must suppose the interval /’ — ¢ to become infinitely 
emall; that is, we must write the formula thus: 
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d d 14 d 
Sree Naa F.3e a + — sin «sin tan é 


and similarly, from the last equation of (660), 


aé dy 
—_—_ <= = sin g COS @ 
dt at 
Putting then 
) ads 
m = — Cos €, — Wt 
(661) 
ra—- sin é, 
we find, by (646), 
TF cos «, = (50”.3798 —0”0002168 t) cos «, 
dt 
— 46.2135 —- 0” QOUT9IR&7 ¢ 
s 
“ _- 0.1512 — 0”.00048872 ¢ 
and hence 
m == 46.0628 + 0”.0002849 ¢ L (662) 
n —= 20".0607 — 0” .0000863 ¢ i 7 


und the annual precession in right ascension and declination for 
the time 1800 + ¢ is found by the formule 

oom +n sina tan 3 

(663) 

dé 

— == nCO8 a 

dt 
These formule may be used for computing the whole precession 
between any two dates, if we multiply the annual precession at 
the middle time between the two dates by the number of years in 
the interval. 


Exampie.—The mean right ascension and declination of Spica 
for 1800 are, by the Tabule Regiomontane, 


a=: 13° 14" 40°.5057 
é= — 10° 6 467.848 


Find the mean right ascension (a’) and declination (d’) for 1860 
We have, for 1830, by making ¢ = 80 in (662), 


m - 467.0708 n =. 20".0581 
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and, for a first approximation, taking a’ = a, 6’ = &, we have, by 


(668), 
da ” do 


The approximate precession for sixty years is, theretore, 


=. — 19.00 


inR A., + 28838” — 4+. 188+.9 in dec., — 1140” 
which, applied to a and dé, give the approximate values for 1860, 
a’ == 184 17" 49*.4 b’ == — 10° 25! 47” 

The means between these values and those of a and é are 
a, =: 13° 16" 15. i, =- — 10° 16 17” 


which being employed in (663) give the more correct annual 
precession for 1830, 


da dé 


des eae 7” 2579 — == — 18.9582 
ase AT" 257 —; 18”.958 
The true precession for sixty years is then 
in RB. A., + 2835".474 — 8" 9*.0316, in dec., — 18’ 57".492, 


which applied to a and @ give the mean place for 1860, 
a == 13° 17" 499.5373 6’ = — 10° 25’ 44.335 


and these values agree almost precisely with those found by 
the rigorous method of Art. 371. 


375. To find the position of the pole of the equator at a given time.— 
The precession causes the pole of the equator to revolve about 
the pole of the ecliptic (nearly) in a small circle v hose polar 
distance is equal to the obliquity of the ecliptic. Tne time in 
which the pole will make a complete revolution and return to 
the same position (small changes in the obliquity of the ecliptic 
not considered) is the value of ¢ given by the equation 


50”.2411¢ + 0”.0001134¢? = 360° x 60 x 60 = 1296000” 


which gives 
t = 24447 years; 


or, in round numbers, since the precession is not known with 


PRECESSION. 619 


sufficient precision to determine so great a period exactly, 
{ == 24500 years. 

To find the position of the pole for any indeterminate time 
1800 -+ 2’, we have only to observe that if P, in Fig. 56, ia the 
pole for a fixed time 1800 + ¢, P’ that for the time 1800 -+- ¢’, 
the right ascension of P’, reckoned from the equinox of 1800 + ¢, 
is equal to that of the point Q diminished by 90°. The right 
ascension of @ is V,Q in Fig. 55, and, in Art. 371, we have found 


V9 ~= 90° — 7 — # 
Hence, if we put 


A, D = the right ascension and declination of the pole at the 
time 1800 +- ¢’, referred to the equator and equinox 
of 1800 + ¢, 

we have 


which will become known by computing ), WV’, ¢, e’, # for the 
times 1800 + ¢, 1800 + 7’, and then z and © by (657) 

An approximate solution is obtained by neglecting the varia- 
tion of ¢, and, consequently, taking z’== z, and also neglecting @: 
so that 

* tan A == — tan $(4/ — 4) cose, 
sin (45° — 3D) = sin a Ses Bin e, \ (664) 


The ambiguity in determining A by its tangent is removed by 
observing that cos A and cos $ ()’ — y) must have the same sign 
so long as ay’ — J does not exceed 360°, as we readily infer from 
the equations (656). 

For example, if we wish to find the position of the pole for 
the year 14000, referred to the equinox of 1850, we take ¢ = 50, 
t/= 12200; whence qd’ — y = 165° 33’, and 


A = 277° 52’ D = 48° 28’ 
The position of a Lyre for 1850 is 
a == 277° 58’ d == 88° 39’ 


consequently, this star, in the year 14000, will be within five 
degrees of the pole, and will become the pole star of that period. 
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376. When from direct observations of the apparent positions 
of the stars we deduce their mean places, we find that the changes 
in these mean places between distant dates do not agree with 
those which arise solely from the precession, but that each star 
uppears to have a small motion of its own, which is, therefore, 
designated as its proper motion.* 

This proper motion is partly real—arising from the absolute 
motion of the star im space; and partly apparent—arising from 
the motion of our own sin, with the planets, whereby our point 
of view is changed. It will be shown hereafter how these two 
motions are to be distinguished from each other; but we here 
consider only the resultant of both. 

The path of a star upon the celestial sphere is assumed to 
coincide with the are of a great circle, and the proper motion in 
this circle to be uniform or proportional to the time. It is not 
probable that either hypothesis is strictly true; but that portion 
of its whole orbit which a star appears to describe even in several 
centuries is so small that, in the observations thus far practicable, 
no sensible departure from uniform motion or from motion in a 
great circle could become sensible. 


377. In order to distinguish the proper motion from the pre- 
cession, the star’s observed mean place at two different dates 
must be referred to the same mean equinox. Suppose, therefore, 
that a and é are the observed mean right ascension and declina- 
tion for the time 1800 + ¢, and a@’ and 0’ those for 1800 + ?. If 
we start from the first place, and, computing the precession for 
the interval ¢’ — ¢, find the values (a’) and (d’) for 1800 + ?’, the 
whole proper motion in the interval, referred to the equinox of 
1800 + 7’, is 


Aa’ == a — (a’) Ad’ = J — (d’) 


But if we start from the second place, and, reducing it to the 
first time, find (a) and (0), the proper motion in the interval, 
referred to the equinox of 1800 + 4, is 


da == (a) —a Ad =~ (d)— 3 


a ST Ca TT TANS 6 SRN wits “z 


* The student must remember that precession does not affect the relative positions 
of the stars, but only shifts the circles of' reference. The proper motion changes the 
relative positions or the apparent cunfiguration of the stars. 
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378. To reduce a star's mean place from one epoch to another, when 
the proper motion is given.—Let a, 6, be the given place for 1800 + ¢, 
and let the given annual proper motion in right ascension and 
declination, referred to the equinox of this date, be denoted by 
da and dé. To reduce to the date 1800 + ?’, we first tind the 
whole proper motion in the interval, by the formule 


da — da(t’ — t) as = dd(t' —t) 
Then, putting 
(a) -=-a + Aa (8) = d+ Ad - 


we compute the precession by the formule of Arts. 371 to 374. 
employing in these formulse (a) and (¢) for @ and @. 

If the proper motion (aa’, ad’) had been given for the epoch 
1800 + ?¢’, we should first have computed the precession with the 
given values a and d, and, having applied it, if (@’) and (0’) were 
the resulting values, we. should have finally a’ = (a) + aa’, 
a’ == (8) + ad’. 


379. To reduce the proper motion in right ascension and declination 
from one epoch to another.—If, m Fig. 56, P and P’ are the poles 
of the equator for the epochs 1800 +- ¢and 1800 + ? respectively, 
and we suppose the star S to vary its position, the present problem 
requires us to deduce the relations between the variations of the 
parts of the triangle SPP’, the side PP’ being the only constant 
part. Observing the notation of Art. 871, we have (since z, 
2’, # do not depend upon the star's place) 


dSPP’) . do, + 2+ 8) =- da 


dOSP'P) — d(180° - a’ + 2 — 8’) = — da’ 
d(SP ) aa ee ds 
: d(SP') = — dd’ 


and hence, by the formule (47) and (46), putting 7 for the angle 
at the star, 


cos 0’. da’ - da cos 6 cos y + dé sin (665) 
dé’ dacorasin y -+ dd cosy 
in which : 
sieies sinOsin(a +2+ %)  sinO@sin(a’ —2z + 8’) 
= cos é’ ~ cos 2 
cos © — sin 6 sin 0’ 
cosy = —— a ~ 


cos 8 cos 0’ 
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In computing these, it will usually suffice to find y by its sine 
alone, since cos 7 will always be positive except in the rare case 
where the star is so near the pole that cos O < sin d sin 0’. 

The formule (665) are equally applicable whether da, dé, da’, 
dé’ denote the annual proper motion or the whole proper motion 
in the given interval. 


Exampie.—The mean place of Polaris for 1755 was 
a —= 10° 55’ 44.955 6 = 87° 59’ 41.12 


and, by the application of the precession, this place reduced to 
1820 was found, on page 616, to be 


(a) == 14° 18’ 56.85 (3’) == 88° 20’ 54”.11 


But the mean place for 1820, derived from observation, was, 
according to BrssEL in the 7abule Regiomontane, 


a! = 14° 15! 22.574 6" == 88° 20! 54.27 
Hence, the proper motion from 1755 to 1820, referred to the 
mean equinox of 1820, was ‘ 
da’ —= + 85".725 ad’ = + 0.16 


or the annual motion 


da’ = +. 1.81885 ds’ = + 0.00246 


Now, to reduce this proper motion to the year 1755, we may 
employ the formule (665), by exchanging da with da’ and do 
with do’, and taking y with the negative sign, since © is negative 
for the interval from 1820 to 1755; or we may avoid the change 
of notation and of sign by deducing from (665) the following: 


cos 6. da == da’ cos 0’ cos y —- dé’ sin yr 
dé = da' cos 6’ sin y -++ dé’ cosy 


From the example on page 616, we find 
log sin © = 7.800851 a + 2 + 8 = 11° 20’ 41.57 
with which and 0’ = 88° 20’ 54’’.27 we find 


log sin y = 8.684966 log cos y == 9.999596 
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and hence for 1755 we find 
da = + 1.08228 ds == + 0.004098 


If, now, there had been given both the mean place and the 
proper motion for 1755, namely, 


a == 10° 55 44.955 3 — 87° 59! 41.12 
da = + 1.08228 dd =. + 0.004098 


to find the mean place for 1820, we should first take 


(a) — 10° 55’ 44.955 + 1.08228 yx 65 — 10° 56’ 55”.30 
(8) = 87 59 41.12 + 0 .004098 x 65 = 87 59 41 .39 


and employing these values, instead of a and 0, in (659) and (660), 
we should tind 
a+2+8%= A == 11° 2)’ 51.92 
log p — 9.256691 
A’-- A =: 2° 28’ 33”. 45 

4(0’— 3) = ~— 10’ 86” 44 

whence 
a’ == 14° 15! 22" .57 8’ == 88° 20! 54.27 


as given above. 


380. The proper motion on a great circle.—If we denote this by 
p, and the angle which the great circle makes with the circle of 
declination of the star by y, reckoning the angle from the north 
towards the east, we have 


p sim y = Aa cos 4d p cO8 7 = Ad 
Thus, we find, in the preceding example, for Polaris in 1755, 


p == 0.03809 y —= 88° 49’ 4 
and in 1820, 
p == 0”.03809 y' == 86° 17'.8 


where the accent of y’ is used for the second epoch, but p is 
necessarily the same for both epochs. 

It is evident, moreover, that we have y’— y | 7, and hence, 
if g and y have been found for one epoch, it is only necessary to 
compute 7 to obtain the reduction to another epoci., for we then 
have, by (665), 

cos 6’ da’ = psin(y +7) = p sin 7’ 
dé’ = p cos (xy + 7) = ep Cosy’ 
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381. By the luni-solar precession, combined with the diminu- 
tion of the obliquity of the ecliptic, the mean pole of the equator 
ts carried around the pole of the ecliptic, but gradually approach- 
ing it. But the true pole of the equator has at the same time a 
small subordinate motion around the mean pole, which is called 
nutation, This motion, if it existed alone, would be nearly in an 
ellipse whose major axis would be 18/’.5 and minor axis 13.7, 
the major axis being directed towards the pole of the ecliptic; 
and a revolution of the true around the mean pole would be 
completed in a period of about nineteen years. This period is 
the time of a complete revolution of the moon’s ascending node 
on the ecliptic, upon the position of which the principal terms 
of the nutation depend. 

This periodic nutation of the pole involves a corresponding 
nutation of the obliquity of the ecliptic = ae, and a nutation of the 
equinox in longitude, or, briefly, a nutation in longitude =: ad, which 
ure expressed by the following formuls* for the year 1800: 


Ae = 9.2231 cos (J — 0”.0897 cos 2 Q -|- 0”.0886 cos 2¢ 
+ 0”,5510cos2 © + 0”.0098cos(@ + F&F) 
(666) 
AA = — 17”.2406 sin (2-+- 0”. 2073 sin 2 (2 —0".2041 sin 2¢ +- 0”.0677 sin(( — Z") 
— 1”".2694sin2@ +-0”.1279s8in(@— ©) —-0”.0213 sin(@-+ #') 


in which 


§% == the longitude of the ascending node of the moon’s orbit, 
referred to the mean equinox, 

€ = the moon’s true longitude, 

© == the sun’s true longitude, 

Pr =: the true longitude of the sun's perigee, 

I’ == the true longitude of the moon’s perigee. 


The quantity a4 is also called the equation of the equinozes. 

The coefficient of cos Q in the formule for a¢ is called the 
constant of nutation. The coefficient of sin Q in the formula for 
4A is equal to this constant multiplied by — 2cot 2¢,,in which 


teed 
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* Perers, Numerus Constans Nutationis, p. 46. Some exceedingly small terms, and 
others of short period, are here omitted, as, even if they are not altogether insensible 
in a single observation, their effect disappears in the mean of a number of observa- 
tions. : 
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g, == 28° 27/ 54/".2. These coefficients, however, are not absolutely 
constant: so that, according to Persrs, the formule for 1900 will be 


Ae= 9.2240 cos 2 — 0”.0896 cos 20) + 0”.0885 cos 2. 
+- 0”.5507 cos 2 © -+ 0”.0092 cos (@ + &) 
(667) 
AA = — 17”.2577 sin §Q + 0".2073 sin 2 02 —0”.2041 sin2¢ + 0”.0677 sin (¢« — 7’) 
— 1”.2696 sin 2© + 0”.1275sin (C)— LF) — 0”.0218sin(O+L) 


Since the attractions of the sun and moon upon the earth do not 
disturb the position of the ecliptic, but only that of the equator 
and its intersection with the ecliptic, the nutation does not affect 
the latitudes of stars, and its effect upon their longitudes is 
simply to increase them all by the same quantity a4. 


382. To find the nutation in right ascension and declination for «a 
given star at a given time.—Let a and 6 denote the mean right 
ascension and declination of the star at the given time; @’ and d” 
the true right ascension and declination at this time, or the mean 
place corrected for the nutation. Let the coefficients of the 
formule for ae and a4 be found for the given year by interpola- 
tion between the values for 1800 and 1900, and then, taking 
Q,C, 0, £f, and /” from the Ephemeris for the given date (the 
day of the year, and, for the greatest precision, the hour of the 
day), we can compute the values of ae and a4. We can then 
have either a rigorous or an approximate solution of our problem. 

A rigorous solution may be obtained by employing the for- 
mule (656), (658), and (659), substituting e + } as, ae, aA, a + 2Z, 
and a! — 2/ for $(e,’ + &), e’ — &, L/ — yp, A and A’, respectively. 

Another rigorous solution is obtained by first computing the 
mean longitude 4 and latitude #, from the given @ and 3d, and 
the mean obliquity «, by Art. 23. Then, with the true longitude 
A + ad, the true latitude f, and the true obliquity « + as, we can 
compute the true right ascension @’ and declination 0’ by Art. 26. 

But, since ae and ad are very small, an approximate solution 
by means of differential formule will be sufficiently accurate, 
and practically more convenient. The effect of varying A and 
e by ad and ae, while # is constant, is, by the equations (58), 


COs 7 cos # 
A. ———__— 
cos 6 
é’— 3 = Ai.sin y cos § + Ae sina 


a’ —a—A —— Ae COS a tan 3 


in which 7 is the position angle at the star, as defined in Art. 25 
Vou. I.-—40 
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Substituting the values of cos ycos # and siny cos f there given, 
we have 


a —a = AA (cose + sin esinatand) — As cosa tand 
§é’— 6 = Adsin ecosa + Ac sina 


Hence, substituting the values of aA and ae for 1800, with 
e = 23° 27’ 54’’, and also the values for 1900 with e = 28° 27’ 7”, 
we find 


a'— @ = 
— (15".8148 -+- 6”.8650 sin o tan d) sing. — 9”.2281 cosatand cos Q 
15".8321 6”.8682 9”.2240 


+ ( 0”.1902 -+ 0”.0825 sin a tan d) sin 2Q) + 0”.0897 cos atan d cos 2Q 

— ( 0”.1872 + 0”.0818 sin a tan 6) sin 2¢ — 0”.0886 cosa tan d cos 2¢ 

4- ( 0”.0621 + 0”.0270 sin a tan 4) sin (( — I") 

— ( 1”.1644 + 0”.60565 sin a tan d) sin 2G — 0”.6510 cos a tan d cos 2) 

+ ( 0”.1173 + 0”.0509 sin a tan Jd) sin (C2) — FL) 

— ( 0”.0195 + 0”.0085 sin a tan d) sin(@ + £) — 0”.0093 cos a tan jeva (O+ 2) 
(668) 


6’ — 6 = — 6.8650 cos asin(§2 -+ 9.2231 sin a cosQ 
6.8682 9”.2240 


-+ 0”.0825 cos a sin 292 — 0’.0897 sina cos 2Q 

— 0.0813 cos asin 2¢ -+ 0”.0886 sin a cos 2¢ 

-+- 0.0270 cos a sin(( — Ir’) 

— 0”.5055 cos a sin 2@ -+ 0”.5510 sin a cos 20) 

-+ 0”.0509 cos a sin (©) — &) 

— 0”.0085 cos a sin (@ + I) + 0”.0098 sin a cos (E + LF) 


The values of the coefficients which sensibly change during the 
century are given for 1900 in small figures below the values for 
1800.* 

Previous to the investigations of Prters, the only terms 
retained in the nutation formula were those depending on 
Q,22,2c, and2©. Of the additional terms added by him, I 
have retained only those which can have any sensible effect in 
the actual state of the art of astronomical observation. 


383. General tables for the nutation in right ascension and declina- 
tion.—Of the various tables proposed for facilitating the compu- 


* If we take into account the squares of AJ and Ae and their product in the develop- 
ment of a’— a and d’— d in series, some of the coefficients are changed, but only by 
two or three units in the last decimal place. Compare the formule of the text with 
those given by Peters in ‘he Numerus Constans, and by Struvxz in the Astronom. 
Wach., No. 486. 
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tation of the nutation formule, the most compendious are those 
computed by Nricoual, according to the form suggested by Gauss, 
and included in WarnstorFr’s edition of ScHuMAcHER’s Hiilfs- 
tafeln. In these tables the new constants are adopted from 
Peters, as in the preceding formule, and the epoch is 1850. 

For the lunar nutation in right ascension, the first table gives, 
with the argument 9, the quantity 


— 15”.8235 sin Q =e 


The two remaining terms in the first line of our formula are 
reduced to a single term by assuming auxiliaries 5 and B, also 
given in the tables with the argument 9, determined by the 


conditions 
b sin (Q + B) = 6.8666 sin Q 
b cos (2 + B) = 9.2235 cos Q 


Thus, the first line of the formula, containing the principal terms 
of the lunar nutation in right ascension, becomes 
e— bcos (Q + B—a) tan? 

By the use of the same auxiliaries, the first two terms of the 
lunar nutation in declination are reduced to the following: 

— 6b sin (8 + B— a) 

For the solar nutation, the second table gives, with the argu- 

ment 20, the quantity 

— 1.1644 sin 20 —=g 
and the two remaining terms involving 2© are reduced to a 


single one by the auxiliaries f and F, given in the table, which 
are determined by the conditions 


fsin (20 + F) = 0".5055 sin 20 
f cos (20 + #) = 0".5510 cos 20 


so that the solar nutation in right ascension is 
g —f cos (20 + F— a) tan 3 
and the solar nutation in declination is 
— fsin(2© + F—a) 
Almost all the remaining terms of the formule may also be 


found by means of the table for the solar nutation. The coefii- 
cients of the terms in 2Q and 2¢ are abéut one-sixth part of 
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those of the terms in 20, while the signs of the terms in 28 
are the opposite to those in 2©: hence, to find the value of 
these terms, we can enter the table first with the argument 
22% + 180° (= 22+ VI’), and then with 2C; and, computing the 
nutation in each case by the above forms for the solar nutation, 
take }, or more exactly #, of the sum of the results. The terms 
in © + /'are obtained by entering the table with the argument 
© +T and taking 4 of the results. The terms in © —I will 
be found in the most simple manner by multiplying the annual 
precession [given by (663), and usually computed in connection 
with the nutation] by 4, sin(© — J’); and the terms in €— [”’ 
by multiplying the annual precession by -}, sin (€ -- [”). 

The computation even with the aid of these tables is suffi 
ciently tedious. Their chief recommendation is their brevity ; 
but where the nutation is to be computed very frequently, more 
extended tables are required, such, for example, as are given 
in the 8d vol. of the Washington Observations, Appendix ©, by 
Professors HuspBarD, CorFrin, and KEITH. 
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384. The apparent direction of a star from the earth is deter- 
mined by the direction of the telescope through which it is ob- 
served. But this apparent direction differs from the true one in 
consequence of the motion of the earth combined with the pro- 
gressive motion of light; for the telescope, partaking of the 
movement of the earth, is changing its position while the light 
is descending through its axis. 

Let us distinguish between the two instants ¢ and ¢ when the 
ray of light from the star arrives respectively at the object-end 
and at the eye-end of the axis of the telescope. 
Let A, B (Fig. 57) be the position of the object 
and eye end of the telescope at the instant ¢; 
A’, B’, their positions at the instant ¢’ ; BB’, the 
motion of the earth in the interval ¢ — ¢, in 
which the ray SAB’ from the star is describing 
the line AB’. Then it is evident that, while B’A 
is the true direction of the star, B’A’ is the ap- 
parent direction as given by the telescope.* 
B, Bd 5 Moreover, supposing the motion of the earth for 


¢ Fig. 57. 


* Gauss: Theoria Motus Corporum Coelestium, p. 68. 
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so small an interval to be rectilinear and uniform, and the 
motion of light to be uniform, the lines BA and B’A’ are 
parallel, and the ray of light during its progress from A to B’, 
is constantly in the axis of the telescope ; for instance, when the 
telescope is in the position ba, the ray will have reached the 
point a, and we have 

Aa: Bb =: AB': BB’ 

The difference of apparent direction thus caused by the 
motion of the earth combined with that of light is called the 
aberration of the fixed stars. When we also take into account the 
motion of the luminous body, as in the case of the planets, 
another species of aberration occurs, which will be considered 
hereafter, under the name of the planetary aberration. 

The whole displacement of the star produced by aberration is 
in the plane passed through the star and the line of the observer's 
motion, and the star appears to be thrown forward in this plane 
in the direction of that motion. Thus, in the figure the whole 
aberration is the angle SB’A’; and, if we conceive the plane of 
the lines SB’ and BB’ to be produced to the celestial sphere, 
this plane will be that of a great circle drawn through the place 
of the star and the points of the sphere in which the line BB’ 
meets it. The displacement of the star will be the arc of this 
circle subtending the angle SB’A’ and measured from the star 
towards that point of the sphere towards which the observer is 
moving. 

385. To find the aberration of a star in the direction of the observer’ s 
rotion.—Let 


& == AB'B, = the true direction of the star referred to the 

line B’B,, 
== the arc of a great circle of the sphere joining the star’s 

true place and the point from which the observer is 
moving, 

6’ = the apparent direction of the star referred to the same 
line, = ABB, 

V = the velocity of light, 

vy == the velocity of the observer ; 


then the aberration in the plane of motion is the angle A’B’A 
-= BAB = # — 3, and the triangle ABB’ gives 
sin(s’—%) BB’ v 
sin’ =SCOAB!OOCOY 
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As 0’ -~ 3 is very small, we may put the are for the sine; and if 
we then also put 


—_ v 
~ Vain? (600) 
we shall have 
vw — § = k sin 3! (670) 


where the constant k may be regarded as known from the velo- 
cities of light and of the observer. 


386. The motion of the observer on the surface of the earth is 
the resultant of the motion of the earth in its orbit and its rota- 
tion on its axis; that is, of its annual and diurnal motions. These 
may be separately considered. 

The annual aberration is that part of the total aberration which 
results from the earth’s annual motion. It may be called the 
aberration for the earth’s centre. 

The diurnal aberration is that part of the total aberration which 
results from the earth’s diurnal motion. It obviously varics 
with the position of the observer on the earth’s surface, and 
vanishes for an observer at the poles. 


387. To find the annual aberration of a star in longitude and lati- 
tude.—Let 


4, 8 == the true longitude and latitude of the star, 
4’, 8’ = the apparent longitude and latitude (affected by 
aberration), 
© = the true longitude of the sun. 


The point of the sphere from which the earth appears to be 
moving is a point in the ecliptic whose longitude is 90°-+ © 
(the eccentricity of the earth’s orbit being here neglected), and 
. the mean velocity of the earth in its orbit 
may be supposed to be substituted in (669) : 
* so that k is known. 

If, then, BH (Fig. 58) is an are of the 
B ecliptic, H tlhe point from which the earth 
is moving, S the true place of the star, and if SB is drawn pere 

pendicular to BH, we have, in the right triangle SBE, 


Fig. 58. 


SB = 8, ” BE = 90° + © —A, SE — 8, 
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and hence, if we denote the angle & by 7, we have 


sin’ siny = sin # ) 
sin’ cosy = cos & cos (O — A) (671) 
cos 8 —= — cos # sin (© — A) f 


The apparent place of the star is on the great circle ES at the 
distance # from S: so that, if we now suppose S to be the 
apparent place, the angle y is not changed, and we have 


sin & sin y = sain i’ 
sin 8’ cosy = cos 8’ cos (© — 2’) (672) 
cos 8’ = — cos #’sin (OQ — 2’) 


If, then, the true place of the star is given, the equations (671) 
may be used to determine 7 and #@; then # will be found from 
(670), and, finally, 4’ and £’ will be found from (672). This is 
the direct and rigorous solution of the problem; but a more 
convenient solution is obtained by eliminating # and 7 as follows. 
We find, from the equations (671) and (672), 


sin # cos # cos y = — cos £ cos f’ sin (© — A) cos (CO — 2’) 
sin # cos 3 cos y = — cos £ cos &’ cos (© — A) sin (© — #) 


the difference of which is 


sin ( 8’ — 9) cos y = — cos # cos A’ sin (1’ — 2) 
whence 
Pe I cc cos 7 _ __ &sin 4! cos 7 
cos f cos f' cos § cos f’ 
or i 
Ms fey Oe) 
v—A=—k ae (673) 


Again, we find, from our equations, 
cot 7 = cot 8’ cos (© — 4’) = cot # cos (O — A) 
by which f’ can be found from after 1’ has been found by (678), 
or we may find the difference between ’ and £ thus: 


tan ¢’— tan # = tan [ae 


cos (CQ — #’) 
sin (B — ~)= a ea a)] sin 8’ cos 8 


whence, taking 2 sin $(A’ — 4) = sin (4’ — 4), we obtain, by means 
of (678), ‘ 
B'— B= — ksin [(O — 4(4’ + 4)] sin 8’ (674) 
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The equations (678) and (674) are almost rigorously exact; but, 
since the value of fk is only about 20”, a sufficient degree of 
accuracy will be obtained if in the second members we put 
d and £ for 4’ and f’.. The formule for the annual aberration in 
longitude and latitude thus become 


 —i = — k cos (© — A) sec 8 
f’ — B=: — k sin (© — 4) sing \ (675) 


in which the value of the constant, according to STRUVE,* is 
k = 20".4451 


These last formule may be directly deduced by differentiating 
the equations (671). 

If we retain terms of the second order in developing (678) 
and (674), we shall find that the following quantities will be 
added to the second members of (675): 


— Asin 1" sin 2(© — A) sec? 
and -— 1 k*sin 1” tan 8 — } k* sin 1” cos 2(© — A) tan B 


But the term — }/’sin 1’’ tan # being constant may be omitted, 
since it will be included in the expression of the star’s mean 
place, which (Art. 361) involves the non-periodic elements of 
the star’s position.. Retaining, therefore, only the periodic terms 
—namely, those involving ©—the more complete formuls will be 


a — — 20”".4461 cos(G) — A)sec 8 — 0”.0010183 sin 2(@) — A) sec? B \ (675*) 
p’— B== — 20".4451 sin (©E — A)sin 6B — 0”.0005067 cos 2(@ —- A)tan B 


The last terms will be sensible only for stars very near the pole. 

Terms of the second order not, multiplied by tan # or sec f are 
wholly insensible, and have been disregarded in the deduction 
of the above formulee. 


388. It is easy to prove, from the equations (675), that the 
effect of the aberration is the same as if the star actually moved 
in a circle parallel to the plane of the ecliptic; the diameter of 
the circle being equal to the distance of the star multiplied by 
sink. This circle will be seen projected upon a plane tangent 
to the sphere at the mean place of the star, as an ellipse whose 
major axis is sink and minor axis sin‘sin f, the radius of the 


* # Astron. Nach., No. 484. 
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sphere being unity. The period in which a star appears to 
describe this ellipse is a sidereal year. 


389. Zo find the annual aberration in right ascension and declina- 
tion.—Let 


A, D == the right ascension and declination of the point # 
(from which the earth is moving) ; 


then, in the triangle formed by the point 4, the star, and the 
pole of the equator, the sides are 90° — D, 90° — 0, and 3; and 
the angle opposite to 3} is A —a. If then we suppose the side 
3} to vary, the corresponding variations of the angle A — @ and 
the side 90°— d may be directly deduced by the differential 
formule of Art. 34. The angle at / and the side 90° — D being 
constant, we find - 
cos é.da = — dé sin C 
dé — — d8cosC 


where C’ denotes the angle at the star. For determining C, our 
triangle gives 


sin 3 sin C = cosD sin (A — a) 
sin 3 cos C' = cos 6 sin D — sin 6 cos.D cos (A — a) 


In (670) we may employ sin @ for sin #: so that, putting a’ —@ 
and 3 — # for da and dvd, we find 


a’ — a= — k seed cos D sin (A — a) ere 
6’ — 6 —= —k [cos 6 sin D — sin dé cosD cos (A — a)] (676) 


The quantities A and D are found from the right triangle 
formed by the equator, the ecliptic, and the declination circle 
drawn through £, by the formule, 


cos D cos A = — sin © 
cosD sinA== cos© cose (677) 
sinD=— cos©® sine 


If we substitute these values in the formule for a’ — a and 
§’ — 3, after developing sin (A — a) and cos(A — a), we obtain 


a’ — a = — ksec 6 (cos© cose cosa + sin © sin a) 
é’— 6 = — k cos© (sine cos 6 — cos ¢ sin é sin a) (678) 
— k sin © sin 6 cos a 
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If we retain the terms of the second order, (omitting, however, 
those which do not involve ©, or the non-periodic terms), we 
find that the aberration in right ascension obtains the additional 


terms 
— }# sin 1”(1 + cose) cos 2© sin 2a sec’ d 
+ dA’ sin 1” cose sin 2© cos 2a sec?é 


and the aberration in declination the terms 


+ 3h'sin 1” [sin?e — (1 + cose) cos 2© cos 2a] tan 3 
— isin 1’ cos ¢ sin 2© sin 2a tan é 


Substituting the value of k in these terms, together with 
¢ == 23° 27’ 30” (for 1850), and omitting insensible quantities, 
the corrections of the formule (678) will be 


in (a’ — a), — 0”.000931 sin 2(© — a) sec?é } (678*) 
in (6’ — 4), — 0.000466 cos 2(© — a) tan é 


ExamPLE 1.—The mean longitude and latitude of Spica for 
January 10, 1860, are 


A = 201° 53’ 22”.38 8 = — 2° 2’ 36”.29 
and the sun’s longitude is 
© = 289° 30’ 
Hence, we find, by (675), the aberration in longitude and latitude, 
¥— l= — 0".85 Al — B= + 0.78 
The corresponding mean right ascension and declination are 
a == 13* 17" 49°.62 dé = — 10° 25’ 449 


whence, by (678), taking e = 28° 27’.4, we find the aberration in 
right ascension and declination, 


a’ — a = — 0”.53 = — 0°.085 é7’— sé = -|- 0.99 
EXAMPLE 2.—The mean place of Polaris for 1820.0 was 


a = 0* 57" 1°.505 = 14° 15! 22.57 
3 = 88° 20’ 54.27 

and for this date, 
© = 280° 0 ¢ = 23° 27'.8 
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with which the aberration in right ascension and declination is 
found, by (678), to be 


a -—— a = + 62”.51 = + 4°.167 6’— 6 = + 207.27 


The additional terms of (678*) are in this case — 0’’.158 = 
— 0'.011 and + 0/’.016, and the more correct values are, there- 
fore, 
a —a = -+ 4°.156 é’— 8 = + 20.29 


890. Gauss’s Tables for computing the aberration in right ascension 
and declination.—If we determine a and A by the conditions 


asin (© + A) =f sin© 
acos(@ + A)=&k cos© cose 


the formule (678) may be expressed as follows: 


a’ —a = — asec dcos(@ + A — a) 
é’— 6 = — asin dsin(@ + A — a) —kcos© cos d sine 
= — asin dsin(© + A — a) — $k sine cos (© + 8) 
— $k sin e cos (© — 8) 


The first of the tables proposed by Gauss* gives A and log a 
with the argument sun’s longitude, and with these quantities we 
readily compute the aberration in right ascension and the first 
part of the aberration in declination. The second and third 
parts of the aberration in declination are taken directly from 
the second table with the arguments © + 0 and © — od. The 
tables have been recomputed by NicoLar with the constant 
k = 20.4451, and are given in WarnsTorFr’s edition of Scuvu- 
MACHER’S Hiilfsiafeln. 

The value of e for 1850 is employed in computing these 
tables. The rate of change of ¢ is so slow that the tables will 
answer for the whole of the present century, unless more than 
usual precision is desired. 


891. In the preceding investigation of the aberration formule 
we have, for greater simplicity, assumed the earth’s orbit to be a 
circle and its motion in the orbit uniform. Let us now inquire 
what correction these formuls will require when the true ellip- 
tical motion is employed. 


4 


* Monatliche Correspondenz, XVII. p. 312. 
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If u is the true anomaly of the earth in the orbit, reckoned 
from the perihelion, at the time ¢ from the perihelion passage, 
r the radius vector, a the mean distance of the earth from the 
sun, or the semi-major axis of the ellipse, we have 


_ ad —e) 
~ l+ecosu 


The true direction of the earth’s motion at any time is not, as 
in the circular orbit, at right angles to the direction of the sun, 
but in that of the tangent to the curve. If we denote the angle 
which the tangent makes with the radius vector by 90° — i, we 
have, by the theory of curves, 
1 dr 
cot (90° -- 2) == _- — 
( ) r du 
whence, by the above equation of the ellipse, 

e sin u 


tan t = ———__—__ 
1+ ecosu 


and the true direction of the earth’s motion will be taken into 
account in our formule (675), if for © we substitute © — i. 

If v, denotes the true velocity of the earth in its orbit at the 
time ¢, we have 


v eeaee oo 
~~ dt 


and if f is the area described by the radius vector in the time /, 
F the whole area of the ellipse described in the period 7, we 
have, by Kepuer’s first law, 


ae 
t 7 
or 
dj _ -F 
dt 


We also have, by the theory of the ellipse, 
P= ry (1 — €*) 


df r du 
dt 2 dt 
and hence 
du ana’ (1 — e) 


—- 


dt Tr? 
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which, substituted in the above value of v,, together with the 
value of r, gives 

v= ea ee ie | -+ e cos u) sec? 

1 Ya—e) T 
The mean value of this velocity is that value which it would 
have if the small periodic terms depending on u and i were 
omitted (Art. 361); thus, denoting the mean velocity by v, we 
have 

a an 


v= vii = * 7 (679) 


v, = v(1 + e cos u) sec i (680) 


If, then, V is the velocity of light, and we put 


v 
— —1— — kl € COB u) Bec? 
1 Vain 1” cas ) 


we can at once adapt our equations (675) to the case of the 
elliptical orbit, by introducing 4, for k and © — 7 for ©, so that 
we have 


Vv — 4 = — k(1 + e cos uw) cos(© — 4 — 1) sec 2 sec B 
B'—B = —k(1 + e cos u)sin(© — A — 1) sec i Bin 8 


Developing the sine and cosine of (© — 4) — i, we have 


cos(© — A — t) sec 2 = cos(© — A) + 8in (© — A) tani 
sin (© — A — 1) sec i = sin (© — A) — cos (© — A) tan? 
and substituting the value of tan 7, we find 


’ — A== — k cos(© — A) sec & — ke cos (© — u — A) sec ZB 
é’— 8 = — ksin(© — A)sin & — ke sin (© — u — 4) sin 8 


The longitude of the sun’s perigee is 
F=©-— uv 
by the introduction of which we have, finally, 


W — A= — k cos(@ — 4) soc 8 — ke cos(— a)sec\ gg, 
8’ — B= — ksin(© — A)sin # — ke sin cays (681) 


These formule differ from (675) only by the second terms, 
which therefore are the corrections for the eccentricity of the 
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orbit. But we observe that these terms involve only quantities 
which for a fixed star are very nearly constant, so that for the 
same star they will have, sensibly, the same values for very long 
periods: the corrections themselves being exceedingly small, 
since e = 0.01677, and hence ke = 0/’.8429. They may, there- 
fore, be regarded either as constant corrections, or as corrections 
having only a slow secular change; and in either case they will 
be combined with the mean place of the star, and may be 
altogether disregarded in the correction for the annual aberra- 
tion.* The formule (675), derived from the circular orbit, will 
therefore be considered as complete (for the fixed stars), and, 
consequently, also (678), which are derived from the same hypo- 
thesis. 


392. The sun’s aberration.—Since 8 is less than 1”, there is no 
sensible aberration in latitude. The aberration in longitude 
must be found by the complete formula (681), for in the case of 
the sun 4 is variable. Hence, writing © for A, the aberration of 
the sun is found by the formula 


©'’— © = — 20".4451 — 0”.3429 cos ('— ©) (682) 


in which for this century we may employ J’ = 280° without an 
error of 0/’.01. 

We could derive, from this, formule for the sun’s aberration in 
right ascension and declination; but the practical method is to 
treat the sun as a planct, and to employ the planetary aberration 
which is given in a subsequent article. 


393. To find the diurnal aberration in right ascension and declina- 
tion.—Let 


v’ = the velocity of a point of the terrestrial equator, arising 
from the rotation of the earth, 


, , 


v v 
— SS k.— 
V sin 1” v 


(683) 


The diurnal aberration in the places of stars, as observed from a 
point on the equator, may be investigated in the same manner 
as the annual aberration, by substituting the equator for the 
ecliptic, and, consequently, right ascensions and declinations for 


eee eee oe? 


* BussEt, Tabule Regiomontane, XIX. 
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, ditudes and longitudes. The nadir of the point of observation 
ie then to be substituted in the place of the sun:* so that if we 
put 


© = the right ascension of the zenith, or the sidereal time, 


the formule (675) are rendered immediately applicable to the 
present case by putting 180° + 0, a, 0, and k’ for ©, A, B, and k; 
whence we have, for a point on the terrestrial equator, 


a’ — a = Kk cos(O — a) sec d 
é’—_ 6 = k’ sin (O — a) sin 3 


Since every point on the surface of the earth moves in a plane 
parallel to the equator, and this plane is to be regarded as coin- 
cident with the plane of the celestial equator, the same formule 
are applicable to every point, provided we introduce into the ex- 
pression of k’ the actual velocity of the point. This velocity 
varies directly with the circumference of the parallel of latitude, 
or with its radius; and this radius for the latitude ¢ is o cos 9’, 
gy’ being the geocentric latitude and p the radius of the earth for 
that latitude. Hence we have only to put v’pcosg’ for v’, or 
k’p cos ¢’ for k’, and we obtain for the diurnal aberration in right 
ascension and declination, for any point of the earth’s surface, 
the formulee 

a’ — a == k'p cos g’ cos (O— a) sec 3 

éo— 3d = Vp cos ¢’ sin (O — i sin é \ co 


It only remaius to determine k’. For this purpose, we have, 
by (679), 
a 2m 


aay, aE 


which, if 7’ is the length of the sidereal year in sidereal days, 
gives the value of v for one sidereal day. The motion of a point 
on the earth’s equator in one sidereal day is equal to the circum- 
ference of the equator: so that, if a’ is the equatorial radius, we 
have the value of v’ referred to the same unit as v, by the 
formula 

vu! == 22a’ 


* For the observer is moving directly from the west point of his horizon, which is 
90° of right ascension in advance of the nadir; and the point from which the earth 
in its annual revolution is moving is 90° of longitude in advance of the sun. 
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whence 


v Ti Vi-—eé 
v a 


But if we put 


p = the sun’s mean horizontal parallax, 


we have 
ld 


«a 
sin p = — 

und hence we find 
K=kTsinpV1— é 


or, taking Struve's value of & = 20/'.4451, Bussxu’s value of 
T = 3664.25637, Enckr’s value of p = 8’’.57116, and the eccen 
tricity e = 0.01677, 

Kk = 0".31112 


This quantity is so small that we may in (684) employ cos ¢ for 
ocosg’ without sensible error; and hence the diurnal aberration 
may be found by the formule 


a’ —a = 0.311 cos y cos (O — a) sec 8 685 
d’— 6 = 0.311 cos g sin (O — a)sin é (cre) 


The quantity © — a is the hour angle of the star; whence it 
follows that the diurnal aberration in right ascension for a star 
on the meridian is + 0/’.311 cos ¢ sec d == + 0°.0207 cos ¢ sec 0; 
and the diurnal aberration in declination is then zero. 


394. The illustration given in Art. 388 applies also to the 
diurnal aberration. In one sidereal day each star appears to 
describe a small ellipse whose major axis is sin /’ cosy, and 
minor axis sin k’ cos g sin 6, the radius of the sphere being unity. 
For an observer at the pole, where cos ¢g == 0, this ellipse becomes 
# point, and the diurnal aberration disappears. 


395. The velocity of light—The constant k was determined by 
STRUVE by a comparison of the apparent places of stars at differ- 
ent seasons of the year, and not from the known velocity of light. 
We can, therefore, determine the velocity of light from this 
constant. We have, from the preceding articles, 


v’ a 


Vo Se sesasenieaenameeenen tit = eee ne ane 
k’ sin 1” Psin p sink 7/(1 — e*) 
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in which, it we take v’ = the velocity per second of a point of 


the earth's equator resulting from the diurnal rotation, V will 
2a’ 


be the velocity of light per second. If, then. we take v’ = 


we have the following formula for determining the velocity of 
light from the aberration constant : 
2 f 
ee kd ee (686° 
uT sinp sink y/(1 -- e?) 

This will give the velocity in one sidereal or one mean second, 
according as we take n = 86400 or n = 86164, the number of 
seconds of either kind in a sidereal day. With BresseEu’s value 
of the equatorial radius, Art. 80, and the values of 7; p, k, and 
é, above employed, we find 


in one sid. second, V == 191058 miles = 307473000 metres; 
in one mean second, V = 191581] miles —= 308314000 metres. 


The time required by light to traverse the mean distance of 

the earth from the sun is 
© oc BASE VE Os, agg Gh Rasp ecireun tims. 
V an 

396. Planetary aberration.— W hen the observed body is a planet, 
and, therefore, in motion relatively to the earth, the aberration 
above considered is not the complete aberration; but we must 
further take into account the time required by light to come 
from the planet to the earth; for in this time the planet will 
have sensibly changed its place. Let us 
suppose that the ray of light which reaches 
the telescope at the time ¢ left the planet 
at the time 7; let P (Fig. 59) be the 
planet’s place in space at the time TJ, and 
p its place at the time ¢; A the place of 
the object-end of the telescope at the time a a 
T, a its place at the time ¢, ab the direction ae 
of the axis of the telescope at the time @, 
a’b’ the position of the axis at the time ¢’ when the light reaches 
the eye-end of the telescope. Then it is evident that 


Fig. 59. 
P P 


Ist. The straight line AP gives the true direction of the planet 


at the time 7’; 
Vou. I.—4l 
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2d. The straight line ap gives the true direction at the timo ¢; 

3d. The straight line ba or b’a’ gives the apparent direction at 
the time t or ? (the difference between which may be re- 
garded as infinitely small) ; 

4th. The straight line b’a gives the apparent direction for the 
time ¢, freed from the aberration of the fixed stars. 


Now, the points /, a, 6’ lie in a straight line, and the portions 
Pa, ab’ will be proportional to the intervals of time ¢ — 7, i’ — 1, 
if the velocity of light is uniform. In consequence of the 
immense velocity of light, the interval ¢’— 7’ will always be so 
small that during this interval we may suppose the motion of 
the earth to be uniform and rectilinear; consequently, that .A, a, 
a’ also lie in a right line, and the portions Aa, aa’ are also pro- 
portional to the intervals ¢— 7, ’--¢. Hence it follows that 
the lines AP and 6’a’ are parallel, and, therefore, that the first 
place is identical with the third; that is, that the true place at the 
time T'is identical with the apparent place ut the time t. 

The time ¢— 7 will be the product of the distance Pa into 
497.78, which is the time in which light deseribes the mean 
distance of the earth froin the sun (Art. 395), this mean distance 
being taken as the unit. In this computation we may take for 
the distance either Pa or PA or pa, without sensible difference 
in the resulting value of ¢— 7. 

From these principles there arise three methods by which a 
planet’s (or a comet’s) apparent place may be found from the 
true place for a given time ¢: 


[. From the given time ¢ we subtract the time required 
by light to come from the planet to the earth. We thus 
obtain the reduced time 7' for which the true place is iden- 
tical with the apparent place for é. 

II. The true place and the distance being known for the 
time t, we compute the reduction i— 7. Thus, by means 
of the diurnal motion of the planet (in longitude and _ lati- 
tude, or in right ascension and declination) we can reduce 
the true place from the time ¢ to the time 7’; and the true 
place thus found is the apparent place at the time 2. 

Ill. The true place of the planet at the time 7’ as seen 
from the point in which the earth is situated at the time 
(or the direction «P) is computed, to which is applied the 
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aberration of the fixed stars, and the result is the apparent 
place at the time ¢.* 


897. If a and 6 are the true right ascension and declination 
of a planet or comet at a time ¢, a’ and 0’ the apparent values 
for the same time, r’ its distance from the earth, the mean dis- 
tance of the earth from the sun being unity, Aa, Ad, the motion 
of the planet in right ascension and declination in one mean 
hour, we have, according to the method II. of the preceding 
article, 


a= 4S rk Aa 
6’— 6 = — rk'asd } coe) 
in which 
497.78 
ree rs Se log k’ = 9. 3 
kK 3600 og 9.1407 


These formule may also be used for computing the sun’s 
aberration in right ascension and declination, if we take for r’ 
the radius vector of the carth. 


HELIOCENTRIC OR ANNUAL PARALLAX OF THE FIXED STARS. 


398. The heliocentric parallax of a star is the difference 
between its true places seen from the earth and from the sun. 
If the orbit of the earth were a circle with a radius equal to the 
mean distance from the sun, the maximum difference between 
the heliocentric and geocentric places of any star would occur 
when the radius veetor of the earth was at right angles to the 
line drawn from the earth to the star. This maximum corre- 
sponds, then, to the horizontal geocentric parallax; and its effect 
upon the apparent places of stars might be investigated by the 
methods followed in Chapter TV.; but we prefer to employ here 
the method just exhibited in the investigation of the aberration. 
on account of the analogy in the resulting formule. 

We shall call the maximum angle subtended by the mean 
distance of the earth from the sun, at the distance of the star, 
the constant of annual parallax of the star, or, simply, its annual 
parallax. If then we put 


* See Gauss, Theoria Motus Corporum Celestium, Art. 71, from which the above 
article is chiefly extracted. Also, for the application of amethod III., see the same 
work, Art. 118, ef seq. 
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p = the annual parallax, 
a = the mean distance of the earth from the sun, 
4 = the distance of the star from the sun, 


we have 
sin p = nd 
Prag 


or, if we take a = 1, according to the usual practice, we have. 
for so small a quantity, 
1 
pS Tein 1” er? 
399. To find the heliocentric parallax of a star in longitude and 
Fig. 60, -((atitude at a given dime, the annual parallax being given.— 
: zx Let 7 (Fig. 60) be the place of the earth in its orbit, 
ff that of the sun. Conceive a plane to be passed 
through the line H7 and a star S; the intersection 
of this plane with the plane of the ecliptic is the line 
IT, which, produced to the celestial sphere, meets 
it in a point # of the ecliptic whose longitude is the 
earth’s heliocentric longitude, or 180° + © (putting 
© for the geocentric longitude of the sun ut the 
H# given time). If then we also put 


T 


r = the distance of the earth from the sun at the given time, 
% = the angle SIZE, 
we 6 4 STE, 


the triangle SHT gives 
sin (3 — 3) = - sin 0 


or 
# — § = pr sin # (689) 


This formula corresponds to the formula (670) for the aberra- 
tion reckoned in a direction from a point (E) of the ecliptic, 
only in the present case this point is in longitude 180° + ©, 
while in the case of the aberration it was in longitude 90° + ©. 
The formule for the aberration may therefore be immediately 
applied to the parallax if we put pr for fk, and 180° + © for 
90° + ©, or 90° + © for ©. We thus find, by (675), 


v— 2 = — pr sin (A — ©) see B 


ays 
f! — 3 = — pr cos(A — ©) sin ~ ' (690) 
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400. Zo find the heliocentric parallax of a star in right ascension 
and declination, the annual parallax being given.—By (678), putting 
pr for k, and 90° + © for ©, we have, at once, 


é’— § == — pr sin © (cos « sin 3 sin a — sin e cos 8) 


a’ —a-- — prsec dé (cos © sin a — sin © Cos e COS a) 
(691) 
— pr CO8 © sin 6 COs 


401. It can be shown from (690) that, neglecting the small 
variations produced by the ellipticity of the earth’s orbit, the 
effect of the annual parallax, considered alone, is to cause the 
star to appexr to describe a small ellipse about its mean place 
in one sidereal year; an effect entirely analogous to that of the 
annual aberration, Art. 388. But the maximum and minimum 
of parallax occur when the carth is 90° from the points at which 
the maximum and minimum of aberration occur: so that the 
major axes of the parallax and aberration ellipses are at right 
ungles to each other. The combined effect of both aberration 
and parallax is still to cause the star to describe an ellipse, the 
tnajor axis of which is equal to the hypothenuse of a right 
triangle, of which the two legs are respectively equal to the 
major axes of the two ellipses. For this combined effect is ex- 
pressed by the following formule (taking r -- 1 for a circular 
orbit): 

(V’ — 2) == — [k cos (© — 4) — psin(© — A)] see 3 
(8’ — 8) = -~ [k sin (© — A) + p cos(© — A)] sin Z 


which, if we assume ¢c and 7 to be determined by the conditions 


esiny ==ksini— peosa 
ec cosy =k cosd + p sin . 


or 
: esin (A —y) == p 
ecos(A —y) =k 
become 


° (4’ — 4) = — ¢ cos(© — y) sec 3 
(8’— 8) — —esin(©@ —y) sing 


in which we have ¢ = )/(k? + p*). This form for the cotal effect 
is entirely analogous to that for the aberration alone. 


MEAN AND APPARENT PLACES OF STARS. 


402. The formule above given enable us to derive the appar- 
ent from the mean place, or the mean fr om the apparent place ; 
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but in their present form their computation is exceedingly trouble. 
some. We owe to BEssEeL a very simple arrangement by which 
their application is facilitated. 

Tn all catalogues of stars the mean places only can be given, 
and these only for a certain epoch. For each star there is given 
also the annual precession in right ascension and declination : so 
that the mean place for any time after or before the epoch of the 
catalogue is readily obtained, as in the example of Art. 374. 
But, since the annual precession is variable, there is generally 
added its secular variation, which is the variation of the precession 
in one hundred years. Finally, there is given the star’s proper 
motion. 

If the epoch of the catalogue is ¢,, and the mean place is re- 
quired for the time ¢. and we denote by 


p. the precession for the epoch ¢,, 
Ap, its secular variation, 
nu, the proper motion, 


then, since in computing the whole precession for the interval 
¢—?¢,we must employ the annual precession for the middle of 
the interval, the reduction of the mean place to the time ! 
will be 


Lp uae EG = ty) iy 1] (t ——~ i) 


200 


This form applies both to the right ascension and the declination.* 

In this way the mean place is brought up to the beginning of 
any given year. If then we wish the apparent place for a timer 
from the beginning of the year, tz being expressed in fractional 
parts of the year, we have first to obtain the mean place for the 
given date by adding the precession and proper motion for the 
interval zr, and then the apparent place, by further adding the 
nutation and aberration. Hence, denoting the mean right ascen- 
sion and declination at the beginning of the year by a and 0, the 
apparent right ascension and declination for the given timer by 


a acre Re ET TTT Estas 


* The annual proper motions being also variable (Art. 379), it would seem that their 
values given for the epoch of the catalogue could not be carried forward to another 
time without correction. But, to avoid the necessity for this separate correction, it 
may be included in the secular variation of the precession, as is done by ARGELAN- 
pez in his catalogue, ‘DIX Stellarum Fizarum Positiones Mediz, ineunte anno 1880.” 
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a’ and 6’, tne annual proper motions in right ascension and de- 
clination by # and p’, we have, by (663), (668), and (678), 


a -= a+ 7T(m + nsina tan d) + ry (Precession and proper motion.) 
— (16”.8148 + 6”.8650 sin a tan d) sin for 1800 
15 .8321 6 8682 1900 


+ ( 0.1902 + 0 .0825 sin a tan d) sin 2Q 
— ( 0.1872 +- 0 .0813 sin a tan 6) sin 2¢ 
+ ( 0.0621 + 0 .0270 sin a tan d) sin(€ — Fr’) 
— ( 1.1644 4. 0 .6055 sin a tan 6) sin 26) 
+ ( 0.1178 +- 0 .0609 sin o@ tan J) sin(@ — Fr) 


~— ( 0.0195 + 0 .0085 sin a tan 5) sin(@ + &) (Nutatiop.) 
— 9”.2231 cos a tan d cos Q 1800 
9 .2240 1900 


+ 0 .0897 cosa tan 6 cos 2Q 
— 0 .0886 cos a tan d cos 2¢ 
—- 0 .5610 cosa tan d cos 26) 
0 .0093 cosa tan J cos(© + LF) 


— 20”.4451 cos ¢ cos © cos a sec d \ 
— 20 .4451 sin © sin a sec J (Aberration. ; 
é’== 6 + +. ncosa@ +. rp’ (Precession and proper motion. ) 
— 6" 8650 cosa sin Q ++ 9”.2231 sin a cos Q for 1800 ° 
6 3682 9 2240 1900 


+ 0 .0825 cos a sin 2 (2 — 0 .0897 sin a cos 2Q) 
— 0 .0813 cos a sin 2¢ + 0 .0886 sin a cos 2¢ : 
+ 0.0270 cos asin (¢€ -- £’) (Nutation.) 
— 0 .6055 cos a sin 2© }- 0.5510 sin a cos 26 

+ 0 .0508 cosa sin(@Q — Fr) 

— 0 .0086 cos a sin(@ -+ £) +- 0.0093 sin a cos (© + LF) 


i 


-~— 20.4451 cos ¢ cos © (tan ¢ cos d — sin a sin 4d) 
— 20 .4451 sin © cos asin d  (Aberration.) 


Now, it is to be remarked that the two numerical coefficients of 
sin Q, sin 2Q, sin 2), &c. in the formula for a’ are in each 
case very nearly in the ratio of m to n ;* and hence, if, according 
to the method of BzssxEL, we put 


6.8650 — ni 15.8148 — mi +h 

6 .8682 15 8321 

0 .0825 —= ni?’ 0 .1902 = mi’ 4+ h’ 

0 0813 — ni” 0 1872 == mi” + h” 
0 .0270 — ni” 0 .0621 = mi!” + hl” 
0 5055 = ni* 1 .1644 = mi” + Av 
0 .0509 — ni" 0.1173 = mi" + hY 

0 .0085 = ni“! 0 .0195 = mi" + h" 


mers 


Pe See PEST NE a pn eg Oe ee ee an ae 
* This relation is not accidental, but results from the general theory of nutation, 
which, the student will remember, is only the periodical part of the precession. 
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we shall have 


e#=a-+ (7 — isin Q 4 rsin2Q — "sin 2¢ 4- i'"sin (C -- r’) 
-- Wsin 2E) + "sin(E )— i sin(@ + 2")] [m + a sin a tan 0] 
— [9".2231 cos Q ~- 0.0897 cos 2Q 4 0.0886 cos 2¢ 
9 2240 ° 
-+4- 0.5510 cos 2G) + 0” 0093 cos (© + &£'))] cos a tan d 
— 20”.4451 cos e cos © cos a sec J 
— 20 .4451 sin © sin a sec d 
+ TH 
— Asin QQ + A’sin 2Q — A” sin 2C 4+ A’ an (C— F’) 
— Aly gin 2G) + Avsin (© — 2") — Avisin(® + L) 


and 


= 0 + [tr — isin Q + isin 20) — sin 2¢ + ¢” sin (C — ©’) 
— sin 2 + sin (© — F)— m™sin(O + )j] n cosa 


+ [9.2281 cos Q — 0”.0897 cos 20) + 0.0886 cus 2¢ 
9 .2240 


+ 0.5510 cos 2 + 0”.0098 cos(© + £)] sina 


-- 20.4451 cos e cos © (tan ¢ cos Jd — sin a sin d) 
— 20 .4451 sin © cos asin d 


+ 


Putting then, in accordance with BzssEt’s original notation, 
as employed in the American Ephemeris for 1865 and subse- 
quent years, 


@ 

Az r—zsin Q + sin 292 --7'sin 2 4 "sn (CF) 

—asin2¢) - vsm(G)- &) “sin ( G4 £) 
B= — 9" 223hcosQ + 0" ORT cos 232 — 0" .0BR6 cos 2¢ 

9 2210 

— 0.5510 cos 2G — 0.0098 cov (@ + LF) 

C= — "4457 cos € cos ©) 
D = — 20.4181 sin © 
E=—~hsnQ +} A’sin2Q kh’ sin 2@ -- A” sin (( — 2) 


—~hiv sin 2Q + Aisin (S - £)— AM sin (CO 4+ PL) 


which quantities are dependent on the time, and are wholly inde- 
pendent of the star’s place; and also 


a=m+nsine tan é a = Nn CO8 a 

b = cosa tan o b' = — sina 

cC == COS a SEC OD c¢ == tan « cos 6 — sina sin 6 
d==sinasocd . d' = Cosa Sin 
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which depend on the star’s place, we have 


a’ =a + Aa + Bo + Cc + Dd + E+ mp 


i= 3 4 Ad’ + BY + Ce + Dal + yl } (692) 


The logarithms of A, B, C, D are given in the Ephemeris for 
every day of the year. The residual # never exceeds 0’’.05, and 
may usually be omitted. The logarithms of a, ), ¢, d, a’, b’, e’, d’ 
are usually given in the catalogues, but where not given are 
readily computed by the above formule. When the right ascen- 
sion is expressed in time, the values of a, 6, c, d, above given, 
are to be divided by 15. 


403. If we substitute the values of m and n, namely, 


for 1800, m = 46”.0623 n == 20.0607 
1900, m = 46 .0908 n = 20 .0521 


we find the following values of 7, 7’, &c.: 


: Fig 7” a ziv w @ 
1800 | 0.84221 | 9 99411 | 0.00408 | 0.00186 | 92529 | 9 oo254 | 0.00042 
1900 | 0.84262 2621 

A Aly 


1800 |-+ 0”.052|+ 0.004) ang ny AY, AU”, AY, 


hv inappreciable. 
1900 |-+. 0 .045'+ 0”.003 


The terms in 7” and 7" in the expression of A may be combined 
in a single term; for, putting 


‘ jeosJ= (v—m™)cosl 
jsin J= — (iv-+ i) sin 
w> have 


sin() —T)—Msin(O+ l) =jsin(O + J) 


and taking for 1800, [= 279° 30’ 8”; and for 1900, /’= 2819 
12’ 42”", we find 


rs 
J J 


1800} -+ 0.00294 88° 10’ 
1900; + 0.00293 | 81 +55, 


650 REDUCTION OF STARS PLACES. 


Hence the values of A, B, and # may be expressed as follows: 


A= tT — 0.84221 sin Q = — 0.02620 sin 2G + 0.00294 sin (GC) + - 10’) for 1800 
0.34252 0 00203 55 “ 1900 
+ 0.00411 sin 262 — 0.00406 sin 2¢ + 0.00185sin(C - r) 


R - — 9.2231 cos 9) — 0”.5510 cos 2G) — 0.0093 cos (@ + 279° 80’)« 1800 
9 .2240 281 #13 “ 1900 
+ 0 .0897 cos 202 — 0 .0886 cos 2¢ 
H= —0".052 sinQ - 0.004 sin 2Q «* 1800 
0 045 0 .003 « 1900 


These values agree (within quantities practically inappreciable} 
with those given by Dr. Peters (Numerus Constans Nutationis, pp. 
75, 76). It is necessary to remark that in the British Associa- 
tion Catalogue and the British Nautical Almanac, the preceding 
values of C and D are denoted by A and &B, and rice verse.* 
See p. 94. 


404. When the catalogue does not give the logs of a, 6, ¢, &e., 
another form of reduction, also proposed by BrsseL, may some- 
times be preferred. By putting 


f=mA+E# i= Ctane 
g cos G = nA hcos H = /D 
g sin G — B hsin H = C 
we find ‘ 


a’ —=a-+f +t+gsin(G+a)tan 6+ Asin (H-+a)sec3 ; gaps 
3’= 6-+ icosé + ty’+-9cos(G +a) +hcos(H +a) siné (G#6") 


The values of f, log g, G, log h, H, log i, and log z are given in 
the Ephemeris for every day of the ye-r. 


405. A star’s apparent place may be reduced to its mean place 
and referred to the mean equinox of any given date by reversing 
the signs of the reductions as above determined. By the 
apparent place of a star we here mean the apparent geocentric place. 
The observed place (that seen from the surface of the earth) differs 


Let cetera ee er nO 


“ * This interchange of lettcrs, most unnecessarily introduced by BAILY in the Britis 
Association Catalogne, produces considerable inconvenience, as in most of the Eure- 
pean catalogues of stars BessEr’s notation is preserved, while in the English Almanac 
Rar.y’s notation is followed. [n the American Kphemeris for 1865 and subsequent 
years the nytation of Be SSEL dias been restored: an example which will doubtless be 
‘ollowed by the British Almanac at an varly dav. 
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from this by the diurnal aberration and the refraction; but the 
first of these corrections depends on the latitude of the observer 
and the star’s hour angle, and the second upon the star’s zenith 
distance: so that neither of them can be brouglit into the com- 
putation of a star’s position until the place of observation and 
the local time are given. 


406. The fictitious year.—In the preceding investigations, we 
have used the expression “ beginning of the year,” without giving 
it a definite signification. For the purpose of introducing 
uniformity and accuracy in the reduction of stars’ places, Busse 
proposed a fictitious year, to begin at the instant when the sun’s 
mean longitude is 280°. This instant does not correspond to 
the beginning of the tropical year on the meridian of Greenwich ; 
that is, the (mean) sun is not at this instant on the meridian of 
Greenwich, but on « meridian whose distance from that of 
Greenwich can always be determined by allowing for the sun's 
mean motion. This meridian at which the fictitious year begins 
will vary in different years; but, since the sun’s mean right 
ascension is equal to his mean longitude (Art. 41), the sidereal 
time at this meridian when the fictitious year begins is always 
18° 40" (== 280°). By the employment of this epoch, therefore, 
the reckoning of sidcreal time from the beginning of the year is 
simplified, and, accordingly, it is now generally adopted as the 
epoch of the catalogues of stars. In the value of log A, which 
involves the fraction of a year (7), the same origin of time must 
be used; and this is attended to in the computation of the Ephe- 
merides, which now give not only the logarithms of A, B, C, 
and D, but also the value of 7 (or its logarithm) reckoned from 
the beginning of the fictitious year and reduced to decimal parts 
of the mean fropical year. 

For all the purposes of reduction of modern observations, the 
computer need not enter further into this subject, and may 
depend upon the Ephemerides.* But, as the subject is inti- 


* The reduction of observations made between 1750 and 1850 will be most con- 
veniently performed by the aid of the Zubule Regiomontane of Besset. The con- 
stants used by Brsseu differ materially from those now adopted in the American and 
British Almanacs. Professor Huspspanp has given a very simple table by which the 
values of log A, log B, log C, and log D as given in the Tab. Reg. may be reduced 
to those which follow from the use of PeTERs’s constants, in the Astronomical Journal, 
Vol. IV. p. 142. The special and general tables for the reduction of stars’ placea, 
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mately connected with that of time in gencral, I shall prosecute 
it a little further. 


407. The sun's mean motion, and the length of the year.—Accord- 
ing to Brssen,* the sun’s mean longitude at mean noon at Paris 
in 1800, January 0, is 

279° 54 17.36 


and the sun’s sidereal motion in 365,25 mean days is 
8609 ~~ 22" O17006 


(By January 0 is denoted the noon of December 31 in the com- 
mon mode of expressing the date; and, consequently, Jan. 1, 2, 
&e. denote 1 day, 2 days, &c. from the epoch, while in the com- 
mon mode they mean the beginning of the Ist day, 2d day, &c.) 

The sidereal motion is referred to a fired point of the ecliptic; 
but the mean longitnde is referred to the moving vernal equinox. 
Hence the change of the mean longitude in any time is the 
sidereal motion in that time plus the general precession; and 
therefore, adopting here BessxEx’s precession constant,f in order 
to follow his computations, 


Sid motion in 3652 25° = 860° — 22”.617650 
General precession se 00 22359 + 0". 0002443611 
Mean motion in 8654.25 = $60° + 27 GUSR44 +. 0 .000244361¢ 


and, dividing by 365.25, 
Mean daily motion = 59’ 8”.3302 +- 0”.0000006902¢ 


where /is the number of years after 1800. The secular change 
of the mean motion, expressed by the second term, brings with 
it a secular change of the length of the LE year. This year 


ee ee ei a — _ te eS ee etre es ee 


given in the Washington uieonauceal Girpimanuial Vol. IIL., Appendix C, are also 
adapted to the new constants. 

For the reduction of observations from 1850 to 1880, the Jub. Reg. have been 
continued by Woxrers and Zecn (Tabule# Reduchonum Observationum Astronomicarum 
Anars 1860 usque ad 1880 respondentes, auctore J. Pu. Wouvers: Addite sunt, Tubulex 
Reyromontane annis 1850 usque ud 1869 sespondentes ab Inn. Zecn continuate. Berlin, 
1850) In the continuation by Zeca, which extends from 1850 to 1860, all the 
constants are the same as those used by Bessex; in the continuation by Worrrns, 
from 1460 to 1880, BesseL’s precession constant is retained, but Perers's nutanon 
constant is adopted. 

* Astron. Nach., No. 188.“ + Ibid. 


LENGTH OF THE YEAR. 653 


is the time in which the sun changes his mean longitude exactly 
360°, and is, therefore, found by dividing 360 by the mean daily 
motion: thus, if we put 


Y == the length of the tropical year in mean solar days, 
we find 
Y = 365*.242220027 — 04.00000006886¢ 


where the value of the second term for? = 100 is 0°.595, which 
is the diminution of the length of the tropical year in a century. 

The length of the sidereal year is invariable, and is readily 
found by adding to 865.25 the time required by the sun to move 
through 22’’.617656 at the rate of his sidereal motion; or, putting 


Y' == the length of the sidereal year, 
by the proportion 
860° — 22”.617656 : 360° = 3654.25: Y’ 


which gives 
Y’ = 365.256374416 mean solar days, 
== 866.256374416 sidcreal days 


408. The epoch of the sun’s mean longitude.—This term denotes 
the instant at which the common year begins. The value of the 
longitude itself at this instant is frequently called * the epoch,”’ 
and is denoted by & Its value for January 0 of any year, 
1800 + ¢, is found by adding the motion in 365 days for each 
year not a leap year, and the motion in 366 days for each leap 
year. The motion in 865 days is found from the above value 
for 365.25 days by deducting one-fourth the mean daily motion. 
or 14’ 47'/.083: so that, if f denotes the remainder after the 
division of ¢ by 4, we have, for the epoch of 1800 + ¢, Jan. 0, at 
Paris, 


Ei — 279° 54’ 1.86 + 27".605844¢ + 0”.0001221805 2 
— (14' 47.088) f (693) 


To extend this formula to years preceding 1800, we must put 
f— 4 in the place of f: so that the multiplier of (~ 14’ 47/’.083) 
will be, for example, — 1, — 2, -~ 8, — 4, — 1], &e. for the years 
1799, °98, ’97, ’96, °95, &c. But these rules for f will give the 
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mean longitude at the beginning of the leap years too great by 
the motion in one day (since the additional day is not added until 
the end of February); and therefore the epoch for these years 
is January 1 instead ot January 0. A general table containing 
the mean longitude at mean noon for every day of the year, 
computed from the mean longitude for Jan. 0 by the formula, 
will be applicable to leap years if in the months of January and 
February we increase the argument of the table by one day, as 
in Table VI. of the Tab. Reg. 


409. To find the beginning of the fictitious year.—Denoting the 
mean time from the beginning of the fictitious year to Jan. 0 of 
any year by k, we have 

E — 280° 


mean daily motion 


whence, taking the daily motion -= 59’ 8’7.3302, we find, in deci- 
mals parts of a mean day, 


k == — 0.10107289 + 0.0077799535t 
—f + 0,000000034433 #2 


The quantity * is evidently equal to the east longitude from 
Paris of that terrestrial meridian on which the fictitious year 
begins (Art. 406). 


410. In the Zabule Regiomontane the argument is the reduced 
date as it would be reckoned at the meridian in the east longitude 
‘, the beginning of the fictitious year being always denoted by 
January 0. If then ¢ 1s the west longitude from Paris of any 
place, the instant of mean noon at this place corresponds to the 
instant & -- d of the fictitious meridian, and therefore k + d is 
the reduction to apply to the mean time at the place to obtain 
the argument with which to enter those tables. 

But, if the sidereal time at the place d is given, it is most ex- 
pedient to reckon the time at once in sidereal days from the 
beginning of the fictitious year. Accordingly, in the tables con- 
taining the values of log A, log B, &c. for the reduction of stars, 
the argument is the sidereal date at the fictitious meridian. To 
obtain this date, it is to be observed, first, that the tables are im- 
mediately available on the fictitious meridian for the sidereal 
time 18* 40", without any reduction of the date. For any other 
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meridian, at the sidereal time 18" 40" the argument of the table 
will be the reduced date; but at any other sidereal time g the 
argument must be this reduced date increased by 


g — 18*40" 
24 


which must be always taken < 1 and positive; or by the quantity 


» 9g +5*20" 
aa, 


omitting one whole day if g + 5* 20" 5 24". Now, in order that 
the local date may correspond with that supposed in the tables, 
the day must be supposed to begin at the instant when that point 
is on the meridian whose right ascension is 18* 40". Therefore, 
whenever the right ascension of the sun is as great as 18* 40", 
so that the point in question culminates before the sun, one day 
must be added to the common reckoning. Hence the formula 
for preparing the argument of the tables will be 


Argument =: Reduced date + g’ + i; 
in which we must take i == 0 from the beginning of the year 
to the time when the sun’s R. A.= g, andi — + 1 after this 
time. 


The values of y’ are given on p. 16 of the Zab. Reg. for giver 
values of g. The values of & are given in Table I. 

The values of log A, log B, log C, log D are also given in the 
Berlin Jahrbuch for the fictitious date ; and the constants of pre- 
cession, nutation, and aberration are the same as those employed 


by Bxssxr in the Zab. Reg. 


411. Conversion of mean into sidereal time, and vice versa.—In the 
explanation of this subject in Chapter Il. we said nothing of the 
effect of nutation, which we will now consider. Let us go back 
to the definitions and state them more precisely. | 

Ist. The first mean sun, which may be denoted by ©,, moves 
uniformly in the ecliptic, returning to the perigee with the true 
sun. The longitude of this fictitious sun referred to the mean 
equinox is called the sun’s mean longitude. 

2d. The second mean sun, which may bé denoted by ©,, movee 
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uniformly in the equator, returning to the mea equinox with the 
first mean sun. 
3d. The sidereal day begins with the transit of the true equi- 
nox; and the sidereal time is the hour angle of the érue equinox. 
Hence it follows that 


the mean R. A. of ©, == the mean long. of ©, = the sun’s 
mean longitude; 


and since when ©, is on the meridian, its R.A. reckoned from 
the true equinox is also the hour angle of the true equinox, it 
also follows that 


V, = the sidereal time at mean noon. 
= true R.A. of ©, 
=x mean R. A. of ©, + nutation of the equinox in R. A. 
= sun's mean longitude + nutation of the equinox in R. A. 


The nutation of the equinox in R.A. is found from the first 
equation on p. 626 by putting a = 0, d — 0, whence 


nutation of equinox in R.A. = - as cos ¢ 


which is the quantity given in the Nantical Almanac as the 
‘equation of the equinoxes in right uscension.”’ 

Since the nutation is contained in the value of V, given in the 
Almanac for each mean noon, no further attention to it 1s needed 
when that work is consulted; and the rules given in Chapter IT. 
are therefore practically complete. 

For the conversion of time between 1750 and 1850, the Zab., 
Reg. furnish the following facilities:—Table VI. gives the right 
ascension of the second mean sun, corrected for the solar nuta- 
tion of the equinox, for every mean noon at the fictitious meri- 
dian k. Since the fictitious year ulways begins with the same 
mean longitude of the sun (or right ascension of ©,), the nuin- 
bers of this table are general, and may be used for every year. 
The number taken from this table for any given date (which 
must be the reduced date above explained) are then corrected for 
the lunar nutation of the equinox in right ascension, which is 
viven in Table IV. for all dates between 1750 and 1850. We 
thus obtain the sidereal time at mean noon (= V,) at the fictitious 
meridian on the given day. Any given mean time at another 
meridian is then converted into the corresponding sidereal time. 
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or vice versa, according to the rules in Chapter II., employing the 
V, for the fictitious meridian precisely as it was there employed 
for the meridian of Greenwich.—The longitude of the place to 
be used here is 4 + d, d being the west longitude of the place 
from Paris, and k the east longitude of the fictitious meridian 
from Paris given in Table L. 
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412. The observed place of a planet (or comet) being freed 
trom the effect of refraction, diurnal aberration, and geocentric 
parallax, we have the apparent geocentric place, referred to the 
true equator and equinox of the time of observation, and affected 
by the planctary aberration. For the calculation of a planct’s 
orbit from three or more observations at different times, it is 
necessary to refer its places at these times to the same common 
fixed planes, which is most readily effected by reducing all the 
places to the equinox of the beginning of the year in which the 
observations are made, or, when the observations extend beyond 
one year, to the beginning of any assumed year. To effect this, 
we must apply to each apparent geocentric place—lst. The aber- 
ration (687), with its sign reversed, in computing which the posi- 
tion of the observer on the surface of the earth may be con- 
sidered by taking 7’ equal to the actual distance of the planet 
from the observer at the time of observation. This distance is 
found from the geocentrie distance at the same time with the 
parallax, by the equation (137). 

9d. The nutation for the date of the observation, with its 
sign reversed. 

3d. The precession from the date of the observation to the 
assumed epoch, which will be subtracted or added according as 
the epoch precedes or follows the date. 

But the nutation and precession are most conveniently com- 
puted together by the aid of the constants A and & used for the 
fixed stars. These constants being taken for the date, ua, 4, a’, 
and 6! are to be computed as in Art. 402, with the right ascen- 
sion and declination of the planet; and then to the @ and 4, 
already corrected for aberration, we apply the corrections — (Aa 
+ .Bb) and -— (Aa’ + Bb’) respectively. The place thus obtained 
is the true pluce of the planet referred to the mean equinox of the 


beginning of the year. Tt the several observations are in different 
Vou, I-42 
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years, they are then to be reduced to the same epoch by simply 
applying the annual precession, ¢ being the annual precession in 
right ascension, and c’ that in declination. 

When the distance of the planct is not known, the aberration 
is taken into account by Method III. of Art. 396; but the details 
of this subject belong to the computation of orbits, which is re- 
served for Physical Astronomy,—See Gauss, T'heor. Mot. Corp. 
Cel., Art. 118 et seq, 


CHAPTER XII. 


DETERMINATION OF THE OBLIQUITY OF THE ECLIPTIC AND THE 
ABSOLUTE RIGHT ASCENSIONS AND DECLINATIONS OF STARS BY 
OBSERVATION. 


413. THE most obvious method of finding the obliquity of the 
ecliptic is to measure the sun’s apparent declination at either the 
northern or the southern solstice; for at these points, assuming 
the sun to be exactly in the ecliptic, the declination is equal to 
the obliquity. Indeed, without any reference to the sun's abso- 
lute declination, a rude approximate value of the obliquity is at 
once derived by taking one-half of the difference of the meridian 
altitudes of the sun on the 21st of June and the 21st of December. 
Upon this principle the ancients succeeded in measuring the 
obliquity by observing the greatest and least lengths of the 
meridian shadow of a gnomon. 


414, In what follows, we suppose the sun’s declination to be 
observed. This is obtained from the true meridian zenith dis- 
tance (2) of the sun’s centre, and the known latitude of the place 
of obseryation (gy), by the formula* 


d==y¢ —8 


So i ee en ret re 


* The sign of ( is to ne changed when the sun is north of the zenith of se 
obecrver. 
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415. Now, the sun's declination is equal to the obliquity only 
when it has reached its maximum (northern or southern) limit, 
that is, precisely at the solstitial points. But, since the sun will, 
in general, not arrive at the solstice at the same time that it 
culminates at the particular meridian at which the observation 1s 
made, we cannot directly measure this maximum by meridian 
observations. But we can measure the declination at several 
successive transits near the solstice, and then by interpolation 
infer the maximum value. A simpler practical process (which 
we shall explain fully below) is to reduce cach observation to the 
solstice; but this requires us to know (at least approximately) 
the éme when the sun arrives at the solstice, and this, again, 
supposes a knowledge of the position of the equinoctial points, 
which are 90° distant from the solstitial points. 

The position of the equinoctial points may be determined by 
observing the sun’s declination on several successive days near 
the time of the equinoxes, and, by interpolation, finding the time 
when the declination is zero. At the same time, a comparison 
must be made between the times of transit of the sun and some 
star, adopted as a fiodamental star: so that the distance of the 
star from the equinoctial pomt, or its right ascension, is fixed. 
We may then regard the star as a fixed point of comparison by 
which the instants when the sun arrives at any given points (ar 
the solstices) may be determined. But, instead of finding the 
equinoctial points by a direct interpolation, it is preferable in 
this case also to refer each observation to the equinox, which, as 
will be seen below, requires an approximate knowledge of the 
obliquity of the ecliptic. 

The determination of these two elements, the obliquity of the 
ecliptic and the position of the equinoctial points, is, therefore, 
effected by successive approximations: but, in the actual state 
of astronomy, the approximations are already so far carried out 
that the remaining error in cither element can be treated as a 
differential which, by a judicious arrangement of the observations, 
produces only insensible errors of a higher order in the other 
element. [ proceed to treat fully of the precise practical 
methods. 


416. Determination of the obliquity of the ecliptie-—Let D be the 
sun’s apparent declination derived from an, observation near the 
solstice; A its apparent right ascension at the time gf the obser- 
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vation, derived from the solar tables; ¢ the apparent obliquity 
of the ecliptic for the same time. If the sun were exactly in 
the ecliptic, we should have, by (384), 


sin A tan « = tan D 


but accuracy requires that the sun’s latitude, 8, should be taken 
into account. We have, by (29), 


ran D— tane sin A = aD. 
cos D cos e 
which, if we put 
tan D’ = tan: sin A (69-4) 
becomes 
sin(D—D') _ sin # 


tan D — tan D’' = 


~~ 


cos D cos D’ cos D cos e 


whence, with sufficient accuracy, since # never exceeds 1”, 
D— D' = £ sec e cos D (695) 


Hence, if the correction Bsececos D is subtracted from the 
given declination D, we shall obtain the reduced declination D’ 
from which, by (694), we can deduce «. It is evident that D’ ir 
the declination of the point in which the ecliptic is intersected 
by the declination circle drawn through the sun's centre, and 
we may “all the quantity Bsececos D the reduction to the ecliptic. 
Near the solstices. however, this reduction does not sensibly 
differ from #, since cos e and cos D are then very nearly equal. 
We shall, therefore, in the present problem, find the reduced 
declination by the formula D’= D — #; and then we have, by 
(694), 


tan e == tan D’ cosec A (696) 


Instead of computing ¢ from this equation directly, it is usual 
to employ its development in series by which the difference of 
eand D’ is obtained. For, since A near the northern solstice is 
nearly 90°, if we put 

us 90°— A 


« will be a smal] angle whose cosine and secant will not differ 
much from unity, and the equation (696), expressed in the form 
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tan D’ -. tan ¢ cos #4, will be developed in the series [Pl. Trig., 
Art. 254] 

D' ~--e = qsin2e + $q*sin te + ggisin Ge + Kc. 
in which 


cos u — 1 
= oo — tan? tu 
cos u + 1 


und the terms of the series are expressed in are. Reducing to 
seconds, and putting 


x -= the reduction to the solstice, 
or 


tan?-du , tanfiu , 
= — sin 2¢ — — sin te + &e (697) 
sin 1” 2 sin 1” 


we have, at the northern solstice, 
s= D'+u=—D—f+2 (698 : 


The reduction z can be tabulated, for any assumed value of ¢, 
with the argument vu. The changes of the tabnlar numbers 
depending on a change of the obliquity may also be given in the 
table: so that these numbers may be readily made to correspond 
tc any assumed obliquity. 

For the southern solstice, we take u = 270° - A, and the 
equation (696) will give tan D’ = —- tane cos u, the development 
of which gives the algebraic sum D’-+ ¢; but we can avoid the 
use of two formule by throwing this change of sign upon g¢, 
regarding the obliquity obtained from the southern solstice as 
negative, during the computation. This simply changes the sign 
of the reduction 7. 


417. Let us now inquire what cffect an error in the right 
uscensions taken from the tables, or in w, will produce in the 
computed value of ¢«. Differentiating the equation (696) with 
reference to e and A = + 90° — u, we find 


de == } tan usin Ze du 


Tf we suppose the error in the tabular right ascension of the 
sun to be in any case as great as one second of time (the actual 
probable error, however, being much less),,and, therefore, sub- 
stitute in this equation du = 15/’, ¢ == 28° 27’.5, we find 


de = 5 48 tan u 
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For « — 10°, this gives de = 0.97. The sun’s motion being 
about 1° per day, we shall have u < 10° for observations withir 
t-n days of the solstice, and the error in the computed obliquity 
less than 1/’, even if the error in the right ascensions is as great 
us 15’’.. But this error will be wholly eliminated if observations 
equidistant from the solstice preceding and following it are com. 
bined; for then wv, and consequently also ds, will have equal 
numerical values with opposite signs, and the errors will destroy 
each other in the mean. 


418. The mean of the values of the obliquity found from a 
number of observations, preceding and following the solstice 
and symmetrically disposed, will, therefore, be taken as the 
value of the obliquity at the time of the solstice, free from errors 
in the right ascension, and affected only by the unavoidable 
errors of observation and by any errors that may exist in the 
refraction and parallax or in the latitude of the place of observa- 
tion. The error in the latitude is eliminated by taking the mean 
of the values of the obliquity found at the northern and the 
southern solstices. The error of the refraction tables will at the 
same time be partially eliminated; but not wholly, since these 
errors have probably different values at zenith distances differing 
so much as 47°; but a sensible error in the mean resulting from 
any probable error in the present value of the solar parallax is 
not to be feared. 

Before taking the mean, however, it is proper to deduct from 
each value the nutation of the obliquity (as, Art. 381), for the 
times of the two solstices respectively, whereby we obtain the 
mean obliquity; and then to reduce this to the same fixed epoch, 
as the beginning of the year, by allowing for the annual decrease. 
The value of this annual decrease adopted in (646) is 0/7.4738 ; 
but this value was deduced by Prrers from theory, while the 
value derived directly from observations at distant periods is, 
according to Brssen, 0’’.457, and, according to Prrens, 0/7.4645 

In combining a number of determinations made at the same 
place in different years, it is not indispensable that there should 
be observations at both solstices in every year, provided there 
are in all as many determinations at the northern as at the 
southern solstice. 


419, Exampie.—Find the obliquity of the ecliptic from the 
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following apparent declinations of the sun’s centre, observed at 
the Washington Observatory by Professor Corrin and Lieutenant 
Pave, with the mural circle. 


1846, D | 1846. | D 
‘June 16 | 28° 21’ 56”.02 | December 14 | -—— 28° 14’ 17.26 
“ 49 26 28 .19 “15 | 17 38 83 
« 20 27 6.79 «16. 20 22 94 
“ 93 26 39 92 | a 18 24 32 .69 ! 
“OT 20 17 .84 | a} | 27 20.43 | 
« 99 27 19 .64 | 
«9g 26 49 .82 | 
“39 14 1.20 | 


Taking 5* 8” 11'.2 as the longitude of Washington from Green- 
wich, we find, for apparent noon at Washington, the following 
values of the sun’s right ascension and latitude from the Nautica) 
Almanac : 


ees et mare ee ee le 


1846. A | Bp 1846. A B 
{ 


June 16 | 5438"374.13 | +0”.18 December 14 | 17426 624.73 | + 0°.86 
“« 19/6 1 5.77| —0.19 “ 16 | 17 81 18.48 | +0 .46 
« 2016 65 15.44) —0.32 | “16 | 17 85 44.88 | 4.0.67 
“ 9316 7 44.44] — 0.63 | “ 18] 17 44 86.91 | +0.72 
« 27 |6 24 22.00} —0.72 | «91 | 17 57 66.69 | +0.70 

“ 22| 18 2 28.89 | +0.64 
« 981 18 6 60.09 | + 0.60 
* 29 | 18 88 28.11 | —0.19 


Supposing no tables of the reduction at hand, let us first 
yeduce the observations at the summer solstice by the original 
equation (696). Subtracting # from the observed values of D, 
we then have 


Db log tan D’ log cosec A log tan e e 
June 16 | 28° 21’ 66".84 | 9.6855081 | 0.0018927 | 9.6874008 | 28° 27’ 28.61 
«19 26 28 .38 .6370823 03278 4101 25 .22 
20 27 7.11 | = .6878056 00930 3986 23 .23 
co 23 26 40 .55 .6371624 02478 4002 28 .61 
Le -f) 20 18 .56 6349452 24692 + 4044 24 .26 


Apparent obliquity = 23 27 28 .96 
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For the sake of comparison, I add the results of the computa- 
tion by the series (697), which, however, will be far less con- 
venient than the above direct computation, unless a table of the 
reduction is used. 


uu | D Red. to solstice. | Fat for | ; 7 

; June 16 | + 2722.87] 23° 21'66".02 | + 5’ 27”.77 | —0".18 | 23° 27’ 28”.61 
' « 19] + 8 54.23 26 28 .19 0 56.84] +0.19 25 .22 
, «© 20/4 4 44.56 97 6.79 016.12] +0 .32 | 28 a 
(ou OB f 7 ae 9630.92 | 0 42.96] 4 0.68 | 23 .61 
} «8 27 | —24 22.00 20 17 .84 | 7 6.69} 30 72 24 .25 
Apparent obliquity = 23 27 23.96 

Nutation* = + 8 .24 

Reduction to Jan. 0. 1846 — 0”".4645 & 0.469 — j- 0.22 


Mean obliquity 1846.0 = 23 27 82 .42 


In the same manner, for the southern solstice we have: 


u D Red. to solstice. © lat € 


| Dec. 14 | + 838" 7*.27 |— 28° 14'17".26 | — 138’ 6”.48 | — 0.85 | 23° 27’ 24.09 


» #16 | +28 41.57! 17 38 82} 9 50.24] —0. 46 24 52 | 
| «© 16/424 15.62 2022.94] 7 1.98] —0.57 | 25 49 
' «© 18/415 23.09 24 32.69| 2 49.70! — 0. 72 | 23 11 
fo 6 21/4 2 8.31 27 20.43; 0 8.03; —0.70 | 24.16 
| « 221. 2 28.39 2719.64; 0 4 8 -( as 24 .87 
| « 23 |— 6 50.09 26 49.82] 0 33 49) — 0.50 | 28 81 
| « 29}—38 28.11 14 1.20] 18 28.05] +0.19! 24 06 | 
Apparent obliquity — 23 27 24 .20 
Nutation i + 8 .98 
_ Reduction to Jan. 0. 1846 = 0”.4645 & 0.971 =: + 0.46 


Mean obliquity 1846.0 = 28 27 33 .63 


lhe results from the two solstices being combined in order to 
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* The nutation for 1846 is found by the formula (Art. 381) 


de == 9”.2285 cos Q — 0”.0897 cos 2Q + 0.0886 cos 2¢ 
+ 0 .5509 cos 2@) + 0 .0093 cos (@ + LF) 


For the northern solstice June 21, 9, I have taken (Q = 214° 27’, ( = 69°, ©) = 90°, 
I = 280°; for the southern solstice, Dec. 21. 164, (2 == 204° 45’, € = 819°, © == 270°. 
£ = 280°. To proceed witk theoretioal rigor. the nutation should be found for the 
time of each observation. 
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eliminate the error of the assumed latitude of Washington,* 
we have, finally, 


Mean obliquity for 1846.0 from observation = 23° 27’ 33’.08 
The same by Peters’s formula (646) with 


the annual decrease 0.4645 = «#82 85 


420. The secular variation of the obliquity is found by com- 
paring its values at very distant epochs. The observations of 
Bravuzy from 1753 to 1760 gave for 1757.295 the mean obliquity 
23° 28’ 147.055. The observations at the Dorpat Observatory 
gave for 1825.0 the mean obliquity 28° 27’ 42/.607. Hence 


Annual var. = — B1".448 =. — 0" 4645 


67.705 


BrsseL found — 0’.457 by comparing Brapury’s observations 
with his own. 

The secular variation is also found in Physical Astronomy, 
theoretically. The value thus obtained by Peters in his Vume- 
rus Consians Nutationis is — 0/’.4738, as given in the formule 
(646). 


421. Determination of the equinoctial points, and the absolute right 
ascension and declination of the fixed stars —The declinations of the 
fixed stars are either directly measured by the tixed instruments 
of the observatory, or deduced immediately from their observed 
meridian zenith distances (corrected for refraction) by the formula 
d6=o9—€. The practical details, which depend on the instru- 
ment employed, will be given in Vol. IL Were we have only 
to observe that the immediate result of such a measurement is 
the apparent declination at the time of observation, which must 
then be reduced to the mean declination for some assumed 
epoch by the formule of the preceding chapter. 

The position of the equinoctial points is determined as soon 
as we have found the right ascension of one fixed star; and this 
ix done by deducing from observation the difference between the 


* The latitude employed in deducing the declinations was 38° 53' 39.25. The 
latitude given by the culminations of Polaris is 38° 58’ 89".52 (Washington Astr. 
Obs., Vol. I., App. p. 118). If we adopt the latter value, the obliquity derived frédm 
the northern solstice will be increased by 0”.27, and that derived from the southern 
solstice will be diminished by the same quantity; and the difference then remaining 
between the two results wil be only 0”.67. 
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sun's right ascension and that of the star at the time the sun 1s 
at the equinoetial points. For this purpose a bright star is 
selected, which can be observed in the daytime and at either 
equinox, and which is not far from the equator. On a day near 
the equinox the times of transit of the sun and the star are 
noted by the sidereal clocl:; and at the time of the sun’s transit 
his declination is also measured. Let 


T == the clock time of the sun’s transit, 
rT 73 f3 star’s rT 
A, D, 3 == the sun’s apparent right ascension, declination, 
and latitude at the time 7, 
a: the star’s apparent right ascension at the time f, 
«= the apparent obliquity of the ecliptic at the 
time 7’; 


t == 


then, correcting the sun’s declination by the formula (695), or, 
D' = D— ji sec e cos D 
we have, by (694), 
sin A = tan D’ cot « (691; 
Thus A becomes known, and hence, also, a by the formula 


pod SGT) (700) 


in which ¢ — 7’ is the true sidereal interval between the observa. 
tions corrected for the clock rate. 

The observation is to be repeated on a number of days pre- 
ceding and following each equinox. The star's apparent right 
ascension 1s in each case to he freed from the effects of aberra- 
tion, nutation, and precession (also proper motion and annual 
parallax, if known). Each observation thus furnishes a value of 
the star’s mean right ascension at tiie epoch to which the re 
duction is made. In order to learn what combination of these 
values will best eliminate constant errors in the elements upon 
which A depends, let us examine the effects of these errors. 
We speak only of constant errors; the accidental errors of obser- 
vation being reduced to their minimum effect by taking the 
mean of a large number of observations. 

The correction which the assumed value of the obliquity 
requires being denoted by ds, the corresponding correction of A 
is found, by differentiating (699), to be 
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) 
dA = — de -——-— 


The correction of the declination D’ is composed of the cor. 
rections in the latitude g, and the zenith distance ¢; since, by 
the formula D = y — £, we have 


dD == dg — dt 


But d¢@ is itself composed of the corrections required in the re- 
fraction and the sun’s parallax and the correction tor any error 
peculiar to the zenith distance 2, which affects the meridian in- 
strument employed in the observation. Denoting the correction 
ot the refraction by dr, that of the sun’s parallax by dp sin, 
that of tle instrument for the zenith distance ¢ by f(¢), we have 


dD = dp — [dr — dp sin = + f(2)] 


The eftect of this correction upon A is found, by differentiating 
(699) with reference to D’ (regarding dD as equal to dD’), to be 
9 
Aes AD tans 
sin 2)! 
If then a’ denotes the corrected mean right ascension of the 
star, free from all constant errors, we have 


2 tan 4 2 tun A 
nae dp —dr + dpsin 2 -- f(z fe Gass eee 
" “ [ sf aad I )] sin 2)’ sin Ze 


This formula shows that nearly all the errors will be eliminated 
by taking the mean between two observations taken at the same 
zenith distance (or the same declination), the one near the vernal, 
the other near the autumnal equinox. For, the first observation 
being taken when the declination is D! and right ascension A, 
at the second one the same declination D’ will give the right 
ascension 180° — A, the tangent of which is the negative of that 
of A. The temperature being generally different at the two 
seasons of the year, we cannot assume that the error in the 
refraction tables will be the same at both observations unless we 
can also assume that the law of correction of the refraction for 
temperature is perfectly known. So, also, we must adinit the 
possibility that such changes of temperature change the instru- 
mental correction; but the corrections of the latitude and the 
parallax will remain the same. Hence, if a, is the mean right 
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ascension computed from the observation at the autumnal 
equinox, the corrected right ascension will be 
2 tau A j 2 tan A 


i 1 3 if se ” Se 
a \ [dy — dr, 4 dp sin ~ AC] sin 227 as sin 2 ¢ 


in which dr, and f,(£) denote the corrections for the same zenith 
distance as before, but for a different temperature. The mean 
value of @’ obtained from the two observations is then 


tan A 
asin 2D! 


This mean is thus freed entirely from the effects of the errors of 
latitude and the assumed obliquity, and the remaining error is com- 
posed merely of the difference of the errors of refraction and of the 
instrument arising from differences of temperature. The differ- 
ence of temperature at the vernal and autumnal equinoxes, 
though considerable, is not so great but that we may assume the 
quantity dr,-- dr to be evanescent in the present state of the 
refraction tables. To eliminate the eftects of temperature upon 
the instrument, the only course is to make a special investigation 
of its errors at various temperatures. 

It follows from this discussion that the absolute right ascen- 
sion of a star can be accurately determined by means of observa- 
tions at both equinoxes so arranged that for every observation 
near the vernal equinox at the right ascension A there will be a 
corresponding one at the autumnal equinox at the right ascension 
180° — A. This condition is satisfied nearly enough by regarding 
as corresponding observations those which are taken between 
the declinations 0° and -+ 2° after the vernal and before the 
autumnal equinox, between 0° and — 2° before the vernal and 
after the autumnal; between -+ 2° and + 4°; — 2° and — 4°, &e. 
On account of the very complete elimination of errors, it is safe 
to extend the observations even as far as + 14° and — 14°.* 


' $a + a) + [dr, —dr + FO —- FO] 


g 


ExAaMPLE.—The following observations of the sun and 7 Pegasi 
on the meridian were taken at the Washington Observatory in 
the year 1846 :+ 


a 


* Bessri: Fundamenta Astronomia, pp. 12, 14. 

+ The transits were taken with the ‘‘ West Transit,”’ the declinations with the 
Mural Circle. Both the first and second limbs of the sun were observed on the seven 
threads of the transit instrument, and the declination of both the north and the south 
limbs with tue mural, 
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Feb. 23. D = 9° 46’ 15”.85 ites Oct. 17. D== — 9° 17' 58” .12 
ns A YOR OGm Ose 1] 6 T= 134 28" 40°01 
nn 0 5 18.99 | “« 46. ¢ =  § Be OF 


The times of transit are corrected for the supposed error and 
raté of the clock. 

For the dates of the two observations, the apparent obliquity 
of the ecliptic and the sun's latitude are as follows: 


Feb. 23. Oct. 17 
e 23° 27° 26.10 28° 27! 24/35 
8 + 0 83 — 0.18 

whence 

— f sec « cos D — Q 38d + 0.14 
D'- 9 46 16 .20 ~- 9 17 52 98 

log tan D’ = n9.236068 n9 214105 

log cot ¢ 0.362585 0.862595 

log sin A nl. nORG4S n9.576700 
A 22% 26" 284.17 13° 28" 40°14 
A—T + 0.06 + 0.18 
t+A—T=a 0 5 19.05 0 5 28.10 
Reduction to 1850.0 + 12.15 + 8.12 
Meana tor 1850.0 —= 0 5 31.20 0 5 381.22 


The reduction to 1850 is here used because it can be taken 
directly from the general tables tor reducing the apparent places 
of stars to mean places, given in the volume of Washington 
Observations for 1847. Taking the mean of the two observations, 
we have, finally, 


Mean R. A. of 7 Pegasi for 1850.0 = 0* 5" 314.21 


422. When, by the coinbination of a great number of obserga- 
tions, the right ascension of a fundamental star is thus established, 
the right ascensions of all other stars follow from the differences 
of time between their several transits and that of the fundamental 
star. But, in the present state of the star catalogues, it will be 
preferable not to linit the object of these observations to deter- 
mining a single star. The constant use of the same fundamental 
stars as “clock stars” (stars near the equator by which the clock 
correction and rate are found) gives to the relative right ascensions 
of these stars (as derived from all their observed transits during 
one or more years) a high degree of accuracy. Assuming, 
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therefore, that the relative right ascensions of the clock stars are 
correct, the object of our observations of the sun will be to 
determine the common correction of the absolute right ascensions 
of all these stars. Accordingly, if we deduce the sun’s apparent 
right ascension directly from each observation by applying to the 
clock time of the transit of the sun’s centre the clock correction 
obtained from the fundamental stars, and compare this with the 
apparent right ascension computed from the observed declination, 
we have the correction which the right ascensions of these stars 
require. All that has been said above respecting the grouping 
of the observations at the two equinoxes, of course, applies 
equally well to this process. 

Thus, in the preceding example, taking the clock times of the 
sun's transits there given as the directly observed right ascensions 
‘since they have actually been corrected for the clock error 
obtained from a number of fundamental stars), we shall have 


Feb. 23. Oct. 17. 
Observed R. A of ©, 22° 267 28°11 134 28% 40.01 
Computed * a © 28.17 “40 14 
Correction of clock stars, + 0.06 + 0.18 


whence 


Mean correction of the R. A. of the clock stars = + 0.10 
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CHAPTER XIII. 
DETERMINATION OF ASTRONOMICAL CONSTANTS BY OBSERVATION. 


423, [ SHALL not attempt to enter into all the details of the 
methods by which the various astronomical constants are deter- 
mined trom observations, but shall confine myself to a sketch of 
their general principles, which will serve as an introduction to 
the special papers to be found in astronomical memoirs and 
other sources. 


THE CONSTANTS OF REFRACTION. 


424. The general refraction formula (191) involves the two 
constants a and f, both of which may be found from theory by 
the formule (178) and (176). But, as the refraction formula was 
deduced from an hypothesis, it was not to be expected that the 
theoretical values of a and $ would give refractions in entire 
accordance with observation. The discrepancies, however, are 
exceedingly small: so smull, indeed, that the formula may be re- 
garded as representing well enough the daw of refraction, with- 
out resorting to any new hypothesis; and to perfect it we have 
only to give the constants slightly amended values, whereby the 
vomputed refractions are made to harmonize entirely with those 
deduced from observation. To deduce the corrections of @ and 3, 
we can employ the concise expression of the refraction (213), or 


, Py 
(1 — a) r = sin’s Ni Q 


The factor 1 — a differs go little from unity that we may regard 
it as constant in determining the small correction of r, and, 
therefore, by differentiating, we have 


(1 — a) dr = sin?z NA Pa + (‘S — aka 


By (217) and (210) we have 


qQ aqQ@dx 1-2 & Q’ 
da dx daw x sintz 
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where @ is known by (218), and, therefore, the coctticient of 
dQ 


da can be computed. Also, since We is given by (220), and Q by 
(212), the coefficient of d? is known. We should, however, find 
the correction of the constant a, or that which corresponds to 
the normal temperature and barometric pressure of the refrac- 
tion table. By (205) we have 


d 

daz. ——-— --.B 
1l+e(r—y) DP, 

Ax for dj, it is evidently the same as d,3,. 

But, since a, can require but a very small correction, great pre 
cision in the coeflicient of da, is not necessary; and, if we 
neglect the second and higher powers of a, it is easily seen that 
this coefficient will be reduced to _ , r being the refraction com. 


puted for the actual state of the air by the tables. This amounts 
to assuming that rand dr vary directly in proportion to @ and dao; 
wn assumption which is very nearly correct, as can be seen from 
the approximate formula (159), in which we have very nearly 
2kd,==a, We may also im our differential formula put unity 
in the place of the factor 1— a; and hence if we put 


sae 
—sintz .[2(22 _ @ 
B = sin V(F a) 
we shall have 
dr = Ada,+ Bdf, (701) 


It only remains to slow how this differential formula is to be 
applied in deducing da, and d8,. The observations best suited 
to our purpose are those of the zenith distance of a cireumpolar 
star at its upper and lower culminations. Let 


2,5, . the observed zenith distances above and below the 
pole respectively. 
z, 2, == the true zenith distances obtained by employing the 
tabular refraction, 
3, 6, = the declination of the star at the two culminations 
respectively. 
¢g — the assnne.] latitude of the place of observation. 
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The true zenith distances which would be obtained by a table 
of refractions founded on the corrected constants will be z-+ dr 
and z, + dr,; and, therefore, if dp denotes the correction of the 
assumed latitude, we shall have 


90° --(g + dg)--2-4+dr4 90°—2 
N0° —(g + dy) — =, + dr,— (90° — 2) 


whence, by taking the mean, 
90° — ¢g-— dg SS $(z + a) $(0, — Gd) -+- 4 (dp + dr,) 


The quantity 6,— 0 is merely the very small change of the 
star’s declination between the two culminations, arising from 
precession and nutation, which is accurately known. If we sub- 
stitute the values of dr and dr, in terms of da and d@, and then 
put 


a=. 4(A-+ A,) 6=-43(B + B) 
nz=4(2+ 2,)-+ 3(6,-- 6) + ¢ — 90° 


we have the equation of condition 
dg + ada, -+- bdf,+ n = 0 (702) 


By employing a number of stars which culminate at various 
zenith distances, we shall obtain a number of such equations, in 
which the coefficients @ and 6 will have different values: so that 
the solution of al] these equations by the method of least 
squares will determine the three unknown quantities dg, da, 
and df,. 


THE CONSTANT OF SOLAR PARALLAX. 


425. The constant of solur parallax is the sun's mean equatorial 
horizontal parallax, or its horizontal parallax when its distance 
from the earth is equal to the semi-major axis of the earth’s 
orbit. The constant of parallax of any planet is also its parallax 
when its distance from the earth 1s equal to the semi-major axis 
of the earth’s orbit: so that the constant of solar parallax 
belongs to the whole solar system. 

The relative dimensions of the orbits of the planets are known 
trom the periodic times of their revolutions about the sun, since, 
by Kepuer’s third law, the squares of their periodic times are 


proportional to the cubes of their mean distances from the sun. 
Vou, 1,—43 
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that is, to the cubes of the semi-major axes of their orbits. The 
ratios of these distances are therefore known. 

-Again, the form and position of each orbit are known from 
Physical Astronomy ;* and therefore the ratio of the planet’s 
distance from the earth at any given time to the earth’s mean 
distance is also known. 

According to these principles, if the distance of any planet 
from the earth can be found at any time, the dimensions of' all 
the orbits are also found: in other words, when we have found 
the parallax of one planet we have also tound that of all the 
planets, as well as that of the sun. 


426. To find a planet's, or the sun’s, parallax by meridian observa- 
tions.—Let the meridian zenith distance of the planet’s centre 
be observed on the same day at two places nearly on the same 
meridian, but in very different latitudes. After correcting the 
observed quantities for refraction, let 


¢’, {' = the apparent zenith distances at the north and south 
places of observation, respectively, 

¢, %, =: the true (geocentric) zenith distances, 

DP, Pp, = the parallax for the zenith distances ¢ and &,, 


z, x, == the equatorial horizontal parallax at the respective 
times of observation, 
4, 4, = the geocentric distances of the planet at these times. 
6, 6, = the geocentric declination of the planet at the same 
times, 
7%, == the sun’s mean equatorial horizontal parallax, 
A ae: ot “distance from the earth, 


#t = the earth’s equatorial radius. 
Also for the places of observation let 


y, ¢, = the astronomical latitudes, 
yg’, gy, = the reduced or geocentric latitudes, 
Pp; P, = the radii of the terrestrial spheroid for these latitudes. 


We have 


R : 
an z= -— Bn 7, == — sn 7, = —— 
A 4, 0 


* They are found from three complete observations of the right ascension and 
declination of each planet at three different times (Gauss, Theorra Motus Corporum 
Celestium), and therefore from the observed directions of the planet, the absolute 
distance being unknown. 
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and therefc-e 


s y e a e 
Bin 2 = sin 2, BIN 2, = sin x, 


ase E 
i 
The quantities J and J, are to be found from the planetary 
tables, or directly from the Nautical Almanac, where they are 
expressed in terms of d, as the unit: so that their values there 


; , . 4 J 
given are the values of the ratios 7 and zc Hence we shall put 


e s e 0 0 s e 
4,=- 1in the preceding formule, and also put the ares for their 
sines (since the greatest planetary parallax is only 35’’): so that 
we have 


1 
: 
BA 


Then, by (114), 


p = en sin [0 — (y — ¢)] = “sin [¢ — (yp — 9} 


’ yl ' Pym . 
Py == P,*, 810 [s, — (¢,—- 4, j= ae sin [5, = (¢,—¢,)] 


1 
But we also have 


~=gy— 6 C=9,— 4 


haat | 
and hence 


> == (S'—p) a (5 — p,) aa. ane 2 ana (6 — 4) 
from which we obtain 
P- P= Sa = (9 — %) + (6 — 6.) 


As the small difference ¢ — ¢, will be accurately known, the 
observations being taken nearly on the same meridian, all the 
quantities in the second member of this equation may be 
regarded as known. IZenee, putting 


n=O — 8 — (9 — %) + (— 4) 


i P (703) 
a say sin es — (9 — ¢’)) — a sin [t, —(¢, pa ¢, )] 
1 
we obtain the equation 
Ak, = Nn (704) 


which determines z,. If the zeniths of the two places of obser- 
ry e e a ® e ’ 
vation are on opposite sides of the star (which is the most favor- 


676 CONSTANT OF SOLAR PARALLAX. 


able case), the zenith distance at the southern place must be 
taken with the negative sign in the above formule. The coeffi- 
cient a then becomes an arithmetical sum, and it is evident that 
the greater the value of' a, the greater will be the degree of accu- 
racy in the determination of 7z,. 

But, in order to give this method all the precision necessary 
in finding so small a quantity as z,, the quantity n must not 
depend upon the absolute zenith distances observed (which 
involve the errors of divided circles and the whole errors of the 
refraction table at these zenith distances), nor upon the quantity 
y — y, (which involves the errors in the latitudes of the places), 
but upon micrometric measures. For this purpose, the planet is 
compared with a star nearly in the same parallel of declination, 
and always with the same star at both places of observation, the com- 
parison stars being previously selected and agreed upon by the 
observers. The star and planet should differ so little in declina- 
tion that they will both pass through the field of the meridian 
telescope, the instrument remaining firmly clamped between the 
transits of the two objects; and then the difference of apparent 
declination of the planet and star will be directly measured with 
the micrometer. This difference is to be corrected for the dif: 
ference of refraction at the zenith distances of the planet and 
star, which difference of refraction, being very small, can be 
computed with the greatest aceuracy.* If then 


D the declination of the star, 
45. 495, - the observed differences of declination of the star 
and planet (corrected for refraction) at the two 
places of observation, 


the observed apparent declination of the planet at the northern 
place is 

D + Ad = ¢-— t’ 
and at the southern place 


Dd usec! 
whence 
Ad Oo, -— ~~ (%" 7a 2) ae (¢ — 9) 


and the value of 7 in (703) becomes 


n == 0 -- 6, -— (a9 — 44) (705 


- TN SIRES tee ante RESO RSRERRR iS SER cumaeatenan yAtte 


ota nnree me e mre e a 


* Vol. I. Correction of micrometer observations for refraction, 
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where ad and ad, are in each case the planet's declination minus 
the star’s declination, and their signs are to be carefully observed. 
For computing the coefficient a, the apparent zenith distances 
will be obtained by the formule 


ae ¢g — (D -{- Ad) oe Yio (D +- Ad) 


40 that we have 


a= £ sin (¢’ -—- (DP -+ ad)] -- i sin (y,’ — (D + 48,)} (706) 
} 


und then, as before, 


Az, === 1 


A great number of such corresponding observations will be 
necessary m order to determine z, with accuracy; and all the 
equations of the form just given are to be combined by the 
method of least squares. Thus, from the equations 


an =n. an, = Nn, u"n, == nN", &e. 
we obtain the final equation 


[an] 
aa} x, == [an or t == => 
in which [wa] = aa + a’a’+ al’a’’ + &e., and [an] = an + an’ 
t a’’n’’ -+ Ke. 


427. To find the solar parallax by extra-meridian observations of a 
planet.—The preceding process will require but a slight modifi- 
cation. The difference of apparent declination of the planet and 
a neighboring star is measured at both stations with a micromete1 
attached to wn equatorial telescope, and is to be corrected for 
refraction. The quantity n will then be found by (705). The 
coefficient « will now be the difference of the coefficients of 
parallax in declination, computed by the formule (148), accord- 
ing to which, if we put ~ 


tan ¢’ tan ¢.’ 
as ee sae 
‘O cos (9, ee a.) 
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we shall have 


fo is p sin g’ sin (7 — 8) Py sin ¢g,’ sin (7, — 4) (707) 


ij sin y J, sin 7, 


in which © and ©, are the local sidereal times of the observations, 
«and @, the right ascensions, d and @, the declinations of the 
planet at these times. The equation of condition from each pair 
of corresponding observations of the same star will then be, as 
before, az, = 7. 

If several comparisons are made at either place on the same 
duy, these must first be combined, and reduced, as it were, to a 
single comparison. Thus, if we put 


nae p sin y’sin (y — 4) 
J sin y 


we have, for each comparison of the planet with the star, 
6 — D -{- AO + CR 


and if m such comparisons are made, their mean will be 


Ly 


l pa 
é6= D sae =(A0) + z,- 2, 


m 


In like manner, at the second place, we shall have for m, obser- 
vations the equation 
~ (4) 


er 
0, => D +. a et Ad.) + Ty 
1 


me, 


and, taking the difference of these equations, we shall put 


a ee =(4d)  2(44,) 
a i ( m ml, 
== =(¢) =) 


m mM, 


The equation of condition az,==n will then represent all the 
observations on the same day at the two places. 


428. The equations of condition will involve smaller numbers 
and be more easily solved if the unknown quantity 1s, not the 
whole parallax, but the correction of some assumed value of the 
parallax not greatly in error. In this case we may correct cach 
observed difference ad for parallax, employing the assumed value 
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of z,; and, proceeding as before, we shall have the equation of 
condition @ az, == n, in which az, is the required correction of =,. 


429. If but one limb of the planet is observed at one or both 
the stations, it will be necessary to introduce the correction for 
the semidiameter. As the semidiameter itself should then be 
regarded as an unknown quantity, to be found if possible from 
the observations, its complete expression, in terms of all the cor- 
rections which the observations may require, is to be employed. 
This will be found in Article 435. 


430. The differences of right ascension of the planet and a 
neighboring star may also be employed in the same manner as 
the differences of declination, the places of observation being in 
that case in widely different longitudes. We have only to intro 
duce into (707) the coefficients of the parallax in right ascension 
computed by the first equation of (143), and in the expression of 
n substitute right ascensions for declinations. 


431. The only planets which are near enough to the earth for 
the successtul application of this method are Mars and Venus. 

Mars is nearest to the earth at the time of opposition, and for 
this time the British Nautical Almanac furnishes an Ephemeris 
of stars to be observed with the planct. All the oppositions, 
however, are not equally favorable. The mean distance of Mars 
from the sun being = 1.524, and the eccentricity of the orbit 
=. 0.0933, while the mean distance of the earth = 1 and the ec- 
centricity of its orbit — 0.017, it follows that for an opposition 
in which Mars is at its perihelion while the earth is at its 
aphelion, the distance of the two bodies will be 0.865; but for 
one in which Mars is at its aphelion andethe earth at its peri- 
helion, their distance will be 0.683. Thus the former case will 
be nearly twice as favorable as the latter. 

Venus is nearest to the earth at the time of inferior conjune- 
tion, but at that time can very rarely be compared micrometric- 
ally with stars, as the observations would be made with the sun 
above the horizon. The most favorable position of this planet 
is at or near its stationary points, where the changes of the 
planet’s place are small and may therefore be accurately com- 
puted, while the distance from the earth is still not too great.* 


eee ee neers emee oe 


9 
* Geruina, Astron. Nuch , No. 599. 
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The United States Astronomical Expedition to Chili under 
Lieut. J. M. Giutiss, in the years 1849-52, was set on foot for 
the purpose of determining the solar parallax by the above 
method. That indefatigable and accurate observer collected a 
large mass of valuable material, a great part of which, however, 
could not be used in the manner originally intended, for want 
of corresponding observations at northern observatories. In the 
thorough discussion of this material by Dr. B. A. Goup* will 
be found a full exposition of the modifications which the method 
required in order to make use of all the observations. 

The constant of solar parallax is also found by the transits of 
Venus over the sun’s dise, Art. 356. 


THE CONSTANT OF LUNAR PARALLAX. 


432. The constant of lunar parallax is the moon's mean equatorial 
horizontal parallax, or the equatorial horizontal parallax corre- 
sponding to the moon’s mean distance from the earth. 

To find the moon's parallax by meridian obserrations at two stations 
on the earth's surface. 

The stations will be assumed to be in opposite hemispheres of 
the earth: so that at every observation the moon will culminate 
south of the zenith of the northern station, and north of the 
zenith of the southern station. They will also be assumed to be 
nearly on the same meridian. At each station, the apparent 
declinations of the moon’s bright limb at the instants of’ transit 
are to be observed on the same day, and, consequently, since the 
meridians are not remote, at nearly the same time. In order to 
eliminate constant errors of the refraction tables and instrumental 
errors, the difference of the moon’s declination and that of a star 
nearly in the same parallel is to be observed, and the same com- 
parison stars should be used at both stations. The observed 
difference of declination is to be corrected for the difference of 
the refraction at the zenith distance of the moon and star, and 
then applied to the assumed declination of the star. We shall 
thus obtain the apparent declination of the moon's limb affected 
only by parallax. Let 


Aa a Acetate dee emo ne an ei ee 


* U. 8. Naval Expedition to Chili, Vol. Il. 
+ The constant adopted in the lunar tables is for the mean distance affected by the 
constant part of the perturbations of the radius vector, 
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4, 4 == the apparent declinations of the limb observed at 
the north and south stations respectively, 
D, D, == the geocentric declinations of the moon’s centre at 
the respective times of observation, 
Y, Y, = the geographical latitudes of the stations, 
Y, Y, ~~ the reductions of the latitudes for the earth’s com- 
pression, 
p, p, == the distances of the stations from the earth's centre, 
the equatorial radius being unity, 
P, P, -= the moon’s horizontal parallax at the times of' the 
observation, respectively ; 


then, the apparent zenith distance of the limb and the geocentric 
zenith distance of the centre of the moon being, for the northern 
station, 


fi’ = ye —- 8 and c= yoy — D 
we have, by (255), 
sin(D— 36) = [pe sin (f’—- y) = k} sin P 


where kis the constant ratio of the radii of the moon and the 
earth, for which the value 0.272956 may be assumed; and the 
upper or lower sign of & is to be used according as the upper or 
lower limb is observed. | 

At the southern station we have 


= 4 4, 1=D— 4, 
and hence, taking the reduction y, as a positive quantity, 


sin (.D, ~- 6.) = — [e,sints,) - 7,) + A] sin P, 


where the sign of & is reversed, since the same limb will be an 
upper limb at one station and a lower limb at the other. For 
brevity, put 


m =p sin(?’—y) =k 
m= p,sin(t, —7,) kh 


then, from the equations 


sin (D— 3) = main P sin (D,~- ¢,) = — m, sin P. 
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we derive,* neglecting powers of sin P above the third, 


m sin P , ml sin’ P 


D—é= ee 
sin 1” 6 sin 1” 

D msinP,  , m sin’ P, 
: : sin 1” ' sin 1” 


If now the times of the two observations reckoned at tne 
same first meridian are 7’ and 7, and for the middle time 
¢== 4(7-+- 7,) we deduce from the lunar tables the hourly in- 


ee dD ; 
crease of the moon’s declination, or “479 We shall have, with 


regard to second differences, 
dD 


Again, if we denote the moon’s horizontal parallax at the time 
t by p, and compute from the tables its hourly increase for this 


time, or or we shall have 


sin P = sin p + cos p sin 1” (T — ¢) op 
1 } . dp 
sin P,== sin p -+ cos p sin 1” ( 7, —t) ay 


Taking the difference of the above values of D — ¢ and D, — 4,, 
we obtain, therefore, 


dD ee sin’ 
0 = ((7, — qT) — (8, — 6)] sin 1” + (m* + m,') a 
7 » ap 
+ cos p sin 1 a (m(T — t) +m, (T, — 6] 


+ (m + m,) sin p (708) 


The parallax is sufficiently well known for the accurate compu- 
: Sone ts d 
tation of the terms in sin* p and a so that the only unknown 


quantity in this equation 1s the last term. In this term we have 


m + m, = p sin (3’ — y) + sin (%,’ — n) (709) 


Se PR EAR ENS QUEER 


* By the formula, [ Pl. Trig. (413)], 
‘ gezsinz + J sind sr + &e, 


where the second member is {0 be reduced to seconds by dividing it by sin 1”. 
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which is independent of ‘4, and thus free from any error in that 
quantity. Small errors in £ will not appreciably affect the other 
terms of the equation. 
Thus every pair of corresponding observations gives an equa- 
tion of the form 
Q == n + asin p (710) 


from which the parallax p at the mean time of each pair of 
observations could be derived. But, in order to combine all 
these equations, we must introduce in the place of the variable 
p the constant mean parallax, which is effected as follows. Let 


x == the horizontal parallax taken trom the lunar tables for 
the time ¢, 

rz, == the constant mean parallax of the tables, 

Py == the true value of this constant. 


The form of the moon's orbit is well known: so that for any 
given time the ratio of the radius vector to the semi-major axis, 
is employed in tle tables, is to be regarded as correct; that is, 
the ratio 


ps (711) 
derived from the tables, is to be regarded as the ratio between 


the ¢rue parallax at the given time and the érve constant: so that 
we have also 


“= or sin p = » Bin p, 
and the equation (710) becomes 
: n 
asin p+ a= 0 (712) 


The quantities a, , and # being computed for each pair of corre- 
sponding observations, we thus obtain a number of equations, 
all involving the same unknown constant sin p,, which are then 
to be solved by the method of least squares. 


433. The quantities p and 7, which enter into the coefficient m, 
will be computed for an assumed value of the compression of the 
earth. But, in order to see the effect of the compression, we 
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may isolate the terms which involve it, as follows. Neglecting 
th« fourth powers of the eccentricity e, we have, by (84) and (83), 


p= L— } esintg 
_ sin 2g 

2 sin 1” 

But when we neglect the fourth powers of e, or the square of the 

compression c, we have, by (81), 


ema } p? 


by which we obtain the somewhat simpler forms, 


p= Las c sin’ ¢ 


esin 29 


y= sin 1” 


These values substituted in m give, by neglecting the square of «, 


re : , esin 2 
m = (1 —c asin’ ¢) sin(¢ Sere Ce al k 
== (1 — ¢ sin’) (sin 7’ -— ¢c sin 2g cos 2’) =k 
= sin (’ — c(sin’¢ sin €'-+ sin 2¢ cos ¢’) =k 


and, similarly, 
m, == sin ¢,' — ¢ (sin? ¢, sin ¢,’ + sin 2, cos ¢') + kh 


The effect of the compression will be insensible in the terms 
involving sin’ p, in which we may take 


m = (sin 7’ + k)P m, == (sin § + k)s 


; oto e . . a 
and the same approximation is allowable in the term in + It 


then we make these substitutions in (708), we obtain the follow- 
ing expanded equation : 


sin’ p 


dD 
o=((%— Pr) — (4— d)J] sin 1” + ((sin ¢'=pe )§ + (sin Cyt &)*] — 


+ cos p 2 sin 1” [(sin ¢’ = &) (7 —t) + (sin GER) (7%, —8)] 
+ # sin po (sin 2’ + sin jy’) 
—esin p, (sin? sin (’+ sin 2g cos 7’+ sin® g, sing,’-+ sin 29, cos ¢,’] 
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If this equation be divided by yg, it may be expressed under the 
form 
0O=n+ x(a — cb) (718) 


where the notation is as follows: 
sin 1” dD 
taal [c7, ed ope (Oye 4] 


me ea (sin ¢/ = k)P + (sin f,' + ky" 


ote int [(sin 2’ = A(T — f+ (sin Ek) (7, 9] P cos p 


dq —= sin pr. sin an 
bh = sin?¢ sin 2’ + ain 2¢ cos 5’ + ain? ¢g, sin 2,’ + sin 2 ¢, cos 2, 


J. SIN Py 


It is here to be observed that we have taken y, as a positive 
quantity even for the southern station: so that sin 2 y, must be 
taken positively in computing 6. 

Let us now suppose we have obtained from a large number of 
such corresponding observations the equations 


-n + a(a - eb) 
O-- n’ 4+ x(a’ — cb’) 
On" + 2(a”— cb”) 

Ke. 


Multiplying these respectively by a, a’, a’, &c.. and then forming 
their sum, we have 


0 = [an] + [aa] x — [a6] cr 


where [an] - an + a’n’+ &c., [aa] = aa + aa’+ &e., ke. The 
last term is very small: so that an approximate value of r may 
be found by neglecting it, whence 


_ _ [ar] 
oS ~ faa] 

which value may then be employed with sufficient accuracy in 
the term [ab]cz; we thus find the complete value 


[an] [an] [a6] . 
~ [aa] * faa] faa] ° (714) 
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This is essentially the method by which OLuFsEN* has dis- 
eussed the observations made by LacaILie in the years 1751, 
1752, and 1758, at the Cape of Good Hope, and the correspond- 
ing observations made at Paris, Bologna, Berlin, and Greenwich. 
He found from all the observations the final equation 


zr = 0.01651233 + 0.02449201 ¢ 
: 1 
Consequently, if we take the most. probable value of ¢ = 399.1508" 


there results 
XY == sin P= 0.01659420 


The parallax given by the lunar tables of BurckHaRpT and 
DAMOISEAU is properly the sine of the parallax reduced to seconds. 
In order to compare this determination with the constants of 
these tables, we therefore take 

sin bs oa 
Py = Fe = 8422"8 

The constant of BurckHarpT’s tables is 3420/.5; that of 
DaMOISEAU’s, 3420’7.9; that of HANSEN's new tables, 3422’’.06. 
This last value, which is derived from theory, agrees remarkably 
with that which is derived from direct observation; for the 
determination by Hrenperson from corresponding observations 
at Greenwich and the Cape of Good Hope ist} 3421/’.8, and the 
mean between this and OLUFSEN’s value is 8422/’.3. 


434. The correction of the moon's parallax may also be found 
from the observations of a solar eclipse at two places whose dif- 
ference of longitude 1s great, as is shown in the chapter on 
eclipses, p. 541. 

It is also possible to determine the moon's parallax by com- 
paring the different zenith distances of the moon observed at one 
and the same place between her rising and setting, since the 
effect of so great a parallax is easily traced from its maximum 
when the moon is in the horizon to its minimum when at the 
least zenith distance. But this very obvious method, by which, 
in fact, Htpparcuus discovered the moon’s parallax, depends too 
much upon the measurement of the absolute zenith distances to 
admit of any great degree of accuracy. 


Seiapeatataistien sige cliehieiamnastaentmemedneanahi dite aninamammme taahabdine nad 
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* Aatronomische Nachrichten, No. 326. t Ibid, No. 838. 
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THE MEAN SEMIDIAMETERS OF THE PLANETS. 


435. The apparent equatorial semidiamceter of a planet when 
its distance from the earth is equal to the earth’s mean distance 
froin the sun 1s the constant from which its apparent semidiameter 
ut any other distance can be found by the formula 


ar (715) 


in which s, is the mean semidiameter and d the actual distance 
of the planet from the earth, the semi-major axis of the earth’s 
orbit being unity. To find the value of s, from the values of 3 
observed at different times, we have then only to take the mean 
of all its values found by the formula 


S = $4 . (716) 


taking 4 from the tables of the planet for each observation. 

But here it is to be remarked that, in micrometric measures 
of the apparent diameter of a planet, different values will be 
vbtained by different observers or with different instruments. 
The spurious enlargement of the apparent dise arising from 
inperfect definition of the limb, or from the irradiation resulting 
from the vivid impression of light upon the eye, will vary with 
the telescope, and may also vary for the same telescope when 
eye pieces of different powers are employed. The irradiation 
may be assumed to consist of two parts, one of which is constant 
and the other proportional to the semidiameter. Those errors 
of the observer which are not accidental may also be supposed to 
consist of two parts, one constant and the other proportional to 
‘tthe semidiameter; the first arising from a faulty judgment of 4 
contact of a micrometer thread with the limb of the planet, the 
second, from the variations in this judgment depending on the 
magnitude of the disc observed, and possibly also upon any 
peculiarity of his eye by which the irradiation is for him not the 
same quantity as for other observers. With the errors proportional 
to the semidiameter will be combined also any error in the sup- 
posed value of a revolution of the micrometer. The errors of 
the two kinds will, however, be all represented in the formula 


So: ($4 a+ sy)4 (717) 


where z is the sum of all the constant corrections which the 


GRA CONSTANT OF ABERRATION. 


observed value ¢ requires, and sy is the sum of all those which 
are proportional to s. Now, let 


«== an ussumed value of Sy. 
ds, -— the unknown correction of this value 
§, <= . 1 asi 


then the above cquation may be written 
O- sf —s + xed + syd - ds, 


But sy will be sensibly the same as sy. It will, therefore, be 
constant, and will combine with ds,. We shall, therefore, put z 
for syd — ds,, and then, putting 


nov. Sd — 8, 
our equations of condition will be of the form 
zd+z+n 0 (718, 


trom all of which z and z may be tound by the method of least 
squares. But it will be impossible tu separate the quantity ds, 
from z; we can only put 


(8) =. 8, — 2 
whereas we have, for the true value, 


8= 8 + ds, =-5,—2+8,y 
or 
= (85) (1 + y) (719 ) 


and then, if any independent means of finding y are discovered, 
the true value of «, can be computed. 


THE ABERRATION CONSTANT AND THE ANNUAL PARALLAX OF FIXED 
STARS. * 


436. The constant of aberration is found by (669) when we 
know the velocity of light and the mean velocity of the earth in 
its orbit. The progressive motion of light was discovered by 
Rormer, in the year 1675, from the discrepancies between the 
predicted and observed times of the eclipses of .J upiter’s satellites. 
He found that when the planet was nearest to the earth the 
eclipses occurred about 8” earlier than the predicted times, and 
when farthest from the earth about 8” later than the predicted 
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times. The planet was nearer the carth in the first position than 
in the second by the diameter of the earth’s orbit; and hence 
RoEMER was led to the trne explanation of the discrepancy,— 
nanicly, that light was progressive and traversed a distance equal 
to the diameter of the earth’s orbit in about 16". More recently, 
DELAMBRR, from a discussion of several thousand of the observed 
eclipses, found 8" 13*2 for the time in which light describes the 
mean distance of the earth from the sun. From this quantity, 


baa, 2 ' ; : 
which is denoted by 7s Art. 395, we obtain the aberration 


constant by the formula 


a oa 
k — ps Saeed pete 720) 
Von Tsin 1” 7/1 — 2 : 


THenee, with the values : _. £93°.2, 7 = 866.256, n == 86164. 


e 0.01677, we find A - 20/7260. DELAMBRE gives 20/'.255, 
which would result from the above formula if we omitted the 
factor , 1 -- ¢, as was done by DELAMBRE. 

On account of the uncertainty of the observations of these 
eclipses (resulting from the gradual instead of the instantaneous 
extinction of the light reflected by the satellite), more confidence 
is placed in the value derived from direct observation of the 
apparent places of the fixed stars. 


437. To find the abcrration constant by observations of fixed stars.— 
Observations of the right aseension of a star near the pole are 
especially suitable for this purpose, because the effect of the 
aberration upon the right ascension is rendered the more evident 
by the large factor seed with which in (678) the const. nt is 
multiplied. The apparent right ascension should be directly 
observed’ at different times during at least one year, in which 
time the aberration obtains all its values, from its greatest positive 
to its greatest negative value. If we suppose but two observa- 
tions made at the two instants when the aberration reaches tts 
maximum and its minimum, the earth at these times being m 
opposite points of its orbit, and if a@’ and @” are the apparent 
right ascensions at these times (freed from the effects of the 
nutation and the precession in the interval between the observa- 
tions), we shall have 


k 4(a’' — a’) cos 4 
Von. [.—-44 
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But, not to Jimit the observations to these two instants, let us 
take, for any time, 


a == the assumed mean right ascension of the star + the 
nutation -+ proper motion, 
a’ == the observed right ascension, 


and, further, let 


da = the correction of the assumed mean right ascension, 
4k == the correction of the assumed aberration constant, 


then, by (678), we have 
a’ =a + Abu — (k + Ak) (cos© cos « cos a + sin © sin a) sec 3 


or, putting 
msin M = sina 
m cos M = cosa cose 


a’ =a -+ da — (k + Sk) m cos (CO — M) sec 6 (721) 
Hence, collecting the known quantities, and putting 


a= — mcos(© — MM) sec 6 
n==a-+ ak — a’ 


we have the equation of condition 
abk+ 4a +n —0O0 (722) 


Every observation throughout the year being employed to form 
such an equation, we can deduce from all the equations, by the 
method of least squares, the most probable values of ak and aa. 
Those observations will have the greatest weight in determining 
ak, which are near the positive and negative maxima of the 
aberration, where the coefficient a has its greatest numerical 
values. These maxima occur for cos(© — Mf) = — 1 and cos 
(©— M) == +1; that is, for © = 180° + Mand © = M. 

In this method it is assumed that the precession and nutation 
are so well known that the relative values of a are correct, or, 
in other words, that they are in error only by some quantity 
common to them all and denoted by — aa. Since the aberra- 
tion completes its period in one year, the probable errors of the 
present values of the precession and the nutation constants will 
not become sensible in the investigation of the aberration if the 
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observations of each year are separately discussed. The period 
of the leading terms of the nutation being only nineteen years, 
if we extend the observations for aberration over a considerable 
portion of this period, it will be proper to introduce into our 
equations of condition a term involving the correction of the 
nutation constant, as will be seen hereafter. 


438. The declinations may also be employed for determining 
the aberration. If we put 


6 =: the assumed mean declination -+ the nutation, 
4d = the correction of this value, 
6’ == the observed value, 


we have, by (678), 


é’==- 38 + ad — (k + Sk) [(sin e cos 6 — cos c sin dé sin a) cos © 
+ sin 6 cos a sin ©] 
or, putting 
m sin M’ = sin 6 cosa 
m' cos M’' = vos 6 sine — sin d cose sina 
and then 
a’ == — m'cos (OQ — M’) 
n'—= ) -- alk — 3! 


the equation of condition is 
a ok + o6-+ n’=0 (723) 


439. If the pole star is employed, which has a sensible annual 
parallax, or any star whose parallax is even suspected, it will be 
proper to introduce into the equations of condition a term which 
represents its effect. We have, by (691), introducing the above 
auxiliaries, 


; par. in R. A. = + prm sin (© — J) sec 2 
par. in dec. == + pr m'‘sin (OQ — .’) 


und hence the equation of condition from the right‘ascension 
will be 
abk -+ bp + da+n=0O (724) 


and, from the declination, 


a’ ak + b'p+ ad + n’= 0 (725) 
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in which 
== rm sin (© — AM)sec 8 
b'= rm'sin (© — M’) 


The solution of the equations will now determine, not only ak 
and either aa or ad, but also the parallax p. 


440. It was by comparing the declinations deduced from the 
meridian zenith distances of stars, and more especially of the 
star 7 Draconis, that BrapLey discovered the aberration. The 
constant deduced from his observations by Buscu is 20’.2116. 

StruveE’s value of the constant was derived from the declina- 
tions of seven stars observed with a transit instrument in the 
prime vertical.*. The term representing the parallax was re- 
tained in the equations of condition, but merely to show the 
effect of parallax should it exist. This effect was in every case 
small, and, moreover, for the different stars had not always the 
same sign: so that he found the mean value of the constant 
from all the stars would not be changed as much as 0’’.006 by 
any probable parallax. On account of the extraordinary pre- 
cision of this determination of the aberration, I here quote the 
individual results and their probable errors from the Astrono- 
mische Nachrichten, Vol. X_XI. p. 58. 


Aberration Probable 

Constant Error. 
v Urse Muy. 20” 4571 0.0303 
¢ Draconts 20 4792 0 .0224 
8 Cassiopere 20 4559 0 .0462 
o Draconis 20 .4039 0 .0229 
b Draconis 20 .5036 0 .0322 


P. XTX. 371 20 .8947 0 .0333 
B Cassiopeia 20 .4227 0 .0352 


whence, having regard to the probable errors, the mean was 
found 20/'.4451 with the probable error 0.0111 -= 3 of a second 
of are. 

Other modern determinations of the constant of aberration 
agree in giving a greater valne than was found by DELAMBRE 
from the eclipses of Jupiter’s satellites. Thus, Lrnpgenau found 


* See Vol. II. Determination of the declinations of stars by their transits over 
she Prime Vertical, Artz. 138 et seg. 
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trom the right ascensions of the pole star k = 20/’.4486, and the 
annual parallax of the star = 0'’.1444; Peters, from six hundred 
and three equations of condition, formed upon the right ascen- 
sions of the pole star, observed at Dorpat in the years 1822 tc 
1888, found & == 20’'.4255, with the annual parallax = 0/1724; 
LuNDAHL, from one hundred and two observed declinations of 
this star, found k = 20’'.5508, and the parallax = 0’’.1478; and 
PETERS, from two hundred and seventy-nine declinations of 
the same star, observed with the Repsold vertical circle of the 
Pulkova Observatory, found k = 20’’.503, and the parallax 
= 0/.067*. 

The parallax is so smal] a quantity that the discrepancies 
between these several values appear to be relatively great: 
nevertheless, we must consider them as surprisingly small when 
we remember that all these determinations rest upon observa- 
tions of the absolute place of the star. Differential measures of 
the changes of a star’s place with the micrometer are susceptible 
of greater refinement. Such a method I proceed to give in 
the next article. 


441. To find the relative parallax of two stars by micrometric 
measures of thew apparent angular distance.—It was first suggested 
by the elder Herscnen that if the absolute linear distances of 
two neighboring stars from our solar system were very unequal, 
their apparent angular distance from each other as seen from 
the earth would necessarily vary as the earth changed its posi- 
tion in its orbit. If one of the stars were so remote as to have, 
no sensible parallax, changes in this apparent distance (provided 
they followed the known law of parallax) might be ascribed 
solely to the parallax of the nearer star; and in any case such 
changes might be ascribed to the relative parallax; that is, to 
the difference of the parallaxes of the two stars. 

For the trial of this method Brssrn judiciously selected the 
star 61 Cygni, near which are two much smaller stars (at dis- 
tances from it of about 8’ and 12’ respectively), and from a 
series of micrometrie measures of its angular distance from 
each, extending through a period of more than a year, namely, 
from August 18, 1837, to October 2, 1838, obtained the first 
wlearly demonstrated parallax of a fixed star.t A subsequent 


* Astron. Nach., Vol. XXII. p 119. e + Ibid. No. 366. 
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series cxtending from October 10, 1838, to March 23, 1840, 
fully confirmed the parallax, only slightly increasing _ its 
amount.* The first serics gave the annual parallax 0/7.8186: 
the final result from both series is 0’.37, with a probable error 
of - 0/’.01. 

In the selection of this star, it was presumed, in accordance 
with the conception of I[rrscuen, that 61 Cygni, being between 
the tifth and sixth magnitudes, was much nearer than the com- 
parison stars, which were both between the ninth and tenth 
magnitudes. <A still stronger presumption in favor of its 
proximity was found in its great proper motion, which is among 
the greatest yet observed. Moreover, it is a double star, and the 
distance of the middle point of the line joining its two compo- 
nents, from each of the comparison stars, could be more accu- 
rately observed with the heliometer than the distance of two 
simple stars. 

The following is Besset’s method of reducing these observa- 
Fie. 61. tions. 

P Let A be the star (Fig. 61) whose parallax is sought, 
(if a double star, A will denote the middle point be- 
tween its components); B the comparison star; P the 
pole of the equator. The observations will be reduced 
to some assumed epoch, as the beginning of one of the 
vears over which the series extends. For this epoch let 


s <= the distance AB, 

P = the position angle of the star Bat A — PAB, 
a, 6 = the mean right ascension and declination of A, 

p == the relative annual parallax of A and B. 


If A’ is the position of the star at the time of an observation, 
as affected by parallax, it is easily seen that the increase of the 


eee ee ee me re rr a — - a _ - o-_ ~— ey 


* Astron. Nach., No. 401. 

+ The observations were made with the great heliometer of the Kénigsberg UObser 
vatory. The distance of two simple stars is measured with this instrument by 
bringing the image of one star, formed by one half of the object glass, into coinet- 
dence with the image of the other star, formed by the other half of the object-glass. 
When one of the stars is double, the image of the simple star is brought to the 
middle point of the line joining the components of the double star. This point of 
bisection can be more accurately judged of by the eye than the coincidence of twa 
superposed images, when the distance bisected is within certain limits. In the 
present case it was 16”. 
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distance AB or A’B — AB, which will be denoted by as, is 
given by the differential formula 


AS = Aa cos a.sin P Ao cos P 


where ad and ad are respectively the parallax in right ascension 
and declination, which are given by (691). Substituting these 
values, and then assuming the auxiliaries iv and MM, such that 


m cos M -- Min asin P - cosa sin é cos P 
msin M==(— cosa sin P+ sina sin 6 cos P) cose 
— ¢cosd cos Psin ¢ 
we have 


Ax = prm cox (@- AM) (726 


The effect of the proper motion of d upon the distance 13 
found as follows. Let 


zy - the angle which the great circle in which the star 
moves makes with the deelination cirele., 
p -- the annual proper motion on the great circle. 
A'qg A'S -- the given proper motion in right ascension and 
declination, reduced to the assumed epoch (Art. 
379) ; 


then, as in Art. 380, we find » and y by the formulas 


psing . se COs 3 | (727) 
fp COS 7 a f 
Let ¢ be the time of any observation reckoned from the assumed 
epoch and expressed in fractional parts of a year. In the above 
diagram, if AA’ now represents the proper motion on a great 
eirele in the time 7, then AA’-= ze; and, if the effect of the 
proper motion upon the distance is denoted by a’s, we have also 
A'B-»s -+ a's, A'AB — P— y, and the triangle AA’B gives 


cos (s + 4/8) -= cos (tp) cos s + sin (tp) sin x cos (P -- y) 


Developing this equation, and retaining only second powers of zp, 
we find 


2 2 
Saar gC iis m2) 
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in whic’: z is the only variable. Taking then for the constants 


J =— pcos (P— 7) ) 
,__ ptsin*(P— z) (728) 
as 230 —COt” f 


the computation of the correction for each observation is readily 
made by the formula 


A's = fr + f'rr 


The assumed proper motion may, however, be in error; and 
there may also be errors in the observed distances which are 
proportional to the time (such as any progressive change in the 
value of the micrometer screw, &c.). The correction for all such 
errors may be expressed by a single unknown correction y or 
the coeflicient f, so that we shall take 


a’s=(f+y)t+ fir (729) 


The corrections of micrometric measures for the effects of 
aberration and refraction* are treated of in Vol. Hl. Chapter X. 
We shall, therefore, suppose these corrections to have been 
applied, and shall take 


s’ = the observed distance at the time r, corrected for differ- 
ential aberration and refraction, 


and then we shall have 
s=s + as + a's (730) 


rhis equation involves three unknown quantities, namely, the 
distance s, the parallax involved in as, and the correction y in- 
volved in a’s. Let s be an assumed value of s nearly equal to 
the mean of the values of s’, and put 


s§= 8+ 2 


The substitution of this in our equations of condition will in- 
troduce the small unknown quantity z in the place of the larger 


SOR ee 42a EPS LaPeer ee cE AES” EP PEAS SS SS Ar SI 


* These effects are only differential, and so small that the errors in the total refrac- 
tion and aberration may safely be assumed to have no sensible influence. It is also 
an advantage of this method of finding the parallax of a star, that it is free from 
the errors of the nutation and precession, which, being only changes in the position 
of the circles of reference, have no effect whatever upon the apparem dintance of 
two stars. | 
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one s, and will thus facilitate the computations. When all the 
substitutions are made in the expression of s’, we obtain the 
tullowing equation : 


O=s,—s+fr+f'rr +7 + try + prm cos (© — M) 
fo put this in the usual form, Jet us take 


n= 8 — 8 + fr + fire 
¢ =: rm cos (© —~ M) 


then each observation gives the equation 
r-+try+eptnu=O0 (781) 


and from all these equations we find, by the method of least 
squares, the most probable values of 2, y, and p. 

In the determination of so small a quantity as p, it is neces- 
sary to give ta the micrometric measures the greatest possible 
precision. I[t is particularly important to find the effects of tem- 
perature upon the micrometer screw; for these effects, depending 
on the season, have a period of one year, like the parallax itself, 
and may in some cases so combine with it as completely to 
defeat the object of the observations. At the time BrEsseL pub- 
lished his discussion of his observations on 61 Cygni, he had not 
completed his investigations of the effect of temperature upon 
the screw, and therefore introduced an indeterminate quantity 
into his equations of condition, by which the effect upon the 
parallax might be subsequently taken into account when the 
correction for temperature was definitively ascertained. This 
was done as follows. He had assumed the correction of a 
measured distance for the temperature of the micrometer screw 
to be 


As == -— 0.0003912 8 (¢ — 49°.2) 


in which ¢ is the temperature by Fahrenheit’s scale, and s is ex- 
pressed in revolutions of the screw. If the coefficient 0/’.0008912 
should be changed by subsequent investigations to 0/’.0003912 
xX (1 + 4), each observed distance would receive the correction 
a’’s.k, the quantity n in the equations of condition would 
become n — a’’s.k, and the equations would take the form 


etry top ~a’s.ktn=0 (782) 
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The quantity & being left indeterminate, x, y, and p were found 
a3 functions of it. The value of p was thus found to be 


=: 0.3483 — 0.0533 k, with the mean error + 0” 0141 
Uhe final result of his investigation of the micrometer gives* 


k — — 0.4893 with the mean error + 0.09038 


and hence the corrected value of the parallax 
== 0".3744 with the mean error + 0.0149 


If this result had been deduced by comparison with but one 
star, it could only be received as the relative parallax. BESssEL, 
however, employed two stars whose directions from 61Cygnt 
were nearly at right angles to each other, and found nearly the 
sume parallax from both; whence it follows either that both 
these stars have the same sensible parallax, or, which is more 
probable, that both are so distant as to exhibit no sensible 
parallax. This conclusion would be contirmed if a comparison 
with other surrounding stars gave the same parallax, espectally 
if these were of different magnitudes; for it would be in the 
highest degree improbable that all these stars were at the same 
distance from our solar systei. 
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442. To find the constant of nutation from the observed right ascen- 
stons or declinations of a fixed star.—In Art. 437 it was assumed 
that the observations by which the aberration constant was de- 
termined extended over only a year or two: so that the nutation 
affected all the observations by quantities which dittered so little 
that any error in the total nutation would not sensibly affect the 
determination. When the observations are extended over a 
lounger period, we may introduce into the equations of condition 
an additional term for the correction of the nutation. As before, 
let the mean right ascensions and declinations be reduced to 
their apparent values at the time of each observation by means 


— eee ee se ef te a a — 


ne! 


* According to Prrers in the Astron. Nach. Ergunzunys-heft, p. 55; derived from 
Bessri’s Astronomixche Untersuchungen, Vol. ¥. p. 125, 
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of an assumed aberration and nutation, and denote these 
apparent values by a and @, and put 


Av == the correction of the nutation constant, 


a, 3’ _- the observed right ascension and declination; 
then 


a =a-+ Aa + a@dk + bp + cay 
a’ =- 8 + AG + aak + W’p + Cay (738) 


in which, as before, aa and ad are the corrections of the star’s 
mean place, ak the correction of the aberration constant, p the 
star’s annual parallax, @ and 6b, a’ and 0’ are the coefficients 
found in Arts. 487, 488, and 489. It only remains to express ¢ 
and c’ in terms of known quantities. 

In the physical theory, it is shown that the coefficients of those 
terms of the nutation formule (666) which depend upon 26, 
© —f, and © + involve not only the nutation constant (the 
coefficient of cos Q), but also the precession constant; while al) 
the other coefficients vary proportionally to the coefficient of 
vos Q. If we put 


y = the assumed nutation constant, 
y’ =- the true a uf ==y-+ ay 


and if we express the relation between v and »’ by the equation 
Y=v(1+i) 
and, in like manner, suppose the true precession constant to be 
y == 50.3798 (1 + %) 


then, according to Prters,* the formule (666), adapted for any 
value of the constants, are for 1800, 


Ar = (1 +72) [9.2231 cos QQ -— 0”.0897 cos 202 -+- 0.0886 cos 2¢ } 
+ (1 — 2.1624 + 8.162 ¢) [0.5510 cos 2G) + 0”.0098 cos (© + £')J 
QA = (1 -+ #) [—17".2405sin QQ) + 0.2078 sin 202 — 0”. 2041 sin 2¢ 
0". 0677 sin(c — &')] 
+ (1 —2.1627+ 38.162 ¢) [— 1”.2694 sin 2 © + 0".1279 sin(@ — ©) 
— 0.0218 sin (© +. L)] 


a 


a 


‘ania Se 


* Numerus Constans Nutationis, p. 46. We have omitted some terms which are 
inappreciable or of very short period. This omission will not affect the accuracy >t 
the determination of the quantity ». : 
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The effect which any probable correction of the precession 
constant can have upon the very small terms of these formule is 
not only itself very small, but must entirely disappear when a 
yreat number of observations extending over a number of years 
are combined, since the principal terms which are affected by 
the precession—namely, those in 2@—have a period of only 
six months. We can, therefore, here assume €=0. In the 
formule for the nutation in right ascension and declination (668), 
the terms in the first four lines will be multiplied by 1 + ¢, and 
those in the last three lines by 1 — 2.162/; so that, if we denote 
by 2 the sum of the corrections in R.A. contained in the first 
four lines, by y the sum of the remaining corrections, and the 
coresponding corrections in dec. by 3’ and 7’, we shall have 


Nutation in R.A. = +7) 7 + (1 — 2.1621) 7 
& “ Dee. = (1 +7) 4'+ (1 — 2.1621) 7’ 
or 
Nutation in R. A.= 8 +7 + (3 — 2.1627 )é 
té be Dec. -— fit y + (2" --- 2.162 y’)t 


in which 8+ 7 and #’+ 7’ express the nutation computed 
according to the assumed constant. Hence we derive 


cAvyv=ewu= (8 — 2.1627 )¢ 
Chay == Cul = (6'— 21627’) i 


and, consequently, 
B — 2.1627 
¢ = naar cel 
(734) 
__ 2.1627’ 


y 


which will be readily computed for each observation if the lunar 
nutation (f, 2’) and the solar nutation (y, 7’) have been separately 
computed, as thoy usually are. All the equations of the form 
(733), whether constructed upon the right ascensions or the 
declinations, or both, will then be treated by the method of 
least squarcs, and the most probable values of aa, ak, p, and av 
will be found. 

In this manner Buscn,* from BraDLey’s observations of the 
dechinations of twenty-three stars, made in the years 1727 to 


Cn ee ee ad 


** Astron. Nach., No. 809. 
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1747, and embracing, therefore, a whole period of the nutation, 
found & == 20.2116, v == 9/".2820. In this discussion the parallax 
of the stars was not taken into account. 

Nearly the same value of the nutation constant follows from 
the more recent observations at the Pulkova Observatory. From 
the declinations of the pole star observed between 1822 and 
1838, LunDAHL found v = 9/2164, and from the right ascensions 
of the same star Perers found 9/'.2361. The value 9/7.2231, 
which Peturs has adopted in the Numerus Constans Nutationis, is 
the mean of the three values found by Buscn, Lunpaut, and 
himself, having regard to the weights of the several determina 
tions as given by their probable errors. ) 
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443. If a,, d,, and a,, d, are the mean right ascensions and 
declinations of the same star, deduced from observation at two 
distant epochs ¢, and 4, by deducting from the observed values 
the aberration and nutation, the annual rariations of the right 
ascension and declination for the mean epoch 4(f, + 4) will be 


a- Seed b pase Be \ (735) 
‘I 


These annual variations include both the precession and the 
proper motion of the star; and, since both are proportional to 
the time, it will be impossible to distinguish the proper motion 
until the precession is obtained. If, however, we suppose that 
the proper motions of the different stars observe no law, or that 
they take place indiscriminately in all directions, it will follow 
that the mean value of the precession, deduced from such annual 
variations of a very large number of stars, will be free from the 
effect of the proper motions. The latter are, in fact, so various 
im direction, although, as will hereafter be shown, not entirely 
without law, that this mode of proceeding must lead at least to 
an approximation not very far from the truth. Accordingly, 
from the a and 6, found as above for each star, we derive the 
mand nof Art. 374, by the equations* 


reweniiowmmmenin me ee 


* Both m and n may be found from the right ascensions alone by forming cquations 


of the form 
m-—+-nsin a, tan 6, == a 


e 
from a number of stars and solving them by the method of least squares. 
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m-—+ nina, tan 6 = a 
N COB a, == (786) 


m which a, and d, are taken for the mean epoch }(4,+ 4). And 
from the m and n thus found we have, by (661), 
dy 


cos fd } 
es — >=- == IN 
di} dt 


(787) 


dy . 
at sin = n 


. -. dy. ; 
in which = is the annual luni-solar precession (or the precession 


dis ; dv , 
constant), and a the annual planetary precession. But ra 
( 


very accurately obtained theoretically by substituting the known 
masses of the planets in the general formula deduced from the 


boric . . ay 
theory of gravitation: so that a value of the precession “jy may 


he derived both from m and from n. In these formule, the value 
of ¢, is to be employed as given by (646) for the epoch 
f-- (t+ 4). 

Having thus obtained a preliminary value of the precession, 
the quantities m + n sin a tan d, and ncosa,, computed from it 
for each star, ean be compared with the @ and 6 found by (735), 
and the differences which exceed the probable errors of observa- 
tion may be regarded as resulting from the proper motion of the 
star. Those stars which are found to have a very large proper 
motion are then to be excluded from the investigation ; and from 
the remaining ones a more accurate value of the precession will 
be obtained. 

In this way, Besset, from 2800 stars whose places were deter- 
mined by Braptey for 1755 and by Prazzai for 1800, found the 
precession constant for the year 1750 to be 50’’.87572, and for 
1800, 50’.86354.* In this investigation those stars were ex- 
cluded which in the preliminary computation exhibited annual 
proper motions exceeding 0/3. 

See also Article 445. 


———. 


Coma) 


* Fundamenta Astronome, p. 297, where the value 50”.840499 is found; and 
Astron. Nach., No. 92, where the value is increased to 50”.87572, 
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444. With a knowledge of the precession we are enabled to 
distinguish proper motions in a large number of stars. Upon 
comparing these proper motions, Sir W. HrescHen was the first 
to observe that they were not without law, that they did not 
occur indiscriminately in all directions, but that, im general, the 
stars were apparently moving towards the same point of the 
sphere, or from the diametrically opposite point. The latter point 
he located near the star A Herculis. This common apparent 
motion he ascribed to a real motion of our solar system, a con- 
elusion which has since been fully confirmed. 

Nevertheless, there are many stars whose proper motions are 
exceptions to this law: these must be regarded as motions com- 
pounded of the real motions of the stars themselves and that of 
our sun. These real motions must. doubtless, also be connected 
by some law which the future progress of astronomy may 
develop ;* but thus far they present themselves in so many direc- 
tions that (like the whole proper motion in relation to the 
precession) they may be provisionally treated as accidental in 
relation to the common motion. Hence, for the purpose of 
determining the common point from which the stars appear to 
be moving, and towards which our sun is really moving, we may 
employ all the observed proper motions, upon the presumption 
that the real motions of the stars, having the characteristics of 
accidental errors of observation and combining with them, will 
be eliminated in the combination. Nevertheless, in order that 
the errors of observation may not have too great an influence, if 
will be advisable to employ only those proper motions which are 
large in comparison with their probable errors. 

The direction in which a star appears to move in consequence of 
the sun's motion lies in the great circle drawn through the star 
and the point towards which the sun is moving. Let this point 
he here designated as the point O. If the great circle in which 
each star is observed to move were drawn upon an artificial globe, 


ey ee 
me aos eee par atm aet tale nei aenesticcme comer are adie Merl rn en pe Te - _— 


* The law which we naturally expect to find is that of a revolution of all the stars 
of our system around their common centre of gravity Miprer, conceiving that 
our knowledge of the proper motions is already sufficient for the purpose, has 
attempted to assign the position of this centre. He has fixed upon Aleyone, the 
principal star of the Pleiades, as the central sun. Astron. Nach., No. 566. Die 
Engenbeweyungen der Firsternein threr Reziehung zum Gesammtsystem, von J. H. MADLER, 
Dorpat, 1856. - 
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all these circles would intersect in the same point O, if the obser. 
vations were perfect and the stars had no real motion of their 
own. But, the latter conditions failing, the intersections which 
would actually occur would form a group of points whose mathe- 
matical centre of gravity would, according to the theory of proba- 
bilities, be the point from which, or towards which, the common 
motions were directed. Thus, an approximate first solution might 
be obtained by a purely graphic process. 

Let us then assume that an approximate solution has been 
found, and put 


A, D = the assumed approximate right ascension and decli- 
nation of the point O. 


It is then required to find a more exact solution by determining 
the corrections aA and aD which A and D require. ar 
Let P (Fig. 62) be the pole of the equator,and Sa =" , 
star whose apparent motion resulting from the sun’s 

motion 1s in the great circle OSS’. The angle PSS’ 

= y, which this great circle makes with the declina- 

tion circle (reckoned in the usual manner from the 

north towards the east), is the supplement of the angle : 
PSO. Hence, ifa and dé are the right ascension and 
declination of the star, and A the are SO joining the 


star and the point O, we have, in the triangle POS, y 


sin A sin y -= sin (a — A) cos D 
sin 2 cos y == cos (a — A) cos D sin 6 — sin D cos 3 


} (738) 


by which 2 and ¥ are found for each star. 

The angle y thus computed will be equal to the observed angle 
which the path of the star makes with the declination circle only 
when A and D are correctly assumed. Tet y’ be the observed 
angle, or that which results from the equations 


p sin y’ = da Cos é 


p COs y’ = Ad i (a9?) 


in which aa and ad are the observed proper motions in right 
ascension and declination, and p the proper motion in the great 
circle. Then, when y’ differs from y, the difference y’ — x 1s to 
be regarded as a function of the corrections 4A and aD which 
the assumed values of ‘A and D require. The variations of the 
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angle y produced by the variations of A and D will be found 
from the triangle POS by the first differential formule (47) ; 
whence 


ani G ani -(=* — A) cos dyin D—sin écos D Maa 
sin A 
sin (a — A)cos é 
ee ea aD (740) 


Hence, we have only to compute for each star the values of y 
and sin 4 by (738), and of y’ by (739), and then, putting 


m= (y — 7’) sina 

a — 8 — A) cos é sin D—sin 6 cosD 
_ sin A 

__ sin (a — A) cos é 

~~ sin 4 


we form the equation of condition, 


a.sAcoseD+b.aD+n=—0 


in which aAcosD and aD are the unknown quantities. From 
ali the equations thus formed the most probable values of aA 
and aD will be found by the method of least squares. The 
quantity (y — y’)sin A is the distance between the great circle in 
which the star really moves and that drawn from the star to the 
point O, measured at this point. 

In this manner the position of the point O has been very closely 
determined. The earlier determinauuns tounded on a compara- 
tively small number of well established proper motions are 
those of 


W. HerscuHen, A = 245° 53’ D = + 49° 38’ 
and GAUSS, A == 259 10 D= -|- 30 50 


Of the more recent determinations, the first in the order of time 
is that of ARGELANDER.* He employed 390 stars, the proper 
motions of which he found by comparing their positions as deter- 
mined by himself for 1830} with those determined by Brsszt fron. 
BRaDLEY’s observations for 1755.{ He divided these stars into 


* Astron. Nach., No. 368. + DLX Stell. Fiz. Positiones Mediz tneunte anno 1830. 
$ Fundamenta Astronomiz. 
Vou, T.—45 


T06 MOTION OF THE SUN LN SPACK, 


three classes according to their proper motions, and found, for 
the epoch 1792.5, 


From Whose annual proper motion yo a D=— 
was 
Bese See: Soe Pema 
23 stars greater than 17.0) |) 256°25'1 4 88° 87.2 
50 « =| between O.5and1 .0 | 255 9.7 | 4.38 34.3 
si9 ef 2 OB | 261 107 |g 80 38 


and, combining these results with regard to their respective 
weights, 
A =: 259° 51'.8 D= + 82° 29'.1 
As supplementary to this computation, LUNpAHL compared 147 
of BrapLey’s stars not contained in AR@ELANDER’S catalogue 
with Ponp’s catalogue of 1112 stars for 1830, and found* 


A <= 252° 244 D= +149 26.1 


which ARGELANDER combined with his former results and found, 
tor 1800, 
A =: 257° 54! D = + 28° 49’ 

Orro Struve, employing 400 stars, mostly identical, however, 
with ARGELANDER’s and LUNDAHL’s stars, and determining their 
proper motions from the Dorpat observations compared with 
BrabDLeEy’s, found, for 1790, 


A == 261° 21'.8 D == 37° 36'.0 


GaLLowAy, from the southern stars observed by JoHnson at St. 
Heleua and HEeNpDERSON at the Cape of Good Hope (for 1880), 
and by LacaILLe at the Cape of Good Hope (for 1750), found 


A = 260° I’ D= + 34° 23! 


Finally, MADLER, recomputing the proper motions of a large 
number of stars, with the aid of the best modern observations, 
has found, for 1800,+ 


From i Whose proper motion is Ai | D= 
| 


at erring eee 


en ed ee — 


227 stars greater than 0”.25| 262°388'8 |! + 39° 25'.2 
663“ between 0”.1 and 0.25; 261 144 , + 87 53.6 
1278 “ “« 90 04 “ 0.01] 261 32.2 | +42 21.9 


% Astron. Nach., No. 898. , + Die Eigenbewegungen der Fixsterne, p. 227 
4 
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and by combination, having regard to the number of stars in 
each class, : 
A = 261° 88’ 8 D == + 39° 53.9 


445. It would at first sight seem that the existence of any 
law in the proper motions of the stars would vitiate the value 
of the precession constant found by BxsszL according to the 
method of Art. 443. Accordingly, Orro Struve has attempted 
to determine both the precession constant and the motion of the 
solar system from equations of condition involving both. In 
order to accomplish this it was necessary to introduce into the 
equations the magnitude as well as the direction of the proper 
motions. But since the apparent angular motion of a star, so 
far as it depends upon the motion of our sun, 1s a function of the 
star’s distance from us, it became necessary also to make an 
hypothesis as to the relative distances of the stars of different 
orders of magnitude. Thus, the new value of the precession 
constant given by him, and which we have (provisionally) adopted 
gn page 606, is also exposed to the objection that it rests npon 
an hypothesis. 

Astronomers have, therefore, been led to re-examine the 
grounds upon which BesseL’s determination rests. It is to be 
observed that the method which he employed would give a re- 
sult entirely free from the effects of the sun’s motion, if the stars 
employed were uniformly distributed over the sphere, and if the 
average distance of these stars in all directions from the sun were 
the same. MApLER, in the work above quoted, has shown that 
for 2139 stars distributed with tolerable uniformity, Bxssr1’s 
constant gives proper motions in right ascension the mean of 
which is only — 07.0003. If now this quantity were applied to 
Besse’s value of mand the proper motions again computed, 
their mean would come ont exactly zero. Tence he concludes 
that these stars fully confirm BessE1's constant, since the correc- 
tion — 0.0003 is insignificant. It appears, however, that, in 
drawing this inference without reservation, he has left out of 
view the second conclusion above stated, that the average dis- 
tance of the stars on al] sides of us should be the same. For, if 
the sun’s motion produces greater apparent motions in stars near 
to us than in those more remote, a want of uniformity in the dis- 
tances, notwithstanding the equal distribution of the stars, would 
pwoduce a greater amount of proper motion in one hemisphere 
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than in the other; and the aggregate of all the proper motions, 
having regard to their signs, would not be zero. 

Since it is probable that the average distance of stars of the 
same magnitude is the same on all sides of us (although there are 
not a few individual exceptions of small stars with large proper 
motions and large stars with small ones), a more satisfactory 
determination of the precession constant may result from future 
investigations in which not only all the stars employed shall be 
uniformly distributed, but those of each order of apparent magni- 
tude shall be so distributed. It will be impossible to secure this 
condition if the larger stars are retained ; for their distribution is 
too unequal. By confining the investigation to the small stars, 
there will also be obtained the additional advantage that the 
amount of the proper motions themselves will probably be very 
small, and thus have very little influence upon the precession 
constant, even if they are not wholly eliminated. The formation 
of accurate catalogues of the small stars is therefore essential to 
the future progress of astronomy in this direction. 
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